MATH 217 - WORKSHEET 05

Q.1 If p#0 and p is not a positive integer, show that the power series
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converges for |z| < 1 and diverges for |z| > 1.
Solution: Use the ratio test for ) a; with

pp—1)p—-2)---(p—j+1)

aj = ]' J]j .
Then
a1 _pp—Dp-2)--p-G+H+1) j* & _p-j
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as j — oo. By the ratio test, the series converges absolutely if |z| < 1 and
diverges if |x| > 1. The case |z| = 1 is indeterminate.
Q.2 By the geometric sum formula, we have the power series
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and these converge absolutely if |z| < 1. Show the following:
(a) 1n(1+x):m—§+§—%+"~
Solution: Integrate the power series for 1/(1 4 z) term by term.
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(b) arctanz =z — F + & — & + -
Solution: Substitute z <— 22 into the power series for 1/(1 + x) and then

integrate term by term.
(€) gz =142z +32% +4a® + -

Solution: Differentiate the power series for 1/(1 — x) term by term.
Q.3 For each of the following ODEs, find a power series solution of the
form Zj ajz?. Then solve the equation by some method from Chapter 2.

(a) y' =y
Solution: Differentiate the power series term by term to get
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d jajal Tt = a;?t = a1+ (j+ Daja? = a3l
Jj=1 Jj=0 Jj=1 Jj=1

Equate powers of x to get a1 = 0 and aj41 = a;—1/(j + 1) for j =0,1,2,....
Solve the recursion to get
0, 7 odd,
a; =

%, J = 2k even,



where the first coefficient ag is arbitrary. Thus
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recognizing the power series for e* composed with x2/2.
Solve by separation of variables:

, dy 1,2 2
Yy =y = < =xdx = 1n|y|=?+C = y(a:)erXp?,
Y

in agreement with the power series solution.
b))y —y==
Solution: Differentiate the power series term by term to get

oo

oo o0 o0
Zjajxj_l — Zajmj =z = Z(] + l)aj+1xj - Zajmj =2
j=1 §=0 §=0 §=0

Equate powers of & to get a1 = ap and a; = (1 4+ ap)/j! for j =2,3,.... Then
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recognizing the power series of e® and noting that the z° and z' terms need
adjustment since ap = (1 + ap)/0! — 1 and

1+ ag

a1r = apxr =
1 0 11

Alternatively, solve by integrating factor p = exp [(—1) dz = exp(—z) to get
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in agreement with the power series solution.
(c) zy' =y
Solution: Differentiate the power series term by term to get

ZjaJmJ Za]xj

Equate powers of = to get ag = 0, a; is arbitrary, and a; = 0 for j = 2,3,...
because it must satisfy a; = ja;. Then y(x) = a1 is the finite power series, or
polynomial solution.

Solve by separation of variables:

d d
y =y = gy ?x = Inly| =In|z|+ C = y(z) = Az,



for some constant A, in agreement with the power series solution.
(d) y' = (1/2)y = 2?
Solution: Rewrite as 2y’ —y = 23, then differentiate the power series term

by term to get
o (o)
Zjajxj - Zajx] =3
j=0 j=0

Equate powers of x to get ag = 0, a; is arbitrary, as =0, ag = 1/2, and a; =0
for j =4,5,6... because it must satisfy a; = ja;. Then
3
x
y(z) =z + —
2
is the finite power series, or polynomial solution.
Solve by integrating factor p = exp [(—1/z)dz = 1/z to get

1 z?/2+C 23
y(x)p/xpdxl/x2+0x,

in agreement with the power series solution.
Q.4 In each of the following problems, verify that 0 is an ordinary point.
Then find the power series solution of the ODE.

(a) y" —zy' —y=0
Solution: Rewrite as y”’ + P(z)y + Q(x)y = 0 to identify coefficient
functions P(x) = —z and Q(z) = —1. These are both polynomials and have

finite, hence convergent, power series about x = 0. Hence 0 is an ordinary point.
Now let y = E;io a;z’ . Differentiate the power series term by term to get

oo o0 o0
Zj(j —Dajz' ™% - Zjajx] - Zajxj =0,
Jj=2 j=0

Jj=1

which implies, after reindexing, that

> (G +2)G + Dajez — (G + Dag)a? = 0.

7=0
Equating 27 terms for j = 0,1,2,3,... gives the recursion a;is = a;/(j + 2),
solved by

a-_{mﬁ‘&(mzzaim j =2k 22 even,
J a a12¥k! .
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Thus
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(b) 1 +2?)y" +ay +y=0

Solution: Rewrite as y” + P(z)y’ + Q(z)y = 0 to identify coefficient func-
tions P(x) = x/(1+2?) and Q(z) = 1/(1+22). These are both rational functions
with nonvanishing denominators and thus have convergent power series about
x = 0. Hence 0 is an ordinary point.

Now let y = Z;io ajz?. Differentiate the power series term by term to get

Zj(j —Dajz? ™% + Zj(j —Da;x’ + Zjajxj + ZajmJ =0,
=2 j=2 j=1 =0

which implies, after reindexing and reduction, that

Z (G+2)(J+ Dajyz + (5> + 1)a;] 27 =0.
j=0
Equating 27 terms for j = 0,1,2,3,... gives the recursion
2
jn = #{712)‘”’ j=0,1,2,....
Compute
lm 9*2 gy L

and apply the ratio test to conclude that the power series y(x) converges for
|z < 1.
Q.5 Chebyshev’s equation is (1—x2)y"” —xy’ +p?y = 0, where p is constant.

(a) Find two linearly independent solutions valid for |z] < 1.

Solution: Let y = Z o a;z’. Differentiate the power series term by term
to get

Z] ji—1 aj:cj 2 Z] ji—1) ajzj Z]ajx]Jer a; il =0,
7=0
which implies, after reindexing and reduction, that
o0
Z [+ 2)(J + Dajio + (72 = pPa;] 27 = 0.
7=0
Equating 27 terms for j = 0,1,2,3,... gives the recursion
Aj42 = 7].2 — p2 a
T U+DG+2

The even-indexed coefficients agy, are all multiples of ag, while the odd-indexed
ask+1 are multiples of a;. Thus the solution may be written as

i=0,1,2,....

y(x) = aoyo(w) + a1y1(w),



where g is an even function (only even powers) and y; is an odd function (only
odd powers). Both are nonzero, hence they must be linearly independent.
Compute
a o 2
lim =2 — Jim A =1
j—oo  aj j—oo (]+1)(j+2)
and apply the ratio test to conclude that both yo(z) and y;(x) power series
converge for |z| < 1.
(b) Show that if p = n is a nonnegative integer, then there is a polynomial
solution of degree n. (These solutions, when multiplied by suitable normalizing
constants, are called Chebyshev polynomials.)

Solution: From the recursion in part (a), it follows that a,12 = 0 if p is a
positive integer, hence a; = 0 for j =p+2,p+4,.... Thus one of the solutions
in part (a) (the yo solution if p is even, else the y; solution if p is odd) will be
a polynomial of degree p.



