THE BIRKHOFF ERGODIC THEOREM WITH APPLICATIONS

DAVID YUNIS

ABSTRACT. The Birkhoff Ergodic Theorem is a result in Ergodic Theory re-
lating the spatial average of a function to its ”time” average under a certain
kind of transformation. Though dynamics and Ergodic Theory seem at first
removed from Number Theory, it turns out there are many basic applications
that are nigh-immediate results of this theorem.
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1. INTRODUCTION

What follows is a brief foray into Measure Theory and Ergodic Theory, which is
like a study of the indivisible systems in measure theory. Ergodic systems are the
measurable units that cannot be broken down further. Throughout this exploration
I will give a proof of the Birkhoff Ergodic Theorem, and develop some seemingly
unrelated and relatively surprising applications of it. Let’s start with its formal
statement.
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Theorem. (Birkhoff Ergodic Theorem): Let (X, %, u,T) be a measure-preserving
system. For any f € ‘iﬂl},

n—1

Jim 23" Fo (@) = f(x)
=0

converges almost everywhere to a T-invariant function f € ,,Zul, where

/fdu=/fdu,
[ tin=1.

Of course there is a lot of terminology that remains to be defined, else I wouldn’t
have a paper, but the important thing to focus on is that there is a very nice way
to relate what looks like the time average of any given function under a special
transformation with its spatial average. Let’s now begin at a hopefully more sensible
beginning.

and if T is ergodic,

2. MEASURE THEORY

2.1. Basic Definitions. We have a sort of intuitive sense of how large things are.
For example, we feel in some sense that the interval [0, 1] is bigger than [0, 3] or
QN [0,1] (certainly when drawn one uses more ink than another). To make this
intuition mathematically precise we introduce the definition of a measure on a
space.

Definition 2.1. (Measure): A measure p is a map p: B — RU {oo}, where £
is a o-algebra over a space X, such that for B € %,

e u()=0.

o 1(B) = 0.

o) &)
. ,u< 4|_|1 BZ-) = Z:l,u(BZ-), where {B,; };cn are pairwise disjoint.
i= i=

We also define what a o-algebra is.

Definition 2.2. (o-algebra): A set B C P(X) is called a o-algebra if

e Jec A
e ABeEA=ANBec A
e Be#=X\BeAB
o0
e B1,By,... € #= | B; € B
i=1
The precise definition of o-algebra isn’t so important (I'll never require its
specifics). It’s a subset of the power set of X including the empty set and the
whole space. We’d like to define a measure on all subsets of X, but in general
this isn’t possible, thus we restrict attention to smaller o-algebras. A more spe-
cific o-algebra is the Borel o-algebra which contains all of the open sets of a given
topological space. We will consider this specific example when looking at S'.

Example 2.3. On [0,1] we can define the o-algebra generated by all open sub-
intervals (a,b),a < b and the measure p([a,b]) = b—a. This is the natural measure
we think of on intervals, also called the Lebesgue measure.
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Example 2.4. We could also consider another measure on [0, 1], namely the dg
measure, where do([a,b]) = 1 if 0 € [a, b] and d¢([a,b]) = 0 otherwise. One can see
this fits the definition of measure.

Definition 2.5. (Probability Space): A triple (X, %, u) is a finite measure space
if B is a o-algebra and p is a countably additive measure on # with u(X) < occ.
If 4(X) =1 then the triple is a probability space.

Note that any finite measure space with p©(X) < oo can be scaled to a new

measure v where for B € A, v(B) = z((gg
straight from the definition that v is a valid measure, thus when talking about
finite measure spaces it suffices to consider probability spaces. The o-algebra of a
probability space X makes rigorous the idea of a collection of possible ”events” on

X.

. Since p(X) is a constant, we see

Definition 2.6. (Measure-Preserving): A function f : X — Y of probability
spaces (X, %, u),(Y,€,v) is measurable if for C € €, f~1C € P. If we have this
property for T': X — X, then T is a measurable transformation. Also, we call T
measure-preserving if for B € A,

W(T~'B) = u(B).
For such a T we denote (X, #, u,T) a measure-preserving system.

Example 2.7. Consider the form of S = R/Z, or alternatively, [0,1] with 0 ~ 1.
The rotation on this S*, T, :  — = + a mod 1 preserves the Lebesgue measure.

Example 2.8. Another map on the same characterization of S! that is also measure
preserving is the doubling map T : x — 2z mod 1. Note that for any open interval
(a,b) € B, T (a,b) = (%,2) U (282, L) so though the measure of any single
open set is doubled, the image of T~ is two intervals of half the length, thus it

preserves Lebesgue measure.
The next example will require a bit of set up.

Example 2.9. Consider the set {0,1,...,n}, where the vector {pg,p1,...pn} is the
n

probability of each of these respective events occurring, so > p; = 1. This gives
i=0

us a general description of an (n + 1)-sided die. Now suppose we throw that die

an infinite amount of times, resulting in the space X = {0, 1, ...,n}? where a single

element is any infinite string of integers in {0,1,...,n}. If we give this set the

product topology, we can consider the smallest o-algebra % containing all the open

sets. Givenany A C Z,|A| < oo and amap a : A — {0,1,...,n} we define a cylinder

set as A, = {x € X | z; = a(i) for i € A}. Now we define a measure p on X by its

definition on cylinder sets: p(A,) = [[ pa(?). Consider the transformation o : X —

icA

1
X that just shifts every element left, so that o(z); = x;—1. This obviously preserves
the measure of all cylinder sets, which generate 4 so it is measure-preserving. We
call such a o a Bernoulli Shift.

2.2. Required Results. Here’s a definition of function spaces that we’ll be work-
ing with time and again.
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Definition 2.10. (LP Space): An .Z? space on X is the space of functions f on

X such that
151 = ([ 1rpan)” <o
X

The corresponding LP space is the quotient £P/ ~ where f ~ g if ||f — g||, = 0.
The operator |||, is a norm on the LP space. In addition, the space L>(X) is the
set of functions f on X equipped with the norm

1 flloo = CianR{C >01]|f] < C almost everywhere}
€

mod equivalence as before.

The next result is something that I'll use quite often, usually without even stating
it.

Theorem 2.11. Let (X, %, 1) be a finite measure space. For any 1 <p <q< oo
LY(X, #,u) C LP (X, #, ).

Here are a few other results in analysis that we will need for the rest of this
paper. I'll state most of them without proof, but note when I use them.

Theorem 2.12. Dominated Convergence: Let g : X — R be an integrable func-

tion, i.e. [|gldp < oo. Let (fn)n>1 be a sequence of measurable real-valued func-

tions which are dominated by g, meaning | f,| < g for alln > 1, where lim f, = f
n—oo

ezists almost everywhere. Then f is integrable with

[anm/nw
n—oo

Theorem 2.13. Let (X, B, 1) be a measure space and let f: X — R be a measur-
able function. Then there exists an increasing sequence (fn)nen of simple functions

n
fn = > aixp, such that lim f, = f pointwise for any f € L}L,

Now we give an alternate characterization of measure-preserving that we will use
again and again in the following pages.

Proposition 2.14. A measure p on a probability space X is preserved by T : X —
X if and only if

(2.15) /fdu = /fon,u
for all f € L. In addition, if p is preserved by T then 2.15 holds for all f € L}L.

Proof. If 2.15 holds then take to f = xp the characteristic function for B € 4.
Thus

w(T™'B) = /xT—leu = /XB oTdu = /XBdu = pu(B).
Now, if T preserves p then 2.15 holds for any x g, so it holds for simple functions
n

> a;xB,. By 2.13 we can take an increasing sequence (f,,) of such simple functions
i=1
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such that lim f, = f pointwise for any f € L,ﬂ. Now we see that (f,oT) converges
n—oo
to foT. By dominated convergence,

/fdu: lim /fd,u: lim /fon,u:/fonM.
n—oo n—oo

The following theorems are more specific in their uses, and it will be noted when
they’re needed.

O

Theorem 2.16. Fubini-Tonelli: Let f be a non-negative, integrable function on
the product of two o-finite measure spaces (X, B, ) and (Y, €,v). Then for almost
everyr € X andy €Y,

/fxy (nxv)(z,y) = /(/fwydv ) e

XxY

Theorem 2.17. Riesz-Fischer: Let (X, %, ) be a Lebesque space. For any
1 < p < oo, the space L, is a separable Banach space with respect to the |||,
norm. In addition, Li s a separable Hilbert space.

3. ERGODICITY AND THE BIRKHOFF ERGODIC THEOREM

Stronger than measure preserving is the Ergodic map. This kind of map lets us
delineate the indivisible elements of measurable dynamical systems. Ergodic sys-
tems cannot be broken into further ergodic systems, but normal measure preserving
ones can be broken into their ergodic components.

3.1. Ergodicity and Examples.

Definition 3.1. (Ergodic): A measure-preserving transformation T': X — X of
a probability space (X, 8, u) is ergodic if for B € A,

T7'B=B= ubB)ec{01}.

Thus we see that the notion of ergodicity makes rigorous some kind of uniform
mixing of a dynamical system. What follows are some familiar examples.

Example 3.2. Consider the rotation map on S! given by T,, :  — x + o mod 1.
This map is ergodic with respect to the Lebesgue measure when « is irrational and
is not when « isn’t. In the case of a = %, the set B = [0, %] U [2, 4] has the property

T~ 'B = B, and we see u(B) = % So, generalizing, we see that for a = % the

union of any ¢ evenly spaced, disjoint intervals strictly contained in S will violate
the ergodic definition.

Proof. Now, for a € R\ Q and for € > 0 we know we can find integers z,y, z with
x # y such that |xa — ya — 2| < €. This means that mod 1 the set of z« is dense
in S'. If we assume that B € 4 is T-invariant then for € > 0 choose a continuous
function f such that ||f — xg|l1 < e. Since T, is measure-preserving and B is
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T-invariant we see that ||f o T2 — f||1 < 2e for n € Z. Combining this with the
continuity of f, we get ||f o Ty, — f|l1 < 2¢ for all a € R. Thus,

Hf(x) - [ st = [ \ [ 1@ = 1o+ aydalic
< [ [17@) f(o + a)ldada

< 2e

from the previous step and an application of Fubini’s Theorem. So we know that

£~ [ flada E H [ Hada - u(p)

Iz — (Bl < lxs — s + \

<e+2e+e=4e

1

for e > 0. This means that xyp = u(B), thus is constant almost everywhere. So
x5 = 0 or 1 almost everywhere, thus u(B) € {0, 1}, and T, is ergodic. O

The next two examples require some alternate characterizations of ergodicity
which we list here.

Proposition 3.3. For a measure-preserving system (X, 2, u,T), the following are
equivalent:

e T is ergodic.

e For any B € B, if u(T"*BAB) =0, then u(B) =0 or u(B) = 1.

o For f : X — R measurable, if foT = f almost everywhere, then f is
constant almost everywhere.

We now use a method to prove ergodicity that does not generalize well, but is
nonetheless interesting.

Example 3.4. Recall the doubling map on S* given by T : 2 ++ 2z mod 1. This
map is ergodic with respect to the Lebesgue measure.

Proof. This will be proved via Fourier Analysis. Given some f € L2?(S!) with

foT = f we have a Fourier expansion f(z) = > a;e*™® where ||f||3 = Y |ai|? <
i€Z i€Z
0o. Also we have

f(l‘) _ Zaie%riw _ ZaieQWiQx _ f o T(:L‘)
€L €L

Hence, a; = as; for all i, but this contradicts the condition || f||3 < co except when
1 = 0. Thus f is constant almost everywhere so by Proposition 3.3, T is ergodic. [

Note that Fourier Series existence is somewhat of a strong condition that isn’t
always available to us. Thus this method is less general than the method we used to
prove irrational rotation is ergodic, which argued more purely from measure theory.

Example 3.5. Recall our Bernoulli Shift map from Example 2.9. It is ergodic on
the measure-preserving system defined there.
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Proof. Let B € # be an invariant set under the shift map o. Since 4 is generated
by the cylinder sets we can find a finite union of cylinder sets C such that u(BAC) <
e for a fixed 0 < € < 1. Thus u(B) < u(C) + €. Consider a shift of m large enough
so that

u(o"C\ C) = p(o"C N X\ C) = plo~"C)pu(X \ C) = p(Chu(X \ C)
where the last step results from C being a cylinder set. Since B is o-invariant by
assumption, we know that u(BAc~'B) = 0. So

w(o™MCAB) = pu(c7"CLAo"™B) = p(CAB) < ¢,
thus, by the triangle inequality, u(c =" CAC) < 2¢. In addition,

woTMCAC) = p(C\o™™C) 4+ pulc™™C\ C) < 2e.
So we see finally that

u(B)u(X \ B) < (u(C) +e)(u(X \ C) +¢)

WX\ O) + eu(C) + eu(X \ C) + €
w(X\C)+ 3e

which implies that either u(B) = 0 or u(B) = 1, meaning o is ergodic. O

Ergodic maps have some very special properties which will shortly appear. Before
proving the Birkhoff Ergodic Theorem, two general results will be required. The
first will be a convergence result regarding the ergodic averages of a function, to be
defined. The second will give a result bounding the integral of a function on some
exceptional set related to the ergodic averages.

3.2. The Mean Ergodic Theorem. This first result characterizes the average
convergence of a function under an ergodic transformation.

Theorem 3.6. (Mean Ergodic Theorem): Let (X, %,u,T) be a measure-
preserving system. Define Uprf = foT. Let Pr : Li — I be the projection
operator onto the closed subspace

I={feLl|Urf=f}C L.
Then for any f € L, ,

n—1

1 )
- Urf — Prf.
n; vf o Prf

Proof. We will show that each f decomposes as f = Prf + r where r is some
remainder function. We do this by characterizing the orthogonal complement I
We first show that this set is

A={Urf-f|feLl}.
If f € I, then
<f7UTg_g> = <faUTg>_<fvg>:<UTfaUTg>_<fvg>:07

where the last step comes from Proposition 2.14, so f € A*. Now if f € AL, then
for all g € Li

<UTgfgvf> :O:><UTgvf> = <gvf>a
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showing U; f = f. This means
Uz f = fI3 = Uz f — £.Urf = f)

= 2|3~ (. UR) — (UR. 1)
=0,

so f € I. Now we see that » € A and we want to show

1 n—1

=N Ukr — 0.

n < L2
=0 K

If r € A, then r = Urg — g, so we see

1 = 7 1 n 1 n
=N Ui(Urg—g)| =|=Utg—9)| ==IUpg—gll2—0.
n & 9 n 5 M
i=0
Now we only know r € A, so consider a sequence (r; = Urg; — g;) such that
lim 7; =7 in L2. We thus know that
71— 00
1 n—1 1 n—1 1 n—1
il Ul < ||= U(r — r, - Uy
Ly O el
J=0 J=0 Jj=0
Now we fix € > 0 and pick n and ¢ large such that
1 n—1 )
lr — 7]z < € and ‘ EZU%n <e
j=0 2
By the triangle inequality,
1 n—1 ‘
— Ukr|| < 2e,
H n Z ’ 2 ‘
=0
and we get our desired result. O

n—1 )
We have a notion of ergodic averages, defined to be Af = L 3~ foT% This
i=0

terminology makes sense as we're averaging the iterations of f under the ergodic
transformation 7.

Corollary 3.7. Let (X, %,u,T) be a measure-preserving system. For any f € LL
the ergodic averages A}, converge in L), to a T-invariant function f € L},.

Proof. By the Mean Ergodic Theorem we know for g € L7° C Li, the ergodic

averages AY converge in L2 to g € L2. We know [|A%[|cc < [|g]loc s0 for B € %

we see [(A7, x8)| < [|glleon(B). Since A —> g we know |{g, x)| < |lglloon(B)
m

so g € Ly°. In addition, since we're on a finite measure space L> C L/, (Theorem
2.11), so A¢ o g as well. Now we would like to show the corollary holds for all
b
fe L}N not just the dense set of Lj° C L}L. For some f € L}“ fix e > 0 and pick a
g € Li? such that ||f — g[|1 < e. We know then that
1] — AZ]l < e
and we can pick n sufficiently large such that

1g = Aqlly < e
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So for n, m sufficiently large, we have
1AL = ALl < 1A) = AZ Il + (1A% = gl + 11§ — Afull + |45, — ALl
< 4e.

Since we get a Cauchy Sequence of a separable Banach space, by the Riesz-Fischer
Theorem, it converges to f within the space. We now want to show f is T-invariant,
so note that

1 1
40— aflh = | 2o~ p)| < iz

1
which goes to 0 as n grows. This shows f is T-invariant. (I

This is one major result we will require in our proof of the Birkhoff Ergodic
Theorem. The second shortly follows.

3.3. The Maximal Ergodic Theorem. We develop a general inequality for op-
erators that then we can apply in the specific case of measure-preserving systems
to get the result we desire.

Proposition 3.8. (Maximal Inequality): Let U : LL — LllJ be a linear operator
such that |U|| <1 and f >0=Uf>0. For f € Lt define the functions

fo=f+Uf+Uf+ . +U"f
forn > 1, with fy =0, and let

Fy = o%agXN{f"}

Then for all N > 1
fdu >0
{z|Fn (x)>0}

Proof. Because of the properties of U we know UFy + f > Uf, + f = fny1 so
UFy + f > 1I<na<xN{fn}. Because fy = 0, on the set £ = {x € X | Fx(z) > 0}

this implies that UFN + f > Fy, hence f > Fy — UFy. We also note that
Fy > 0= UFy > 0 always. Thus,

/fz/FN—/UFNz/FN—/UFNzo
E E E X X

since ||U]| < 1. O

The result that follows is really more of a corollary of this lemma, but it is the
result we will use to prove the Birkhoff Ergodic Theorem.

Theorem 3.9. (Maximal Ergodic Theorem): Let (X, %, u,T) be a measure-
preserving system on a probability space and let f € Lt. For aa e R, let

n—1

1 ,
sup — oT"(xz) > ay,
n;;ng foT (x) }

E, = {xGX
i=0

then
ap(Es) < / fdu.
E,
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Also if T"YA = A, then

ap(Ey N A) < / fdu.
EaNA
Proof. Define f =g—aandlet Uf = foT, so
o0
E, = U {z | Fn(z) > 0}.
N=0

By the Maximal Inequality, it follows that

/fdu >0= /gdu > ap(Ey).
E. E,

Note that the second statement of the Theorem is obtained by changing the under-
lying probability space to (A, %], ﬁ/ﬂA» Tla). O

3.4. The Birkhoff Ergodic Theorem. Our proof of the Birkhoff Ergodic Theo-
rem follows roughly two steps: first, we must establish a sort of mean convergence
of our function to the desired result, and second, we must show that any deviation
from the result we like will be bounded by a small number using the Maximal In-
equality. Ultimately, we would like the exceptional set upon which our estimate
disagrees to be measure zero.

Theorem 3.10. (Birkhoff Ergodic Theorem): Let (X, %, u,T) be a measure-

preserving system. For any f € L}“

n—1

Jim 23" Fo (@) = f(x)
=0

1

s Where

converges almost everywhere to a T-invariant function f € L

/fdu:/fdﬂ,
[ tin=+.

Proof. Choose g € L;7 first and apply the Mean Ergodic Theorem to see that
A9 L—1> g, where g is T-invariant. Now given € > 0, choose n sufficiently large so

and if T is ergodic,

m
that ||g — A%||; < €2. By applying the Maximal Ergodic Theorem to h = g — AZ
we see

ep({x € X | sup [An (g5 — A)| > ¢}) < €
m>1
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Since g is T-invariant, we know A,,(g) = g. Also,

An(A2) = == 3" S ot

j=0 =0
1 m—1n—1
= ZgoTj—&—(goTH']—goTj)
mn j=0 =0
1 m—1n—1
=Am+ D (goT™ —goT)
7=0 i=0
1 nn—1)
< a4y, + 20 )]

n—1
<Aj+ THQHW
Thus,
Anag) = 43, + 0, (1),
SO
An(ag) - ag) < 0, (1= 50
m
for m — oo and n fixed. So now we see now that
u({x | imsup |[g — AJ,| > €}) = p({z | limsup |§g — A (A4%)] > €})
m—r 00 m—00
< p({z | limsup |4, (5 — A7)| > €})
m—r00
< €,

meaning A9, — g almost everywhere. We now want to generalize to all of L}L. Since
we have the dense set L;° C L}, for f € L}, fix e > 0 and find a g € L2° such that
Ilf —glli <€ Since ||Af — Ag ||1 <|\f- ng < €% we know || f — g|l1 < €2. Thus,

p({z | limsup|f — AS | > 2¢})

m—r oo

<u({x | |f - gl + limsup |g — A%, | + sup |AG, — AL | > 2¢})
m— o0 m>1

<p({x [1f =gl > €}) + p({x||Ag, — ALl > €})
f_ g g _ Af
NP =gl 2048, — L]
€

€

< 2,

where the last step comes from the Maximal Ergodic Theorem again. This shows
that Af L—l> f almost everywhere. Since T' is measure-preserving, we see that

/fdu=/A£du=/fdu-

In addition, since f is T-invariant, When T is ergodic, we know f must be almost
everywhere constant. Thus as ;(X) = 1, we obtain

[ tin= /fdu fu(x) = f

when T is ergodic. [
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Roughly what the theorem says is that, given an ergodic transformation on a
space, the discrete time average of a function under this transformation converges
to the space average of that function under the measure. We also see that the
way in which the proof was accomplished was by two general results. One was the
convergence, on average, of such a time average. The other was a bound on the
measure of the sets in which this convergence was not assured. So, as long as we
have two such results, the proof of the Birkhoff Ergodic Theorem in more general
settings can be accomplished. Also we only gain almost everywhere convergence,
so I'd like to provide an example in which that fails.

Example 3.11. Recall the circle doubling map 7" : x +— 2z mod 1. We have the
statement from the Birkhoff Ergodic Theorem that

/fdu=f

almost everywhere, but we see f(0) = f(0). In the simple case that f(z) = = we
will have disagreement with the statement of the Birkhoff Ergodic Theorem at the
point x = 0.

So is there a way to extend the statement of the Birkhoff Ergodic Theorem to
everywhere on the measure space? It turns out we can define a stronger assumption
on transformations, namely unique ergodicity, such that this stronger version will
hold.

3.5. Unique Ergodicity.

Definition 3.12. (Uniquely Ergodic): We call a transformation T uniquely
ergodic if there is only one measure p that is T-invariant.

In order to prove the Birkhoff Ergodic Theorem for a uniquely ergodic map, we
will require a theorem about the set of invariant measures of T, .# 7 (X).

Theorem 3.13. Given a compact metric space X, let T : X — X be continuous,
and let (v;) be any sequence of measures in #(X), the set of all measures on X.

n—1

Any weak*-limit point of the sequence (u;) defined by p; = + 3= TIv; is contained
7=0

in HT(X).

In our case, because X is a compact metric space, .#(X) is weak*-compact
which will be key. We now proceed to the proof of the Birkhoff Ergodic Theorem.

Proposition 3.14. T is uniquely ergodic if and only if there exists u € AT (X)
such that for f € L},

/ fdp = lim AS
n—oo
everywhere.

Proof. Note that since T is ergodic, we have for x € X

n—1
.1
i 2 ori =
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by applying the Theorem 3.13 combined with the fact that |.#7(X)| = 1. By
integrating both sides with any f, we get

so we are done. For the other direction let p, u* € .#7 (X), where 1 is the measure
such that the hypothesis holds. By the dominated convergence theorem and T-
invariance

/ fdp* = lim / Aldu* = / lim Aldp* = / / fdudp* = / Cdu* =C

where C' is a constant. So we see that p and p* are equivalent, thus |.#Z7(X)| =
1. O

To show an example of unique ergodicity we will return to the Fourier Analysis
method we used in Example 3.4 for a familiar map.

Example 3.15. Irrational Rotation on S' given by T,, :  ++ = + a mod 1 is
uniquely ergodic.

Proof. Since a € R\Q we know e>™® = 1 only when i = 0. Given some g(z) = e?7k®

where k € Z we know

-1 n—1 k
1% ) 1 ) 1 e2rkna _ q
A% - - § :627rk(ac+za) - § :eQkae%rkzoz — *6277]6%
n n
=0 =0

n 627Tka —-1

when k£ # 0 and 1 otherwise. Thus A9 — 0 or 1 and so by linearity we can form
Fourier approximations to functions f on S* and by applying the previous theorem
we have unique ergodicity of T,,. ([l

4. GELFAND’S PROBLEM

One can make use of the Ergodic Theory we’ve developed to talk about problems
in number theory. Consider the first digit of k™ where n € N. Is it possible for
us to talk about the frequency with which the first digit is one particular number
or another? This particular question was attributed to Gelfand, and since it is
possible, what remains is how to structurally phrase it as an application of our
theory.

Proposition 4.1. The frequency, P(i), of any particular digit i € {1,2,...,9}
appearing as the first digit of the powers k™ for n € N is

P(i) = log (“; )

Proof. Note that in base 10, z and 10x have the same first digit, so we would like to
identify these two numbers in all cases because no additional information is gained.
One way we might do this is by defining the map

T:[0,1) - [0,1),T: x> log;pz mod 1.

Note that we have T' : S' — S! as in our previous rotation examples. Another
similarity we might see is that if k£ # 10™ then o = log,( k is an irrational number.
Note also that

log,(k™) = nlog,y k = na.
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Recall that the irrational rotation map
To:x—2x4+a modl

is uniquely ergodic. What this tells us is that these na mod 1 are equidistributed
over [0,1). Also note that for

i€{1,2,3,4,5,6,7,8,9},
if the first digit of k™ is ¢, then
logy (k™) € [logyq,10g10(i +1)).
Since we have equidistribution from ergodicity then we know that the frequency of

any particular first digit ¢ occurring, P(i), is exactly the Lebesgue measure of this
subinterval, thus

1
P(i) = logyg(i + 1) — logygi = log (Z Jlr >
O

It should be noted that this is true as long as k # 10™. Thus the frequency
of any first digit is not determined by k. In this sense k is the seed of a weighted
random number generator; it doesn’t affect the distribution, but it does affect the
order of the output sequence.

5. CONTINUED FRACTIONS

We now switch gears to the domain of Continued Fractions. We need to develop
some tools that allow us to turn this specific domain into a familiar setting so
that, by applying the Birkhoff Ergodic Theorem, we can gain information about
the speed of convergence of the continued fraction approximations of a large class of
irrational numbers. In order to do this we’ll also need to define a suitable measure
and ergodic transformation. Putting that all to the side, though, we’ll start with
what exactly Continued Fractions are.

5.1. Definitions and Properties.

Definition 5.1. (Continued Fraction): A continued fraction is an expression of

the form )
ao + 1 )
a1 + F
a3+a4+

denoted alternatively [ag; a1, az, as, a4, ...] where ag € NU{0} and a,, € N for n > 1.
This expansion can be finite or infinite.

We can define the the rational numbers 2= = [ag; aq, ..., a,] as partial expansions,
we call them the convergents for reasons we’ll soon discuss. We should also note
the recursive relation

Pn+1 = Qn4+1Pn + Pn—1,9n+1 = Qn+14n + dn—1-

Proposition 5.2. Given a sequence (a,) not necessarily finite, where a,, € N, the

rational numbers Zﬂ converge to an irrational number x given by
n

n+1
r = lag; a1, az,...| = lim £* = +Z

n— oo q el

Gn— 1Qn
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In particular we set pg = ag and gy = 1.

Proof. Suppose that = ¢ € Q. We know from the limit expression above and
recursive relation that

1 1 1
‘x _Pn < < < —-
dn dndn+1 qnQn+14n dn
This implies that
a p b
|Q7la_pnb|Zan7_7n >~ .
b gn an
Since ¢, — oo by the recursive relation we see that ‘a? — Z—"| = 0. However, since

the convergents are in lowest terms by definition, |g,a — p,b| # 0, thus we obtain a
contradiction. ]

Now we derive uniqueness of these expansions.
Proposition 5.3. Fvery erpansion represents a unique irrational number.

Proof. Let x = [ap; a1, az,...]. Then x = ag + [ L

— SO
ai;az,...|

1
x € (ag,ap + —) C (ag,ap + 1).

ai
This means that x determines ag, and now i [a1; ag, ...] so we can apply the
partition again and we get our uniqueness inductively. O
Our measure preserving map will be T(z) = {1} = I — |1] which is the

fractional part of % We just need a measure for it to preserve. If we consider the
string expression of a continued fraction we see that T'([as, as,...]) = [as,...] so it
acts like a shift map, not unlike our Bernoulli Shift. This suggests a similar method
of proof for its ergodicity. First however, we see that all irrational numbers have a
continued fraction expansion.

Proposition 5.4. For any x € [0,1] \ Q the sequence of digits a,(x) = LWJ
gives the continued fraction expansion of x = [a1(x), az(x), az(x),...].
Proof. Let y = [a1, a2, as, ...]. By Proposition 5.2,
p p
[al, ...,agn] = £2n <y< Pantl = [al, ...agn_,_l]
d2n Q2n+1
for all n. If we can show this is true for z for all n then we can conclude that = = y.
Recall how we defined pg = ag = 0 and ¢ = 1. We also have % = é Thus our
inequality holds for x for n = 0. Assume now it holds for x for all n < N. Apply
T to see )
laz,...,aon 1] < T'(x) = 7 ar < [ag, ..., a2N 2]
Thus,
1
a) + [ag, ...,a2N+1] < " <a+ [(12, ...,a2N+2].
So by inverting we see,
[(11, A, ..., a2N+2] <z < [al, ag, ..., agN_;,_ﬂ

which shows the convergents oscillate around x as desired. If we apply 1" once more
we will see the result for all n < N + 1. O
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5.2. Gauss Measure. We have come to the task of defining our measure. It is
somewhat strange, but it does serve the purpose.

Proposition 5.5. Given B C [0, 1] measurable in the Borel o-algebra, the contin-
ued fraction map T(x) = {1} on (0,1) preserves the Gauss measure

1 1
B) = —d
HB) 10g2/1+x o
B

Proof. We show this is true for [0, 5] for all b > 0. Note

Tl[o,b}—{xmnggb}—Ew ! 1}

b+n'n
n=1
Thus,
1
1 &1
T7'0,b]) = d
u(T=(0,5)) logQTLz:l/l—i—xx
e
1 «— 1 1
- 1 (1 7)—1 (1 7)
logZ;(Og +n o8 +b+n
S 1)(b
! 2210g<(n+b )(HI))
0g2 (n)(b+n+1)
SRR b b
- g (1 7) —tog (1+ =5
log2n;(0g Jrn ©8 Jrn—|—1
b
1 <& [
= d
logQHZ1 1+xx
==
1 b 1
= d
log2/1+x o
0
= ([0, 8)).
So by taking intersections and unions of such intervals we are done. O

We now move to the stronger property of ergodicity.

Proposition 5.6. The continued fraction map T(z) = {%} on (0,1) is ergodic
with respect to the Gauss measure .

Proof. Recall that T acts like a shift map on the continued fraction expansion of
any particular x. Also recall that we proved the Bernoulli Shift is ergodic. All of
this is to suggest that we’d like to pursue a similar method of proof: we want to
control the size of the cylinder sets and their intersections with the hopes that it
will let us prove ergodicity. Given the n-tuple a = (aq,...,a,) € N, define the
cylinder set
I, = {[x1, 72, .]Jzs = a;,1 <i <n} C NN

We will start first with intervals B = [«, §] € % and the rest of the measurable sets
will follow by generation. We need to develop some more machinery for continued
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fractions. Denote the tail of the continued fraction expansion of = starting at index
n by x,. Thus when =z = [ag;a1,...], , = T"z = [an;an+1,...]- One can derive
from the recursive relations that

pnl—l(wn«#l)
pn+m _ Dn (Imfl(xn+1) +pn_1

Tosm g BT +

So when m — oo we get
T = PnTn+1 +pn—1

ann—i-l + dn—1 '
Now we see
zel,NT "a,p] < z=la1,...,an],Tn € [a, B].
Since T™ restricted to I, is continuous and monotone (increasing when odd, de-
creasing when even), by putting the previous results together we get
Pn + P10 Py +pn16] or {pn +Pn-18 pn +pn1a}
Qn""Qn—la’ Qn_’_qn—lﬁ Qn"‘V—Qn—lB’ Gn + Gn—1¢
Thus the Lebesgue measure, yy,, of it is

PntPn-18  put 1| | (Pnt+Pa-18)(@n + dr-10) — (@0 + ¢n—18)(pn + Pr—10)

I,NT "o, B] = [

In +qn-18  Gn+ g1 (gn + @n-18)(qn + qn-12)
Pr—1GnB + Pndn—10 — Pr@n-18 — Pn—1Gn0
(Qn + QH—lﬂ)(Qn + Qn—la)
Pn—149n — PnQn-—1
( ) (Qn + qn—lﬁ)(qn + Qn—la)
1

= /B — .
( ) (Qn + Qn—lﬂ)(Qn + Qn—la)
From the previous discussion, the Lebesgue measure of I, is
Pn DPn + Pn—1 Prn—19n — PnGn-1
An n + qn-1 Qn(Qn + Qn—l)
so we have that

pr(la NT™"A) = pr(A)pr(la)

_ 1
Qn(Qn + Qn—l) ’

dn (Qn + Qn—l)
(n + @n-18)(@n + @n—10)’
meaning the measures are equivalent up to a constant. Additionally,
5L (B) 1 / L (B)

—— < u(B)= .
2log 2 < #(B) log2 )/ 1+x — log2

B
So combining these two results we get that

Cau(L)u(B) < p(I, N T~"B) < Cop(L,)u(B)
where C7 > 0 and Cs > 0 are constants. By applying our recursive relation, and
because every a; € N we know

G 2277 p, 2277

Thus p(I,) < 5-5. As n — oo this goes to 0 so the cylinder sets I, generate the
Borel o-algebra. This is just as with Bernoulli Shifts. In turn we know that for
B,B* e %#

CLu(B)u(B*) < w(BNT™"B) < Cop(B)u(B").
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Consider such a B* = T71B*. Then X \ B* € £ as well, so we know that
Cop(X\ BY)u(BY) < (X \ B*) 1 B) < Co(X \ B )u(B"),
thus p(X \ B*)u(B*) = 0, meaning p(B*) = 0 or p(X \ B*) = 0so T is ergodic. O

With this, we derive a result regarding the rate of convergence of the continued
fraction expansion

5.3. Application of the Birkhoff Ergodic Theorem. Perhaps the strangest
thing about the following result is that it relates the rate of convergence of almost
every irrational number to a ratio of transcendental numbers. It comes seemingly
out of nowhere, where the real black box here is our Gauss measure. Without
further ado...

Corollary 5.7. For almost every x = [ay,az,as,...] € (0,1), the rate of approxi-
mation of the continued fractions is given by

2

lim l log |x — Pn() T
Proof. We first note
Dn () _ 1
qn(z) a1+ [ag,...,an]
_ 1
- Pn pn—1(Tx)
1 (T
anl(TfL')

a1qn-1(T2) 4+ pp—1(Tx)

So we have equality of numerator and denominator on both sides because these
expressions are always in lowest terms. In particular p,(z) = ¢,—1(Tx). Because
of the definition of the expansion, we have p;(z) = 1 always, thus

1 :pl(Tnilﬁ) pnf1(TiU)Pn($)
() T '2)  gu1(Tx) gu(x)

2ot () = 5 s Zlog (&ir)

Now let’s define our function f =logz € L}L. Rewriting,

Thus,

n—1

_Aff%rn(x)

Here r, () is a remainder term of some sort. We want to show that this remainder
approaches 0 as n — oo. Remember that since every a; € N, from our recursive
relation we know that

n—2
Gn 2272 ,pp >
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In addition, from the expression of an irrational number as limit of partial expan-

sions, we know that

r 1‘ _ a(@)|  pal@)
el | 7 @) )
_ q”(‘r) _1\n+2
 pa(a) 1) (
gn(z) 1
= Pn(®) Gngn+1
_ 1
Pn(T)qnt1()
1
— 9n-1 :

Another specific fact to note is that |logz| < 2|z — 1| when |z — 1| <

1 1
dndn+1 dn+19n+2

1

5, Which is

true in our expansion for r,(z) whenever ¢ < n — 2. Applying this, we see

n—1

Tiz
ol < 3 [1og (s )|
i=0 an—i(T'x)
T 1y 2 Tix
S lOg (pl(T"_lm) > + Z 2‘ pn—i(T?x) B 1‘
q1 (T 1x) i=0 gn—i(Tx)

T g

IN

log (
log (

@ (T~ 1x)
™ 1z

IN

q1 (T‘nf 1£)

<

<

<log2+2.

p1 (Tnflz)

1 (Tn—lz)

)
)

n—2 9
+ Z gn—i—1
=0

+ 2

g (T~ a)an (T (2))| + 2

a, (T (x))
o5 (i 1

)| +2

Which shows lim r,(z) = 0. From the limit of the partial expansions we know
n—oo

1 > e Pr () > I 1
InGn+1 @n(T) | 7 Gndnt1  Gnt1dnt2
_ dn+2 — dn
dndn+19n+2
_ Ap4+1Gn+1 + Qn — Qn
4ndn+19n+2
Anp+1 2 1 .
dndn+2 gndn+2
So when we take logs we obtain
pn (2
—log gn — log gn42 < log |z — n(@) < —logg, —logqny1-
qn ()
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Now, by the Birkhoff Ergodic Theorem

-1 1
lim —logq,(x) = lim A — —r,(z)
n—oo N n—r00 n

1

1 1
- / BT 4z -0
log2 ) 1+«

0
2
~ 12log2
almost everywhere. So combining this with the last statement we see finally that
lim 1 log |z — Pa(®) = - .
n—oo n qn () 6log2

O
This is really a result about the speed of convergence because by moving some

2
terms around we see that the quantity |« — Z”—Eg grows like %2 as n — oco. 1

should also emphasize that this holds almost everywhere, not everywhere.

Acknowledgments. This paper hoped to be a small walk through basic mea-
surable dynamics, developing a major theorem whose applications include some
domains that are at first glance unrelated. Thanks to my mentor, Brian Chung,
for always being patient and helpful. Thanks, too, to all the faculty who kept the
program chock-full. Finally, thanks to Peter May for all of his unending effort in
this REU program.

REFERENCES

[1] Manfred Einsiedler, Thomas Ward. Ergodic Theory with a view towards Number Theory.
Springer, 2011.

[2] Jonathan L. King. Three Problems in Search of a Measure. The American Mathematical
Monthly, vol 101, 1994, pp. 609-628.

(3] Elias M. Stein, Rami Shakarchi. Princeton Lectures in Analysis III: Real Analysis: Measure
Theory, Integration, and Hilbert Spaces. Princeton University Press, 2005.



