Geometric Construction of Regulator Currents

with Applications to Algebraic Cycles

Matt Kerr

Contents

Abstract 5

Preface 6 A Brisk Outline 9 Acknowledgements 13

Chapter 1. Graphs as Algebraic Cycles 14 1.1. Introduction 14 1.2. Extending Graphs to Higher Chow Cycles 16 1.3. Abel-Jacobi for Relative Cycles 31 1.4. Abel-Jacobi for Graphs 47

Chapter 2. Properties of the Milnor Regulator 60 2.1. Equivalence Relations 60 2.2. Milnor-Regulator Currents 67 2.3. Residues in the Local-Global Setting 73 2.4. Abel-Jacobi for Higher Chow Groups 85

Chapter 3. Real and Relative Regulators 99 3.1. Real Regulators and Goncharov’s Construction 99 3.2. Relative Regulators and Polylogarithms 108 3.3. Comparison to the Milnor-Sheaf Regulator 125

Chapter 4. Rigidity and Vanishing 134 4.1. Gauss-Manin Connection (How to Differentiate Periods) 134 4.2. Cohomology of a Smooth Hypersurface X ⊂ P^n 143 4.3. The Vanishing Theorem in Codimension 1 154 4.4. The Vanishing Theorem in Codimension 2 164 4.5. Complete Intersections (Arbitrary Codimension) 177

Chapter 5. Applications to Algebraic Cycles 192 5.1. Higher Abel-Jacobi Maps 192 5.2. Zero-cycles on (P^1, {0, ∞})^n 202 5.3. Zero-cycles on a Product of Curves 215

Appendix: An Elementary Proof of Suslin Reciprocity 227 I. Regulator 227 II. Norm 233

CONTENTS 4

Bibliography 239

Abstract

This is the first complete study of regulator maps on motivic cohomology from the standpoint of complex algebraic geometry. The classical Abel- Jacobi map is used to geometrically motivate the construction of maps from Milnor K-groups K^M_n (C (X)) to Deligne cohomology. These maps are given in terms of some new, explicit (n − 1)-currents. We study their behavior in families X_t and prove a rigidity result for the image of the Tame kernel, using techniques from the theory of variations of Hodge structure. This leads to an astonishing vanishing theorem for very general complete intersections.

The Milnor current formulas generalize to regulator maps (defined on the level of algebraic cycle complexes) on all the cubical higher Chow groups CH^p(X, n), whose projections to real Deligne cohomology are (by involved computations) shown to be compatible with the Beilinson regulator on niveaugraded pieces. Connections with polylogarithms and higher Bloch groups are explored in several ways: for example, (1) by means of higher residue maps arising as differentials in relevant local-global spectral sequences, and (2) by way of a new approach to computing certain relative regulators.

We generalize the Milnor currents in another direction to produce explicit integrals detecting rational inequivalence to zero, for 0-cycles in the Albanese(= AJ) kernel on a product of curves; concrete examples are provided. More generally, we combine and extend the work of Green-Griffiths and Lewis on higher Abel-Jacobi maps Ψ_i, and show that the above integrals compute (essentially) quotients of the invariants Ψ_i(Z).

Preface

Complex algebraic geometry is the study of varieties, or the solution sets of algebraic equations (possibly many at once), whose coefficients belong to C . A classical question, which has seen a resurgence of interest (e.g. [Gr1], [GG5], [L2], [RS]) in recent years, is that of rational equivalence of algebraic cycles on a smooth projective variety X/C . For instance, suppose we take two collections Z_1 and Z_2 of N points (or 0-cycles) on X. When can we algebraically parametrize, in one variable, a “path” (essentially n simultaneous paths) between the two collections? That is, writing □ := P^1_C \ {1} for affine space, when does there exist an algebraic 1-cycle W ∈ Z_1(X × □) such that Z_1 − Z_2 = π^X_∗ (W · X × {0}) − π^X_∗ (W · X × {∞}) ? For dim_C X = 1, this is just the question of when Z_1 − Z_2 = (f) for f ∈ C (X), and it is “solved” by Abel’s theorem (see §5.2.1 for a brief review). In fact, this holds in higher dimension provided codim_X Z_i = 1: the two invariants Ψ_0 :=cycle-class map and Ψ_1:=Abel-Jacobi map still completely detect /≡_{rat} 0.

One of the “holy grails” of the subject of Algebraic Cycles /C , then, is the explicit description of a series of Hodge-theoretically determined, higher AJ-type maps Ψ_i (defined on ker(Ψ_{i−1})) which “completely capture” rational equivalence classes (modulo torsion) of codimension p (≥ 2) cycles on a smooth projective variety X. That is, their successive kernels should give a descending filtration exhausting CH^p(X(C ))_Q . As in the p = 1 case we can define Ψ_0 and Ψ_1, which are then summarized (see [Gr3]) in the Deligne cycle-class map c_D : CH^p(X(k)) ⊗ Q → H^{2p}_D (X, Q(p)) , k ⊆ C . This is injective (a) for p = 1 (by Abel), and also (b) for k ⊆ Q̄ (conjecturally, according to Bloch-Beilinson). Otherwise its kernel may be huge, and so one is naturally led into the arithmetic world in dealing with the field extension k/Q. One can in fact exchange this for additional geometry by “spreading” X ⊇ Z^p/k over the generic point η_S of some projective S/Q with Q(S) ∼= k, obtaining X ⊇ ζ^p/Q. We shall usually assume for simplicity that the coefficients of the defining equation of X belong to Q, so that one has X = X × η_S .

PREFACE 7

Provided one is willing to assume a Bloch-Beilinson conjecture for quasiprojective varieties (of which X × η_S is a limit), ′c_D : CH^p(X × η_S (Q)) ⊗ Q → H^{2p}_D (X × η_S , Q(p)). Following [L2] and [GG5], in §5.1 we produce a series of invariants Ψ_i by placing a Leray filtration on [a suitable modification of] H^{2p}_D (X × η_S , Q(p)), and composing the resulting “graded pieces” of^′c_D with the act of spreading. So intuitively, the idea is to use the product structure of X × η_S to chop up the cycle- and AJ-classes of the spread ζ of Z. The difficulty is in finding explicit formulae for the resulting maps Ψ_i : Gr^i_ΨCH^p(X(k))_Q −→ Gr^i_LH^{2p}_H (X × η_S , Q(p)). Incidentally one should not take the assumption of even the Bloch- Beilinson conjecture lightly. There are very simple cases where it is not known. For example, say we present a K3 surface X as a double cover of P^2 branched over a smooth sextic curve with affine equation f(x, y) = 0. Then for any x, y ∈ Q̄ not solving f, Z_{x,y} := (x, y, + √ f(x, y)) − (x, y, − √ f(x, y)) ∈ ker(c_D) ⊆ CH^2(X(Q̄ )),

since h^{1,0}(X) = 0; but we are not aware of any proof that (some multiple of) Z_{x,y} ≡_{rat} 0. If BBC fails (for quasi-projectives) then the series Ψ_i is still

(well-)defined but their kernels do not exhaust CH^p(X(k))_Q . So without the aid of conjectures, at present the best we can hope for is to detect Z /≡_{rat} 0

when c_D(Z) = 0, by showing e.g. Ψ_2(Z) or Ψ_3(Z) ≠ 0. Some concrete examples are given at the end of §5.3.

More generally, what we find in Chapter 5 is that we can motivate a very explicit recipe for (quotients of) the graded pieces [AJζ]_i, which is moreover computable for X a product of curves, by studying AJζ in the degenerate situation^1 X = (□^n, ∂□^n) – where all but one Leray graded piece is zero. We can compute this piece exactly, essentially by “pushing it down” to integration of a current over integral cycles on the “base” η_S of the spread. These “regulator currents of Milnor type” define cohomology classes (or at worst differential characters ⇐⇒ Deligne classes) on η_S ; and the general philosophy of “pushing down” [AJζ]_i to i-currents on the base is what extends to X smooth projective.

Sticking with the degenerate situation now, which is to say relative cycles on ζ ⊆ η_S × (□^n, ∂□^n), we backtrack a bit from Chapter 5 to Chapters 2-3 and change notation ζ → Z, and replace η_S by any quasi-projective (possibly projective) variety Y/C , so that we are now dealing with [Z] ∈ CH^p(Y ×(□^n, ∂□^n))_Q or (equivalently as far as cycle classes are concerned)

1affine n-space relative its faces. This is equivalent to projective n-space relative the coordinate hyperplanes, or even essentially to the singular variety given by the union of the coordinate hyperplanes in P^{n+1}.

PREFACE 8

with higher Chow cycles CH^p(Y, n). (In fact, in the text we write X in place of Y ; we warn the reader that X has changed sides in the product.)

Again in this situation we can give formulas for AJ maps on CH^p(Y, n)_Q in terms of explicit currents “on the base” Y , Z → (T_Z , Ω_Z , R_Z ) (where in many cases one can omit all but the R_Z ). These are interesting in their own right (rather than just as preparation “in the degenerate case” for Chapter 5), since they may be interpreted as realization functors or “regulators” on motivic cohomology [CH^p(Y, n)_Q ∼=] H^{2p−n}_M (Y, Q(p)) → H^{2p−n}_D (Y, Q(p)), and so are referred to alternately as AJ and R. So we derived a formula for these maps (§2.4), whose geometric motivation is given in §1.3 − 2.3 (for n = p) and §5.1.1 (for n ≠ p). According to §3.1 our formula gives a C /Q (p)-lift of the real regulator maps (see [Be] or [Ra]) H^{2p−n}_M (Y, Q(p)) → H^{2p−n}_D (Y, R(p)) for which Goncharov wrote explicit real currents^2 in [Go1]. (The Abel- Jacobi map given there was not correct.)

A very specific instance of these maps occupies our attention in Chapter 4 and most of 1 and 2 – namely, that given by setting p = n, Y = η_X (or Spec(C (X))), and usually dim_C X = n − 1. The resulting invariant

K^M_n (C (X)) ∼= CH^n(η_X , n) R −→ H^n_D(η_X , Z(n)) ∼= H^{n−1}(η_X , C /Z(n)) is called the “Milnor regulator” (see §1.2 for a definition of the Milnor Kgroups). Since the generators {f_1, . . . , f_n} of K^M_n (C (X)) involve explicit meromorphic functions f_i ∈ C (X)^∗ , this is where we can really get our hands on the regulator currents “R_f”; in fact, the original motivation in Chapter 2 for the construction of R_Z for Z ∈ Z^p(Y, n) with p ≠ n, comes out of the desire to get our hands on the so-called “higher residues” Res^iR_f for i ≥ 2 and interpret them in terms of polylogarithms and Bloch groups.

Here is a concrete example of what a Milnor regulator current loooks like, for n = 3. If f, g, h ∈ C (S) are meromorphic functions on an algebraic surface, let T_f = f^{−1}(R^− ) (where R^− is considered as the directed path ←−−− [0, ∞] on P^1) and log f = the branch with imaginary part ∈ (−π, π] and jump along T_f , and so on for g and h. On the other hand dlogf will mean df/f; they are related by d[log f] = dlogf − 2πiδ_{Tf} . Then if C is a “topological” 2-chain (dim_R C = 2) on S avoiding |(f)| ∪ |(g)| ∪ |(h)|, the period of R_{{f,g,h}} on C is by definition ∫ C log fdlogg ∧ dlogh + 2πi ∫ C∩T_f log gdlogh − 4π^2 ∑ p∈C∩Tf ∩Tg log h(p). 2More precisely, we show our regulator lifts Goncharov’s exactly, while Goncharov’s formula is known to agree with the Beilinson regulator on niveau graded pieces of CH^p(X, n)_Q.

A BRISK OUTLINE 9

These currents (as well as the formulas of §2.4) generalize and bridge the gap between several maps in the literature, see [GG1], [L4], [C1], [Es], [MS1], etc.

Nontrivial periods of Milnor regulator currents are very hard to compute in practice, except when X is a relative variety like those considered in §3.2, or when the periods come from residues. In fact, in Chapter 4 we prove a vanishing theorem for the “residue-free” part of the map when X is smooth and sufficiently general in its moduli space, which is to say any interesting periods of the “holomorpic part” of the Milnor regulator arise arithmetically and not geometrically, except for n = 2 and X and elliptic curve. This in particular is a really beautiful result.

A Brisk Outline

We have been going backwards; let’s now reverse course and give a section-by-section guide. This should be useful for the first three chapters in particular; a coherent but somewhat stream-of-consciousness style seems to have resulted from the desire to focus on not so much a series of results as a web of interrelationships. At the outset (in Chapters 1-2) we wish to extend the classical AJ maps to relative quasi-projective varieties X × (□^n, ∂□^n). Why? Because these maps have the aforementioned motivic interpretation, and motivate an understanding of AJ on spreads (and thus the Ψ_i).

In §1.1-2 we introduce the higher Chow groups CH^p(X, n)_{[Q]} , which are just a geometric realization of H^{2p−n}_M (X, Q(p)) in terms of cycles on X × (□^n, ∂□^n), and specialize to the case n = p. In order to understand the situation algebraically and analytically in terms of meromorphic functions on X and its subvarieties, we proceed in two steps. We first break CH^n(X, n) into coniveau-graded pieces linked by geometric “residue” maps. The pieces are subquotients of ∐ x∈X^i CH i(C (x), n − 1) and one has successive Res^i mapping ( ker(Res^i) ⊆ ) CH^n(C (X), n) into them. Second, to “explain” the first two graded pieces we introduce the Milnor K-groups and the graph isomorphism

K^M_n (C (X)) ∼= −→_γ CH^n(C (X), n),

and define the “holomorphic” or “residue free” subgroup

K^M_n (X) := γ^{−1} (im{CH^n(X, n) → CH^n(C (X), n)}) = γ^{−1}(

dim(X)⋂

i=1 ker(Res^i)).

By partial degeneration of the local-global spectral sequence one shows that it is enough to take ⋂_μ i=1 where μ = min{dim X, [_n 2 ] }. Finally, after interpreting Res^1 in terms of the “tame” map of [BT], in §1.2.4 we attempt to

A BRISK OUTLINE 10

arrive at a similar understanding of the Res^i on K^M_n (C (X)) directly (algebraically rather than geometrically); we see the first exciting (but conjectural) connections with polylogarithms and Bloch groups (of C (x), x ∈ X^i).

In §1.3 we start developing our geometric approach to the realization functors (or regulators) H^{2p−n}_M (X, Q(p)) → H^{2p−n}_M (X, Q(p)) that will culminate in §2.4. We establish precisely the sense in which relative cycle-class and AJ maps on relative cycles in X × (□^n, ∂□^n) are possible, by turning them into limits of topological cycles avoiding X × ∂□^n. Now computing AJ(Z) always involves integrating forms over chains Γ with ∂Γ = Z. The computational key here is that there is a standard way to write down Γ as a “geometric collapsing sum” θ(Z) (taking advantage of the fundamental domain of C^∗ ) plus a membrane term T_f × (n-torus)⊆ X × (C^∗ )^n; the rest of the argument consists of Hodge-theoretic considerations. This procedure has its roots in Chapter 8 of Bloch’s book [B1], where he does n = p = 2. One can visualize θ as a homotopy contracting the fundamental domains of the various factors (=copies of C^∗ ) to {1}, one after the other.

In §1.4 we just restrict to η_X × (□^n, ∂□^n), and take AJ of the “multigraph”^3 γ_f in the same spirit as we did for Z ⊆ X × (□^n, ∂□^n) in §1.3. the result can be interpreted as a map K^M_n (C (X)) → H^n_D(η_X , Z(n)) called the “Milnor regulator”. Using the “standard homotopy” θ we can compute (eqn. 1.4.1) this very explicitly in terms of a current on X (in its first, very primitive form). So for the first time we have pushed an AJ map on a “product” down to integration against a current on the “base” η_X . We can tie all this to the local-global considerations of §1.2 by asking: how are the AJ maps on different coniveau “stitched together”? At least for codimension 1 (good enough for n = 2, 3) we can answer that

[AJ_X (γ_f)](dα̃) = 2πi[AJ_V (γ_{Tame(f)})](α)

using the Tame symbol. (Here α̃ is an extension to X of a form α on divisor V ⊆ X.) We can’t do codimension 2 residues for a while yet, because we won’t have AJ formulas for CH^{n−1}(F, n − 1), n − i ≠ n − 1 until §2.4.

In the first three sections of Chapter 2 we gradually abstract the milnor regulator from the AJ map. First of all, however, in Chapter 1 we only defined a map ⊗^nZ[P^1_{C(X)} \ {0, ∞}] "AJ" −→ H^n_D(η_X , Z(n)); we must now show it kills the Steinberg relations (by which K^M_n (C (X)) is the quotient). We do this first in §2.1 geometrically and then in §2.2 more analytically by exhibiting R^′_f, for f ∈Steinbergs, as coboundary-currents. In §2.3 we discuss how to pair the local-global spectral sequences for cohomology of X via (a) currents and (b) compactly supported C^∞-forms on codimension-i points, in order to understand residues; the formula for Res^1

3here f ∈ ⊗^nZ[P^1_{C(X)} \ {0, ∞}] is a formal sum of “multifunctions”.

A BRISK OUTLINE 11

takes the form Res^1R^′_f = 2π √ −1R^′_{Tame(f)}. Finally we introduce the notion of the “holomorphic” part of the Milnor regulator K^M_n (X) −→ im{H^{n−1}(X, C /Z(n)) → H^{n−1}(η_X , C /Z(n))}. Now that we have pushed AJ on CH^n(η_X , n) down to a current on X, in the last section §2.4 we write currents R_Z for all [Z] ∈ CH^p(X, n); that these do arise analogously from an AJ procedure similar to that in §1.3.4 is discussed at the beginning of §5.1. In order to define AJ on the level of complexes z^n(X, •), Deligne homology ([Ja], [L2])cannot be avoided. A formula 1 (2π √ −1)^i Res^iR^′_f = R^′_{Res}i_{(γf )}

for higher Res^i of Milnor regulator currents makes sense now, and there are more conjectural connections with polylogarithms (as in §1.2.4). In §2.4.4 we propose a simple procedure that would use these results to “lift” the singlevalued real cousins of the Li_n (the generalized Bloch-Wigner functions L_n) to C /Z(n)-valued cousins on ker(δ) ⊆ B_n(C ).

That this lift works for n = 2 is proved in §3.1 as an application of the main result there: that the composition CH^p(X, n)_Q AJ −→ H^{2p−n}_D (X, Q(p)) π^p_R −→ H^{2p−n}_D (X, R(p)) identifies with Goncharov’s real regulator map r, and so with r_{Be} on Gr^i_N CH^p(X, n). The other application of this fact is an interpretation of the “vanishing theorem” of Chapter 4 in terms of real regulators. So lifting r_{Be} to a C /Z(n)-valued regulator, from this point of view, allows us to apply infinitesimal-invariant theory to prove rigidity results that end up having implications for the original real regulator.

§3.2 comprises some bizarre, but at points inspiring, attempts to compute some periods of “Milnor regulators” on simple relative varieties. In §3.2.1- 2 we set up (in a rather ad hoc fashion) “relative Milnor K-groups” and “relative regulator maps” K^M (C (X, Y )) → H^{n−1}(η_{(X,Y )} , C /Q (n)) , K^M (X, Y ) → H^{n−1}(η_{(X,Y )} , C /Q (n)) by appealing (for motivation) in the case (X, Y ) = ( ¯□^{n−1}, ∂ ¯□^{n−1}) to AJ on CH^n(C , 2n − 1). In §3.2.3 we modify the relative K^M -groups of the ( ¯□^{n−1}, ∂ ¯□^{n−1}) so that linear factorization of terms is possible (in^′K^M ); the terms of the regulator become (classical) polylogarithms and we compute an example. (The problem with^′K^M_n is that for n > 2 it involves getting rid of the a ∧ (1 − a) ∧ . . . Steinberg relations, which is perhaps somewhat too ad hoc.) Now in analogy to §2.4.4/3.1.2, we show in §3.2.4 (for n = 2 and X = (P^1, {0, ∞}) that if f satisfies certain conditions then its “abelian symbol” N̄_f ∈ B_2(C ) actually lives in ker(st), and ℑ ∫_∞ 0 R_f = L_2(N_f) where L_2 is the Bloch-Wigner function. Finally in §3.2.5 we exhibit the Catalan constant (a famous transcendental number) as a relative regulator period.

A BRISK OUTLINE 12

In §3.3 we compare our regulator to yet another construction, by means of a nice sheaf-cohomology computation in a double complex. It is shown that over η_X , taking sections of the Milnor-sheaf regulator K^M_{n,X} → H^n_D(n) (defined using the product in the Deligne cohomology ring) gives a map equivalent to the Milnor regulator we have defined, making ours “compatible” in a certain sense with the product structure. The sheafified version has appeared for instance in [Ra] (for n = 2) and [Es].

The last two chapters are far more linear in organization. Chapter 4 is a study of the “residue free” part of the Milnor regulator essentially on families of varieties; by monodromy arguments the results have consequences for fixed, very general (arithmetically uninteresting) elements of the family. §4.3 is its heart, where the main theorems are proved for hypersurfaces (i.e. codimension 1 complete intersections) in P^n: roughly speaking, that a family of symbols

{f_t} ∈ ker(Tame)[= H^0(X_t, K^M_{n,Xt} )]

has rigid (flat) regulator image, and that for t_0 very general in PH^0(P^n, O(D)),

{f_{t0} } ∈ K^M_n (X_{t0} ) ⊆ ker(Tame) ⊆ K^M_n (C (X))

has trivial regulator image in im{H^{n−1}(X_{t0} , C /Q (n)) → H^{n−1}(η_{Xt0} , C /Q (n))} ∼= H^{n−1}_{var} (X_{t0} , C /Q (n)). §4.1 and §4.2 are background on the theory of variations of mixed Hodge structure. §4.5 extends the results to arbitrary codimension, in which form they are stated right on the very page of the chapter. Here we used recent work of Nagel and Dimca (see [N]), which extends Griffiths’ “residue representation” (in [G1]) of the cohomology of a smooth projective hypersurface by quotients of polynomial rings (=Jacobi rings), to smooth complete intersections in any toric variety. §4.4 does codimension 2 in slightly greater depth using results of Green [Gr2] on pseudo-Jacobi rings.

Finally we come full circle to the higher AJ maps and Chapter 5. Starting again with relative affine space X = (□^n, ∂□^n), we introduce the use of spreading to produce invariants – in this case for CH^p(X(k)), via R on CH^p(X × η_S (Q)). These invariants are just the Milnor regulator for p = n (the spread of a zero-cycle on this X just being a multigraph γ_f) but e.g. for 1-cycles in CH^3((□^4, ∂□^4)(k)) already we have something interesting. Changing gears in §5.1.2, we take X smooth projective, and recall Mumford’s theorem ([Mu], generalized by [Ro]) which implies the “infinitedimensionality” of the targets for the higher AJ maps Ψ_i. We summarize Lewis’ construction (in [L2]) of the targets as limits of fimite-dimensional Hodge-theoretically defined objects, and relate his approach to that of Griffiths and Green (in [GG5]). In §5.1.3 we switch back to X =relative affine space, formally compute Lewis’ target spaces and tie this to the maps in §5.1.1.

ACKNOWLEDGEMENTS 13

It doesn’t take much imagination to extend the computations for X = (□^n, ∂□^n) to X^′ = (P^1, {0, ∞})^n – the considerations are just “combinatorial”. However this turns out to be an important step, since X^′ can be thought of as a product of degenerate elliptic curves. §5.2.1-2 is a reworked version of a talk where it is proved directly that Gr^2CH^2((P^1, {0, ∞})^2(k)) ∼=_{⊗Q} K^M_2 (k), and argued by degeneration why this is relevant to Gr^2CH^2(X) for X smooth; §5.1.3 extends this to the case n > 2. In both cases the only real depth comes from Suslin reciprocity, a simple proof of which is included as an appendix. In §5.4 we make use of our formal computation of the targets for the graded pieces of AJ (of the spread), argue that these are just more Milnor regulators, and that they can be interpreted as differential characters arising from membrane integrals.

This latter property then becomes a definition when we pass back to X smooth projective in §5.3, for maps into (essentially) quotients of the Ψ_itargets Gr^i_LH^{2p}_H (X × η_S , Q(p)), which look like Deligne cohomology groups on η_S with coefficients in a lattice (given by periods of holomorphic forms on X). For X=C_1 × . . . × C_n a product of curves we find we can chop the C_i into (contractible) fundamental domains and produce a homotopy θ exactly as we did for C^∗ × . . . × C^∗ in §1.3. This standardizes the computation of the differential character, and Hodge-theoretic considerations let us push it down to a current on the base η_S . We apply this to E × E (and E × E × E) for an elliptic curve with complex multiplication (and defining equation /Q), and exhibit 0-cycles in the Albanese kernel which we can now prove are /≡_{rat} 0 by

integrating a current (doing calculus) on the base of the spread.

Acknowledgements

First and foremost I would like to express my gratitude to my advisor Phillip Griffiths, who introduced me to this subject, for generously sharing his time, wonderful ideas, and volumes of correspondence with Mark Green. I would also like to thank Marc Levine, Sasha Goncharov, Jan Nagel, Jacob Murre, Pierre Deligne, Alberto Collino, Steve Zucker, Mark Green, Andreas Rosenschon and others too numerous to mention for fruitful discussions and/or correspondence; in particular I am indebted to James Lewis for consistent support and interest in this project. Finally, I must thank Chris Peters and Stefan Müller-Stach for setting up the 2001 summer school on Algebraic Cycles in Grenoble, where I first met many of the people in this field and had an opportunity to speak; and Lior Silberman, who gave me the crash course in LYX without which these results would still be a scrawl.

CHAPTER 1

Graphs as Algebraic Cycles

1.1. Introduction

Define over any infinite field k the algebraic n-cube

□^n_k := ( P^1_k \ {1} )_n =: (P^1_k)^n \ I^n,

with faces

∂□^n_k := ⋃ i,e ρ^e_{i ∗}□^{n−1}_k , and more generally subfaces ρ^{e1...eℓ}_{i1...il ∗}□^{n−ℓ}_k , where for e = 0, ∞ the face inclusions ρ^e_i : □^{n−1}_k → □^n_k send (z_1, . . . , z_{n−1}) → (z_1, . . . , e, . . . , z_{n−1}) i , and so

on. The n-cube is also equipped with projections π_{i1...iℓ} : □^n_k → □^{n−ℓ}_k where, e.g. for ℓ = 1, π_i sends (z_1, . . . , z_n) → (z_1, . . . , ẑ_i, . . . , z_n). When the field is clear we will omit the subscript k.

Let X/C be a smooth quasiprojective variety and f = {f_{iα}} ∈ C (X)^∗ a collection of meromorphic functions; they make sense as maps into P^1 over the generic point E = SpecC (X) = lim←− {U ⊂ X Zariski open}, with the caveat that the limit only makes sense under some functor like CH. Let |f| = ∪|(f_{i,α})| and consider the graph cycle in Z^n({X \ |f|} × □^n)

γ_f := ∑ n_α(f_{1α}, . . . , f_{nα}) := [∑ n_α(id_X ; f_{1α}, . . . , f_{nα})_∗ (X \ |f|) ] ∩ ({X \ |f|} × □^n) . In the next section we develop some infrasructure for understanding and attacking the following basic questions:

(a) Under what conditions can the closure on X ×□^n (of a suitable modification) of γ_f be completed, by addition of more algebraic cycles, to a “relative” cycle Γ? Roughly speaking, this means that there should be a continuous family of closed cycles Γ_ϵ, compactly supported on X × (□^n \ N_ϵ(∂□^n)) , with lim_{ϵ→0} Γ_ϵ = Γ in such a way that ∫ Γ_ϵ ω → ∫ Γ ω for certain forms ω.

(b) In that case, can we define an algebraic invariant similar to the Deligne class for the completed cycle, and if so, what geometric information does it carry? (For instance, graphs arise as spreads of zero-cycles on the relative

1.1. INTRODUCTION 15

variety (□^n, ∂□^n) and one may care about rational equivalence classes of these.) This question is treted in §1.3-1.4, and motivates much of the subsequent work (Chapter 2).

(c) Can the conditions in (a) be expressed “algebraically”, in terms of relations on the functions or their “residues” – that is, can we avoid the geometry of the graph?

Regarding (a), the following example (although trivial) is instructive and gives a concrete feel for what is going on. The philosophy here is that, provided components of a cycle Γ ∈ Z^n(X × □^n) intersect subfaces X × ρ^e_{i ∗}□^{n−k} (of all codimensions) properly, “cancellation” of their intersections with (codimension 1) faces X ×∂□^n should be sufficient for Γ to be a relative cycle.

Example 1.1.1. Let X be a projective surface with f, g, h ∈ C (X)^∗ , and consider a Zariski open neighborhood U of a normal crossing of components V_1 and V_2 of |(g)_0| and |(h)_0|, respectively. That is, all other components of |(f)|, |(g)|, and |(h)| are tossed out from X, to get U. Henceforth we also write V_i for V_i ∩ U, and write p = V_1 ∩ V_2 for the normal crossing. Consider, over U \ V_1 ∪ V_2, the cycle γ^0 = (f, g, h) − (h, f, g) (the superscripts indicate codimension of support). Its closure on U to γ^0 ∈ Z^3(U × □^3) intersects all subfaces properly: over V_1 \ {p},

γ^0 ∩ [ (V_1 \ {p}) × ∂□^3 ] = (f, g, 0) − (0, f, g) and this may be cancelled there by the addition of

γ^1_{V1} = (z, z − f z − 1 , g) − (f, z, z − g z − 1 ) ∈ Z^2((V_1 \ {p}) × □^3)

where for example the second term means [( id_{X ∗}; f, z, z − g z − 1 ) ∗ ( (V_1 \ {p}) × P^1 ) ] ∩ ( (V_1 \ {p}) × □^3 ) counted with multiplicity −1. Similarly, over V_2 \ {p} one has

γ^0 ∩ [ (V_2 \ {p}) × ∂□^3 ] = (f, 0, h) − (h, f, 0) = −γ^1_{V2} ∩ [ (V_2 \ {p}) × ∂□^3 ] where we define

γ^1_{V2} = ( z, fh z , (z − f)(z − h) (z − fh)(z − 1) ) − (f, z, z − h z − 1 ). (There are other choices.) Now γ^1_{V2} and γ^1_{V1} intersect subfaces properly, but there is more to cancel at {p}: writing a = f(p), ( γ^1_{V1} + γ^1_{V2} ) ∩ ( p × ∂□^3 ) = (z, z − a z − 1 , 0) + (z, 0, z − a z − 1 ) + (0, z, z − a z − 1 )

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 16 = ( γ^2_p := {p × (z_1, z_2, z_3) | (1 − z_1)(1 − z_2)(1 − z_3) = 1 − a} ) ∩ ( p × ∂□^3 ) . So put Γ := γ^0 + γ^1_{V1} + γ^1_{V2} + γ^2_p on U; as a cycle, Γ has zero intersection with all faces of the algebraic cube (components of U × ∂□^3), and the supports of all of its components intersect all subfaces properly. This is what we are after. We were lucky here, because closures of cycles intersecting subfaces properly do not in general retain this property: one needs to “move” them by adding a “trivial” cycle before closing them in this case. In order to pin this statement down we introduce two presentations of (cubical) higher Chow groups.

1.2. Extending Graphs to Higher Chow Cycles

1.2.1. Bloch’s higher Chow groups. For any smooth quasi-projective X/k define c^p(X, n) :=the subgroup of Z^p(X × □^n) generated by subvarieties intersecting all subfaces X × ρ^e_{i ∗}□^{n−ℓ} properly,

i.e. in the right codimension. (Note that anything can happen at I^n if one looks at the closure of such a cycle on X × (P^1)^n.) We will sometimes refer to these cycles as “admissible”. Let

d^p(X, n) :=the subgroup of c^p(X, n) generated by subvarieties pulled back from X × □^{n−1} by some π_i.

We neglect these cycles and write Z^p(X, n) := c^p(X, n)/d^p(X, n), which forms a complex with differential

∂_B := n∑ i=1 (−1)^i ( ρ^∞_i^∗ − ρ^0_i^∗ ) : Z^p(X, n) → Z^p(X, n − 1); in particular note that ∂_B ∘∂_B = 0 so we have a complex (the Bloch complex). Define (after [B3]) the higher Chow groups as its homology: CH^p(X, n) := H_n{Z^p(X, •)}. Our cycle groups and Chow groups are always ⊗Q (i.e. modulo torsion); we write Z^p(k, n) for Z^p(Spec(k), n), and note in particular that Z^p(C (X), n) = Z^p(η_X , n) is where the graph cycles γ^0 live. Since they are trivially ∂_B-closed they define elements [γ^0] ∈ CH^n(C (X), n). In general a “∂_B-cycle” or “higher Chow cycle” on X will mean a ∂_B-closed element of Z^p(X, n).

There is a subcomplex of “antisymmetrized” cycles with the same homology groups ([MS2]). Let σ ∈ S_n ⋉ (S_2)^{⊕n} act on □^n by permuting, then inverting coordinates (this is consistent with composition in the semidirect product), and let sgn : S_n ⋉ (S_2)^{⊕n} → {±1} = Z_2 be given by

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 17

the product of characters sgn · ∏ sgn_i. There is an idempotent operator Alt_n : Z^p(X, n) → Z^p(X, n) given by the formula Alt_nZ = 1 2^nn! ∑ σ∈S_n⋉(S_2)^{⊕n} sgn(σ) σ^∗Z. Let C^p(X, •) ⊂ Z^p(X, •) be the subcomplex generated by the image of Alt_•, with the differential induced by inclusion. Alt_• commutes with the differential: Alt_{n−1}∂_BZ = ∂_BAlt_nZ, and so not only the inclusion above but also the projection Z^p(X, •)^{Alt•}−−→ C^p(X, •) give maps of complexes.

Proposition 1.2.1. (Levine) The inclusion C^p(X, •) → Z^p(X, •) is a quasi-isomorphism of complexes.

The content of this statement is that closed cycles are equivalent (modulo a boundary) to an antisymmetrized cycle: ∂_BZ = 0 =⇒ Z = ∂_BZ^′ + C. In fact, applying Alt to both sides one has AltZ = ∂_BAltZ^′ + C = ∂_BAltZ^′ + (Z − ∂Z^′) = Z + ∂_BZ^′. Corollary 1.2.2. (a) ∂_BZ = 0 =⇒ [Z] = [AltZ], from which it follows that (b) The projection Z^p(X, •)^{Alt•}−−→ C^p(X, •) is quasi-isomorphism.

Writing ρ^e_i^∗ for intersection with the corresponding face, notice that 2n · ρ^e_i^∗Alt_nZ = Alt_{n−1}∂_BZ, and so if Alt_nZ = C ∈ C^p(X, n) is ∂_B-closed, then 0 = 1 2n ∂_BAlt_nZ = 1 2n Alt_{n−1}∂_BZ = ρ^e_i^∗Alt_nZ = ρ^e_i^∗C and so C ∩ ∂□^n = 0 “on the nose” (as a cycle), which is of course stronger than ∂_BC = 0. This observation will be useful later in obtaining “relative cycles” in X × (□^n, ∂□^n).

Now we introduce the coniveau filtration. From now on X denotes a smooth projective variety (unless otherwise specified). Writing |Z| for the support of a cycle (its underlying subvariety), let

N^iZ^p(X, n) := { Z ∈ Z^p(X, n) | | codim|π^X_∗ Z| ≥ i } . Note that N^1Z^p(η_X , n) = 0. We will also use the notation “N^iX” and “X \ N^iX” to denote lim−→_{{xα}⊂X}i (∪x_α) and lim←−_{{xα}⊂X}i (X \ ∪x_α), with the same caveat as in the case of η_X (= X \ N^1X). (This will be useful when we want to ignore the behavior of a higher Chow cycle over subvarieties of codimension ≥ i in X.) It seems attractive to think of our example in 1.1 as a cycle in a double complex: writing γ^1 = γ^1_{V1} + γ^1_{V2} and Gr^i_N := N^i/N^{i+1},

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 18

0 0

Gr^0_N Z^3(X, 3)

Gr^1_N Z^3(X, 2) γ0 ∂_Bγ0 = −∂_Bγ1

Gr^1_N Z^3(X, 3)

Gr^2_N Z^3(X, 2) γ1 ∂_Bγ1 = −∂_Bγ2

Gr^2_N Z^3(X, 3)

0 γ2 0

Remark 1.2.3. We should be cautious here: one can’t get by with a double complex picture in general (all we have is a filtered complex). The horizontal differentials are not always defined, though they are defined on the kernel of the vertical differentials. More generally, by a snake-lemma type argument on the sequence N^{i+k}Z(X, •) → N^iZ(X, •) → N^i N^{i+k} Z^p(X, •) (which is exact on each term of the complex, not in the derived category), one obtains maps:

H_n( N^i N^{i+k} Z^p(X, •)) → H_n(N^{i+k}Z^p(X, •)) from what appear to be “diagonal chains” in the double complex (which have zeroes in the first i columns and look like cycles up to the (i+k)-th column), to the (i+k+1)-st column. In the simple normal-crossing situation of the example above, the map H_3(^{N 0}_{N 2} Z^3(X, •)) → H_3(N^2Z^3(X, •)), which is a priori only defined on γ^0 + γ^1, reduces to a horizontal differential on γ^1. However, one can certainly imagine a situation where γ^0 = (f, g, h) − (h, f, g) has essential singularities and is still admissible – e.g., if components of |(f)_0|, |(f)_∞|, and |(g)_0| all interesect in a point. Consequently ∂_Bγ^0 can have a nontrivial N^2Z^3(X, 2) component. (On the other hand γ^0 will not be admissible when |(f)_0|, |(g)_0|, and |(h)_0| all intersect in a point.)

Example 1.2.4. It turns out that γ^0 + γ^1 + γ^2 is also a boundary: in terms of the “double complex” picture,

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 19

Gr^0_N Z^3(X, 3) γ^0

Gr^0_N Z^3(X, 4)

Gr^1_N Z^3(X, 3) η^0 γ^1_a + (γ^1_b + γ^1_c ) = γ^1

Gr^1_N Z^3(X, 4)

Gr^2_N Z^3(X, 3) η^1 γ^2.

Here we put

η^0 = ( f, z, hg z , (z − h)(z − g) (z − hg)(z − 1) ) − ( z, hf z , (z − h)(z − f) (z − hf)(z − 1) , g ) ,

η^1 = η^1_a + η^1_b = [( f, z, w, (1 − z)(1 − w) − (1 − h) (z − h)(w − h) ) V_1 + ( f, z, w, (1 − z)(1 − w) − (1 − g) (z − g)(w − g) ) V_2 ]

+ [{ (z_1, z_2, z_3, g)| ∏ (1 − z_i) = (1 − f) } V_2 ] ,

∂_Bη^0 = [(f, g, h) − (h, f, g)] + [( z, hf z , (z − f)(z − h) (z − hf)(z − 1) ) V_1 ] = γ^0 + γ^1_a ,

∂_Bη^1_a = [ − ( f, z, z − h z − 1 ) V_1 − ( f, z, z − g z − 1 ) V_2 ] + [ π^∗_3(f, h)_{V1} + π^∗_2(f, h)_{V1} + π^∗_3 (f, g)_{V2} + π^∗_2(f, g)_{V2} ] = γ^1_b + d^3(X, 3),

and ∂_Bη^1_b = − { (z_1, z_2, z_3)| ∏ (1 − z_i) = (1 − f) } p + ( z, z − f z − 1 , g ) V_2

= γ^2 + γ^1_c

and we are working modulo d^∗(X, •). So γ^0 + γ^1 + γ^2 = ∂_B(η^0 + η^1) and this example is “trivial”; there is a great deal of cancellation of cycles in the computations. Their messy nature certainly motivates the work below, which will enable us to see by merely glancing at γ^0 that this example was trivial to start with.

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 20

1.2.2. Moving lemma, the local-global picture and “residue” maps. In the event that a graph γ^0 ∈ Z^n(η_X , n) has inadmissible closure γ^0, we want to be able to modify γ^0 by addition of a “trivial” cycle in Z^n(η_X , n), in order that its closure meet subfaces properly (and so yield an element of Z^n(X, n)). Im(∂_B) gives us a concrete subgroup of trivial cycles to work with, and there is the following standard result, for any quasi-projective k-scheme X .

Proposition 1.2.5. [Moving Lemma (Bloch)]. Let U ⊂ X be Zariski open, and let r_U : Z^p(X , •) → Z^p(U, •) be the restriction. Then the complex Z^p(U, •)/im(r_U ) is acyclic.

Corollary 1.2.6. The map Z^p(X , •)/Z^p(X − U, •) → Z^p(U, •) induced by r_U is a quasi-isomorphism.

Proof. ( in the d.c.): If Z_0 ∈ Z^p(U, n) is a ∂_B-cycle then the lemma =⇒ Z_0 = r_U Z + ∂_Bβ. Apply ∂_B to this =⇒ 0 = ∂_BZ_0 = ∂_Br_U Z = r_U ∂_BZ. So ∂_BZ ≡ 0 (mod Y ).

(^⊂ in the d.c.): If Γ ∈ Z^p(X , n) has image a boundary [r_U Γ = ∂_Bz] then the moving lemma =⇒ z = r_U Z + ∂_Bβ =⇒ r_U Γ = ∂_Bz = r_U ∂_BZ and so r_U (Γ − ∂_BZ) = 0 =⇒ Γ = ∂_BZ (mod Y ) [is itself a boundary].

Remark 1.2.7. In particular one could take X = X ⊃ (X \ N^iX) = U or (as in our applications below) X = N^iX ⊃ (N^iX \ N^{i+1}X) = U.

More concretely, if Z_0 ∈ Z^p(U, n) has ∂_BZ_0 = r_U Γ, for Γ ∈ Z^p(X , n−1) [e.g. if Z_0 is ∂_B-closed on U], then there are β ∈ Z^p(U, n + 1) and Z ∈ Z^p(X , n) such that

Z_0 = ∂_Bβ + r_U Z.

Notice that (one may choose Z so that) the “moved” cycle r_U Z has admissible closure Z on X and the same ∂_B-boundary as Z_0 (over U). Applying Alt_n to both sides gives immediately an identical moving lemma for C^p(U, •).

Remark 1.2.8. In fact Bloch [B4] proved this lemma for cycles in the simplicial complex, where (□^n, ∂□^n) is replaced by ( △^n_k = { (t_0, . . . , t_n) ∈ A^{n+1}_k | ∑ t_i = 1 } , ∂△^n_k = ⋃ i {z_i = 0} ) , but the cubical version also follows from the homotopies constructed there.

We can now use the coniveau filtration and the moving lemma to produce “residues” of γ^0 which will be obstructions to completing its “move” to a higher Chow cycle. Associated to N^• there is a 4^{th}-quadrant^1 spectral se- quence with E^{p,−q}_0 (r) = Gr^p_N Z^r(X, q − p), E^{p,−q}_1 (r) = H^{p−q}(Gr^p_N Z^r(X, −•)) 1For consistency with the literature ([B3] in particular) we now switch to cohomological indexing, by simply placing the higher Chow complex in negative degrees; e.g., CH^5(X, 3) is now H^{−3}(Z^5(X, −•)) instead of H3(Z^5(X, •)).

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 21

and converging to E^{p,−q}_∞ (r) =: Gr^p_N CH^r(X, q − p). We sketch how this is constructed. The sequence 0 → N^{i+1}Z^r(X, −•) → N^iZ^r(X, −•) → Gr^i_N Z^r(X, −•) → 0 induces an exact triangle (for every i)

H^∗(N^{i+1}Z^r(X, −•)) α^i_1 H^∗(N^iZ^r(X, −•))

γ^i_1 β^i_1

E^{i,∗−i}_1 (r) = H^∗(Gr^i_N Z^r(X, −•), d_0 = ∂_B) where the connecting homomorphism γ^i_1 again comes from a snake-lemma argument (and we increase ∗ by 1 when applying it, and thus with each trip around the triangle). Then d_1 : E^{i,∗−i}_1 → E^{i+1,∗−i}_1 is given by β^{i+1} ∘ γ^i and one has a “derived” triangle H^∗(N^{i+1}Z^r(X, −•)) ∪ Im(α^{i+1}_1 ) α^i_2 H^∗(N^iZ^r(X, −•)) ∪ Im(α^i_1)

γ^i_2 β^i_2 E^{i,∗−i}_2 (r) = H^i(E^{•,∗−i}_1 , d_1) where α^i_2, β^i_2, γ^i_2 are induced (respectively) by α^i_1, β^{i+1}_1 ∘ (α^i_1)^{−1}, γ^i_1. (Now i itself increases by 1 around the triangle, namely with each application of β^i_2.) So d_2 is essentially β^{i+2}_1 ∘ (α^{i+1}_1 )^{−1} ∘ γ^i_1 (since we are now only operating on elements which γ_1 take to the image of α_1), taking E^{i,∗−i}_2 → E^{i+2,∗−i−1}_2 . Iterating this process gives the successive pages of the spectral sequence (e.g., see [HS]), which does not degenerate at E_2. (Also this demonstrates that one needs, in addition to (E_1, d_1), some global “patching” information to obtain d_2.)

Invoking the corollary to the moving lemma with (formally) X = N^iX, U = (N^iX\N^{i+1}X) = ∐ x∈X^i ηx, we have H p−q(Gr^p_N Z^r(X, −•)) ∼= H^{p−q}(Z^{r−p}(U, −•)) and therefore E^{p,−q}_1 (r) ∼= ∐ x∈X^p CH^{r−p}(C (x), q − p). With this replacement, the first triangle laid out flat is a special case of the “localization sequence”; E^{•,•}_• is often called the “local-to-global” spectral sequence. For the 0^{th} page we can also write Ẽ^{p,−q}_0 (r) = ∐ x∈X^p Z r−p(C (x), q− p) (with d̃_0 = ∂_B), so that “E^{•,•}_1 ∼= Ẽ^{•,•}_1 ”; this gives the connection with graph

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 22

cycles, which live in ker(Ẽ_0) ⊂ Ẽ^{0,−n}_0 (n) = Z^n(C (X), n), and it is on these cycles that we now proceed to describe d_1 and d_2 explicitly.

Write r_i for the restrictions to X \ N^{i+1}X (r_0 restricts to η_X ). As γ^0 ∈ Z^n(C (x), n) is trivially ∂_B-closed, the moving lemma applies to yield Γ^0 ∈ Z^n(X, n) with r_0Γ^0 = γ^0−∂_Bβ, well-defined up to N^1Z^n(X, n)+∂_BZ^n(X, n+ 1) . Again since ∂_Bγ^0 = 0, ∂_BΓ^0 lands in N^1Z^n(X, n − 1)/∂_BN^1Z^n(X, n); passing to the quotient Gr^1_N would give d_1[Γ^0]. In view of the corollary to the moving lemma one obtains an equivalent class by restricting to (N^1)X \ N^2X; this class in ∐ x∈X^1 CH n−1(C (x), n − 1), represented by r_1∂_BΓ, is our definition of Res^1[γ^0]. Alternatively,

Res^1[γ^0] := [r_1∂_B(γ^0 − ∂_Bβ)].

In the event that this is trivial (γ^0 ∈ ker(d_1)), i.e. ∂_BΓ^0 ≡ 0 in Gr^1_N Z^n(X, n− 1)/∂_BN^1Z^n(X, n), we have ∂_BΓ^0 ≡ ∂_BΓ^1 (mod N^2) for some Γ^1 ∈ N^1Z^n(X, n). So we have a ∂_B-cycle Γ^0 − Γ^1 ∈^{N 0}_{N 2} Z^n(X, n), well-defined up to ambiguities ∂_BZ^n(X, n + 1) + {cycles on^{N 1}_{N 2} } + N^2Z^n(X, n). Clearly ∂_B(Γ^0 − Γ^1) lands in N^2Z^n(X, n − 1); passing to (a subgroup of) Gr^2_N modulo the image of the ambiguities should give a class d_2[G^0]. In fact, ∂_B(cycles on^{N 1}_{N 2} ) is just a codimension 1 version of the construction in the last paragraph and so = im(d_1), while ∂_BN^2Z^n(X, n) = im(d_0). The corresponding element of ∐ y∈X^2 CH^{n−2}(C (y), n − 1) / Res^1 ∐ x∈X^1 CH^{n−1}(C (x), n) ,

represented by r_2∂_B(Γ^0 − Γ^1), is denoted by Res^2[γ^0]. In a (not entirely correct) picture:

Γ^0 ∂_BΓ^0 γ^0

Res

Res^1γ^0

Γ^1

∂_B(Γ^0 − Γ^1) Z ∂_B Res Res^2γ^0

(modcyclesW with∂_BW = 0)

(modRes ofcyclesW)

More generally, there is a series of maps

Res^i : ker(Res^{i−1}) ⊂ CH^n(η_X , n) → ∐ x∈X^i CH^{n−i}(C (x), n − 1) / im(Res^1) + . . . + im(Res^{i−1}),

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 23

and we define

F^i_{Res}CH^n(η_X , n) := ker(Res^i).

The process begun above for Res^2 for γ^0 ∈ F^1_{Res} tells us how to take Res^{i+1} of γ^0 ∈ F^i_{Res}. Inductively we obtain Γ^0−Γ^1+. . .±Γ^i ∂_B-closed in^{N 0}_{N i+1} Z^n(X, n); we take its ∂_B as an element of Z^n(X, n) and pass to Gr^{i+1}_N . At some point this process must terminate because dim X < ∞; if all Res^i are 0 and γ^0 ∈ ⋂ F^i_{Res} then clearly one has Γ^0 −Γ^1 +. . .±Γ^{dim X} ∂_B-closed in Z^n(X, n) restricting to [γ^0] on η_X , and we say that [γ^0] ∈ imCH^n(X, n).

That is, ⋂ F^i_{Res} is just an explicit description of the “top-graded piece” of CH^n(X, n) under the coniveau filtration, or equivalently its image under the edge-homomorphism (which is simply restriction to η_X ).

We can improve the bound on “termination” of the Res^i. With the reminder that we work ⊗Q (mod torsion), according to [MS2] there is the

Conjecture 1.2.9. [Beilinson-Soulé]. CH^q(F, m) = 0 for 2q ≤ m (where F is a field).

The version with any smooth (quasi-)projective X replacing F would then follow from the moving lemma and spectral sequence above. We postpone the proof for the known cases q = 0, 1 until it is relevant in an example below. An obvious consequence of the full conjecture is triviality of the Res^i on CH^n(η_X , n) for 2(n − i) ≤ n − 1 or i ≥ (n + 1)/2; in other words we have the Corollary 1.2.10. If n ≥ 2, F^i_{Res}CH^n(η_X , n) = imCH^n(X, n) for i ≥ min{^{n−1}_2 , dim X + 1}. (This is a conjecture for n ≥ 5.)

1.2.3. Interpretation of codimension-1 residues via the Tame symbol. For n ≥ 2 let K^M_n (F ) denote the quotient of the abelian group ⊗^nZ[P^1_F \ {0, ∞}] by the Steinberg relations: the subgroup generated by all permutations of

α_1 ⊗ α_2 ⊗ . . . ⊗ α_n + β_1 ⊗ α_2 ⊗ . . . ⊗ α_n − α_1β_1 ⊗ α_2 ⊗ . . . ⊗ α_n,

α_1 ⊗ α_2 ⊗ . . . ⊗ α_n + α_2 ⊗ α_1 ⊗ . . . ⊗ α_n, α_1 ⊗ (1 − α_1) ⊗ . . . ⊗ α_n.

(For n < 2 just put K^M_1 (F ) := F^∗ and K^M_0 (F ) := Z.) We shall write elements of ⊗^nZ[P^1 \{0, ∞}] additively (e.g., a or α_1 ⊗. . .⊗α_n) but elements of the quotient (“symbols”) multiplicatively (e.g. {a} or {α_1, . . . , α_n}). A fundamental result of Totaro [T] says that the graph homomorphism γ : ⊗^nZ[P^1 \ {0, ∞}] Z^n(η_X , n) given by f = ∑ n_αf_{1α} ⊗ . . . ⊗ f_{nα} → γ_f

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 24

descends to a well-defined map on Milnor K-theory and in fact induces an isomorphism:

γ : K^M_n (C (X))^{∼=}_{graph} CH^n(η_X , n).

Pulling the F^i_{Res} back to Milnor K-theory along γ, for n ≥ 2 we write (the first “=” conjecturally for n ≥ 5)

F[^{n2} ]_{Res} K^M_n (C (X)) = γ^{−1} (imCH^n(X, n)) =: K^M_n (X).

Applying the moving lemma to γ_f we obtain γ^′_f := γ_f −∂_Bβ with good closure γ^′_f ∈ Z^n(X, n). Since γ is surjective, there is a g = ∑ ℓ_αg_{1α} ⊗ . . . ⊗ g_{nα} with γ_g = ∂_Bβ, and Totaro’s result =⇒ g is a Steinberg relation. So one may move {f} by a Steinberg relation in such a way that the closure of its graph intersects subfaces of □^n properly (simultaneously at all divisors of the f_{iα} – though one should note that subtracting g may both remove and introduce divisors).

Example 1.2.11. On P^1 = X we can modify x ⊗ x by (−1) ⊗ x − x ⊗ x. This is a Steinberg relation because {x, x}{−1, x}^{−1} = {−x, x} = {^{−x}_{1−x} , x} = {^{x−1}_x , x}^{−1} = {1 −^1_x ,^1_x } = 1 in K^M_2 (C (P^1 )).

We summarize:

Proposition 1.2.12. For every f ∈ ⊗^nZ[P^1_{C(X)} \{0, ∞}] there is a Steinberg relation g ({g} ≡ 1 in K^M_n (C (X))) such that, with f^′ := f − g , γ_f ′ ∈ Z^n(X, n). This may be completed to a (∂_B-closed) cycle in CH^n(X, n) exactly when {f} ∈ K^M_n (X) ⊂ K^M_n (C (X)).

In light of this, it would be extremely useful to have an “intrinsic” description of K^M_n (X) (and F^i_{Res}K^M_n (C (X))) via kernels of (higher residue) maps defined directly in terms of the functions {f_{iα}} ∈ C (X) (rather than the associated graph cycles). We can do this immediately for F^1_{Res}; it turns out to be very difficult beyond this, though we will sketch one possible approach following the examples below.

Using the last proposition it is easy to define the “Tame symbol” ([BT], [Go2], [L4])

Tame^{(1)} : K^M_n (C (X)) → ∐ x∈X^1 K^M_{n−1}(C (x)). We can always choose representatives of a class in K^M_n in good position, like f^′ above. Fix x ∈ X^1 corresponding to an irreducible divisor component of one (or more) of the f^′_{iα}. No two functions in the same term (= α) of such an f^′ share x as a divisor component, unless another function in the same term is ≡ 1 there. These latter terms will get mapped to 1 ∈ K^M_{n−1}(C (x)) (that is, thrown away as regards residue at this x). Otherwise we map f_{1α} ⊗ . . . ⊗ f_{nα} → (−1)^iord_x(f_{iα}) · f_{1α} |_x ⊗ . . . ⊗ ^f_{iα} ⊗ . . . ⊗ f_{nα} |_x ,

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 25

where (for each α) ord_x(f_{iα}) is nonzero for at most one i. Repeating this for all x gives the map; see [Go2] for a more algebraic (equivalent) definition.^2 From the form of this definition it is immediate that the diagram

K^M_n (C (X)) T ame^1 ∐ x∈X^1 K^M_n (C (x))

CH^n(η_X , n)

∼= γ Res1 ∐ x∈X^1 CH^{n−1}(η_x, n − 1)

∼= ∐ γ

commutes. Combining this with the corollary to Beilinson-Soulé, we have the big non-conjectural point of this section:

Proposition 1.2.13. For n = 2 or 3, K^M_n (X) = ker(Tame^1): that is, γ_f can be moved and completed exactly when {f} has trivial tame symbol.

We give a series of “examples”; the third one demonstrates this latter proposition.

Example 1.2.14. The cycle γ^0 = (f, g, h)−(h, f, g) of the introduction is γ_f for {f} = {f, g, h}{h, f, g}^{−1} = {f, g, h}{f, h, g} = {f, g, h}{f, g, h}^{−1} = 1. Totaro’s result says γ^o is automatically trivial (in im(∂_B)), at least on CH^3(η_X , 3), or equivalently (since it has good closure) mod N^1, in view of the moving lemma.

Example 1.2.15. Let X/C be a surface and set n = 4; choose f, g, h, k ∈ C (X)^∗ and V_1 and V_2 irreducible components of |(f)_0| and |(g)_0| (respectively) with normal crossing, so that γ^0 = (f, g, h, k) has good closure Γ^0 on U = X \ {all other divisor components}. It is assumed V_1 and V_2 are not components of |(h)| or |(k)|. (As in the previous example we now simply “replace” X by U, V_i by V_i ∩ U, so that V_1 ∩ V_2 = {p} is a n.c.) Then we have [representatives] Res^1γ^0 = (g, h, k)|_{ηV1} − (f, h, k)|_{ηV2} ∈ ∐ x∈X^1 Z 3(C (x), 3), and d_1Γ^0 = i^{V1}_∗ {(g, h, k)|_{V1} } − i^{V2}_∗ {(f, h, k)|_{V2} }[∈^{N 1}_{N 2} Z^3(U, 3)]. Suppose next that g ⊗ h ⊗ k and f ⊗ h ⊗ k are Steinbergs – say, g = 1 − h on V_1 and f = 1 − h on V_2. Then (using Totaro) there are cycles γ^{Vi}_1 ∈ Z^3(η_{Vi} , 4) with ∂_Bγ^{V1}_1 = (g, h, k)|_{ηV1} = Res^1_{V1} γ^0 and ∂_Bγ^{V2}_1 = (f, h, k)|_{ηV2} = Res^1_{V2} γ^0. Since, e.g., (g, h, k)|_{ηV1} = r_{ηV1} d_1Γ^0, the moving lemma says we could have chosen

2The point is that one can write down a map T : ⋀_n ZC (X)^∗ → ∐ x∈X1 ⋀_{n−1} Z C (x)^∗ inducing Tame^1. If G = 0 cuts out x locally, then it follows from the definitions in [Go2] or [BT] that Tx {f1, . . . , fn} = n∏ j=1, ∏ 1≤k1 ,... ,kj ≤n { F^x_1 , . . . , ^F^x_{k1} , . . . , −1, . . . , F^x_n }_±^∏j_{i=1 ordx(fki )} , where the −1 occurs in the spaces k2, . . . , kj and F^x_i :=^{fi}_{G(ordx(fi ))} |x.

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 26

γ^{Vi}_1 to have good closure Γ^1_i (and we assume they do). So ∂_B(Γ^0 − Γ^1 + Γ^1_2) ∈ N^2, which in this simple case means the cycle (which is Res^2γ^0) lives over {p}. Also in this case ∂_BΓ^0 makes no contribution, so by abuse of notation (γ^{Vi}_1 are not ∂_B-closed) one could write formally Res^2_{V1∩V2=p}(γ^0) := Res^1_p(γ^{V2}_1 ) − Res^1_p(γ^{V1}_1 ), which suggests ∂_BRes^2_pγ^0 = ∂Res^1_pγ^{V2}_1 − ∂Res^1_pγ^{V1}_1 = Res^1_p∂γ^{V2}_1 − Res^1_p∂γ^{V1}_1 = Res^1_pRes^1_{V2} γ^0 − Res^1_pRes^1_{V1} γ^0 = Res^1 ∘ Res^1γ^0 = 0. This is what the proof that Res^2γ^0 is closed would look like in a double complex, and it is essentially the right proof for this example. So we get a class in (a subquotient of) CH^2(p, 3) = CH^2(C , 3); an example of a nontrivial class in CH^2(C , 3) (though unfortunately trivial in the subquotient, being in im(Res^1)) is 4(z, 1 − z, 1 −^i_z ) + (z,^{(z−i)4}_{(z−1)4} , 1 − i), parametrized by z ∈ P^1.

Example 1.2.16. For X a surface we will be more interested in n = 3 and K^M_3 (X) than in the n = 4 situation above. Let f = f_1 ⊗ g_1 ⊗ h_1 − h_2 ⊗ f_2 ⊗ g_2, where |(f_1)_0| and |(f_2)_0| share a divisor component V (ord_V f_1 = ord_V f_2 = 1). Assume that γ_f has good closure and Tame_V {f} ≡ 1; this latter is equivalent to saying that g_1 ⊗ h_1 + h_2 ⊗ g_2 =: ∂_V f (temporary notation) is a Steinberg. We will now complete γ_f along V directly. To take ∂_B of γ_f along V , write γ_f ∩ ∂□_{nV} = (0, g_1, h_1) − (h_2, 0, g_2) and pull these back (with correct signs) along the face maps (z_1, z_2) → (z_1, 0, z_2) and (z_1, z_2) → (0, z_1, z_2) to obtain (∂_Bγ_f )|_{ηV} = (g_1, h_1) + (h_2, g_2) = γ_{∂V f} . Since ∂_V f is a Steinberg, Totaro’s result immediately hands us a cycle in Z^2(C (V ), 3) that kills (∂_Bγ_f )|_{ηV} , but we will instead show how to do this slightly more directly. Since CH^2(□^2_{C (V )}, ∂□^2_{C (V )}) ∼= K^M_2 (C (V )) (see appendix), we can find a set of meromorphic functions on curves {C_i, F_i} in □^2_{C (V )} with ∑ ι^{Ci}_∗ (F_i) = (g_1, h_1) + (h_2, g_2) and F_i ≡ 1 on C_i ∩ ∂□^2. Recall that π_3 sends (z_1, z_2, z_3) → (z_1, z_2); pulling back (C_i, F_i) along π_3 gives a collection {C_i × □^1_{Z3} , F_i = F_i(z_1, z_2)} on □^3_{C (V )}. Defining G_i :=^{z3−Fi}_{z3−1} and

γ^V_1 := ∑ ι^{Ci×□1} ∗ (G_i) ∈ Z^2(C (V ), 3), one finds that ∂_Bγ^V_1 = (g_1, h_1)+(h_2, g_2).

Now one might consider another V^′ as in the last example, and compute Res^2_{p∈V ∩V} ′ γ_f ∈ CH^1(C , 2). But in fact the following

Lemma 1.2.17. CH^1(C , n) = 0 (∀ n ≥ 2).

ensures us that we will have no difficulties in killing this class and finishing the completion of γ_f to a higher Chow cycle.

Proof. For [Z] ∈ CH^1(C , n), recall that ∂_BZ = 0 =⇒ [Z] ≡ [Alt_nZ], where Alt_nZ ∩ ∂□^n = 0 as a cycle. The point is that we can replace Z by a divisor ∑ n_iW_i on □^n with cancelling face-intersections. Now either by

Lefschetz (1, 1) applied to ∑ n_iW_i+ { cycles on I^n added to kill the homology class in H^2(P^1 × P^1) } or by thinking of □^n as A^n , there is a rational function F cutting out ∑ n_iW_i = (F ). Since for each face 0 = ρ^ϵ_{i ∗}□^{n−1} ∩ ∑ n_iW_i = ρ^ϵ_i^∗(F ), F restricts to a constant function F ∘ ρ^ϵ_i on each face. Were these constants different for distinct faces, the components of |(F )| would not intersect properly the

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 27

subfaces where these faces meet. So one may assume F ≡ 1 on ∂□^n. Let G :=^{zn+1−F (z1,... ,zn)} z_{n+1}−1 on □

n+1; then it follows that ∂_B(G) = (F ) = Alt_nZ = Z + ∂_BΓ. Remark 1.2.18. It is entirely possible that the curves C_i intersect corners (say z_1 = z_2 = 0) of ∂□^2 in the above “rational equivalence”. Since F_i = 1 at such an intersection, the construction of γ^V_1 then =⇒ z_3 = 1 at its corresponding corner intersection, so it is perfectly admissible.

1.2.4. Interpreting the higher codimension “residues”. Now we outline a conjectural strategy for achieving objective (c) of the introduction, namely an alternate description of the F^i_{Res}K^M_∗ generalizing what we did above for i = 1. For any field F , the Goncharov complex (see [Go2] or [Go3])

G^n(F, •) := B_n(F )^δ B_{n−1}(F ) ⊗ F^∗ . . . B_2(F ) ⊗ n−2⋀ ZF^{∗ δ} n⋀ ZF^∗ (where the last term is G^n(F, n), situated in degree −n) gives a projective resolution of K^M_n (F ). Each B_i(F ) is a quotient of Z[P^1_F ] by a subgroup of relations R_i(F ) on the i^{th} real (single-valued) polylogarithm L_i (=generalized Bloch-Wigner functions). For {x}_i ∈ B_i(F ), δ({x}_i ∧ y_1 ∧ . . . ∧ y_j) := {x}_{i−1} ⊗ x ∧ y_1 ∧ . . . ∧ y_j for i > 2 and (for i = 2) δ({x}_2 ⊗ y_1 ∧ . . . ∧ y_j) = (1 − x) ∧ x ∧ y_1 ∧ . . . ∧ y_j is just the standard map st (whose image gives the remainder of the Steinberg relations).

Assuming the Beilinson-Soulé conjecture, the subcomplex

S^n(F, ℓ) := Alt_ℓ ∑ 0 < 2i ≤ j < ℓ (i, j) + (i^′, j^′) = (n, ℓ) C^i(F, j) ⋀ C^{i′} (F, j^′) + ∑ 0 < 2i ≤ j ≤ ℓ (i, j) + (i^′, j^′) = (n, ℓ + 1) ∂C^i(F, j) ⋀ C^{i′} (F, j^′)

of C^n(F, •) (consisting of certain decomposable elements) is acyclic, so that the homology of the quotient complex A^∗(F, •) := C^n(F, •) /S^n(F, •) still computes the higher Chow groups. For example, for n = 2

S^2(F, •) = . . . → C^1(F, 1) ⋀ C^1(F, 3) → C^1(F, 1) ⋀ C^1(F, 2) → C^1(F, 1) ⋀ ∂_BC^1(F, 2).

“Extending” work of Gangl, Müller-Stach, and Zhao ([GM], [Zh]) we conjecture that the following formulas give well-defined maps of complexes ρ̄_n(•) : G^n(F, •) → A^n(F, •): ρ̄_n(ℓ) ({x}_{ℓ−n+1} ⊗ y_1 ∧ . . . ∧ y_{2n−ℓ−1}) := parametrization by (P^1)^{ℓ−n} of ±Alt_n ( 1 − z_1, 1 − z_2 z_1 , . . . , 1 − z_{ℓ−n} z_{ℓ−n−1} , 1 − x z_{ℓ−n} , z_1, . . . , z_{ℓ−n}, y_1, . . . , y_{2n−ℓ−1} ) ,

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 28

and ρ̄_n(n) (y_1 ∧ . . . ∧ y_n) := Alt_n(y_1, . . . , y_n),

where ρ̄_n(ℓ − 1) ∘ δ = ∂_B ∘ ρ̄_n(ℓ). Note that these formulas are really only defined a priori on the level of representatives x ⊗ y_1 ⊗ . . . ⊗ y_{2n−ℓ−1} ∈ ⊗^{2n−ℓ}Z[P^1_F \ {0, ∞}], so it would be more proper to say that there are maps ρ_n(ℓ) inducing (conjecturally) well-defined ρ̄_n(ℓ); the reader may check directly that ρ commutes with differentials. We also note that the map ρ̄_n(n) gives the same class in CH^n(η_X , n) as the graph cycle when F = C (X).

Remark 1.2.19. It’s quite impossible to get a map on the level of complexes G^n(F, •) → Z^n(F, •) (even ρ̄_n(n) would fail to be well-defined because relations y_1 ⊗ y_2 + y^′_1 ⊗ y_2 − y_1y^′_1 ⊗ y_2 do not go to zero – they go to C^1(F, 1) ⋀ ∂_BC^1(F, 2)).

More conjectures arise in the attempt to employ a local-global argument to induce out of this a global picture on X. According to Goncharov ([Go2], [Go3]) we want ideally to work with a double complex

G^n(C (X), •)^T ∐ x∈X^1 G^{n−1}(C (x), • − 1)^T ∐ y∈X^2 G^{n−2}(C (y), • − 2) . . . , – e.g., for n = 4 and X a 3-fold, 4⋀ C (X)^∗ T ∐ x∈X^1 3⋀ C (x)^∗ T ∐ y∈X^2 2⋀ C (y)^∗ T ∐ z∈X^3 C (z)^∗

B_2(C (X)) ⊗ 2⋀ C (X)^∗ δ T ∐ x∈X^1 B_2(C (x)) ⊗ C (x)^∗ δ T ∐ y∈X^2 B_2(C (y)) δ

B_3(C (X)) ⊗ C (X)^∗ δ T ∐ x∈X^1 B_3(C (x)) δ

B_4(C (X)) δ

– and take G^n(X, •) to be the associated simple complex^3 with differential δ ± T and natural filtration “by columns”^′N^∗. For example, entries in the boxed terms would give an element of^′N^1G^4(X, 3).^′N^∗ would then induce

3To fix intuition here, H^{−i}(G^n(X, −•))_Q is then supposed to be isomorphic to gr^γ_nKi(X)_Q∼= H^{2n−i}_M (X, Q(i)) ∼= CH^n(X, i)_{(Q)}.

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 29

the spectral sequence (^′E^{•,•}_• ) of this double complex, which has d_1 = T , d_2 given by the dotted arrow, and more generally

Tame^i := d_i : { ker(d_{i−1}) ⊂ K^M_n (C (X)) } → ∐ x∈X^i G^{n−i}(C (x), n − 1) / ⋃ j<i im(d_j ) .

We want to compare the filtration F^i_{Tame}K^M_n (C (X)) := ker(Tame^i) with F^i_{Res}, by showing Res^i ∘ ρ̄_n(n) = ρ̄_{n−i}(n − 1) ∘ Tame^i in the appropriate sense. This would follow from the existence of a (commuting) map of exact triangles (and thus of spectral sequences):

H^•(^′N^{i+1}G^∗(X, −•)) H^•(^′N^iG^∗(X, −•)) H^•(N^{i+1}Z^∗(X, −•)) H^•(N^iZ^∗(X, −•))

−→ ′E^{•,•}_1 = ∐ x∈X^i H^•(G^∗(C (x), −•)) E^{•,•}_1 = ∐ x∈X^i CH^∗(C (x), −•) Here the map on E_1’s is supposed to be induced by the maps ρ̄. So the problem reduces essentially to constructing maps: H^•(^′N^iG^∗(X, −•)) → H^•(N^iZ^∗(X, −•)). We first indicate very explicitly how this should go and then point out the (rather serious) technical obstacles concerning the definition of the maps T and thus of G^∗(X, •).

We begin with a cycle [= (δ±T )-closed] in^′N^iG^p(X, n) consisting of representatives ξ^i, ξ^{i+1}, . . . of classes on diagonal terms ∐ x∈X^i G p−i(C (x), n), ∐ y∈X^{i+1} G p−i−1(C (y), n), . . . in the double complex. Since δξi = 0, ∂ B(ρ(ξ^i)) ≡ 0 in ∐ x∈X^i A p−i(C (x), n − 1) and so ∂_B(ρ(ξ^i)) = s^i =⇒ ∂_Bs^i = 0, which (with acyclicity of S^∗) =⇒ ∃ S^i so that ∂_B(ρξ − S^i) = 0; applying the moving lemma gives η^i := ρξ^1 − S^i + ∂_BC^i with η^i ∈ N^iC^p(X, n). We conjecture a moving lemma now for “fractional linear cycles” (= im(ρ)), saying that we may choose C^i and S^i so that η^i = ρ(^′ξ^i) for some^′ξ^i = ξ^i − δζ^i + {relations in ∐ G^{p−i}(C (x), n)}. Set j = 2(p − i) − n − 1, k = n − p + i + 1, and assume for simplicity that x is smooth. If^′ξ^i_x = {f}_k ⊗ g_1 ∧ . . . ∧ g_j , then on X \ N^{i+2}X, ∂_Bη^i|_x = ∂_Bρ(^′ξ^i_x) = ∂_BAlt ( 1 − z_1, . . . , 1 − z_{k−1} z_{k−2} , 1 − f z_{k−1} , z_1, . . . , z_{k−1}, g_1, . . . , g_j ) x = Alt ( 1 − z_1, . . . , 1 − f z_{k−2} , z_1, . . . , z_{k−2}, f, g_1, . . . , g_j ) x

+ ∑ y∈x j∑ l=1 ord_y(g_l)Alt ( 1 − z_1, . . . , 1 − f|_y z_{k−1} , z_1, . . . , z_{k−1}, g_1, . . . , ^g_l, . . . , g_j ) y

1.2. EXTENDING GRAPHS TO HIGHER CHOW CYCLES 30

= ρ{(δ + T )(^′ξ^i_x)}, and since we knew the generic part over x was 0 to begin with from our choice of^′ξ^i above (ξ^i won’t do), this is just ρT (^′ξ^i_x). More generally ∂_Bη^i = ∂_Bρ(^′ξ^i) = ρT (^′ξ^i) (in an ideal world where all x are smooth at all y); the main point is that ρ commutes with residues.

Next let^′ξ^{i+1} := ξ^{i+1}±T ζ^i, and consider ρ(^′ξ^{i+1}) ∈ ∐ y∈X^{i+1} C p−i−1(C (y), n). Since δ(^′ξ^{i+1}) ± T (^′ξ^i) ∈relations “in” ∐ y∈X^{i+1} G p−i−1(C (y), n − 1), we have ∂_Bρ(^′ξ^{i+1}) = ρδ(^′ξ^{i+1}) = s^{i+1}±ρT (^′ξ^i) = s^{i+1}±∂_Bρ(^′ξ^i), so that ∂_B(±ρ(^′ξ^i)± ρ(^′ξ^{i+1})) = s^{i+1} and we once more use acyclicity of S^∗ and the moving lemma to write an element η^{i+1} = ρ(^′ξ^{i+1}) − S^{i+1} + ∂_BC^{i+1} with good closure, and ∂_B(±η^i ± η^{i+1}) = 0. Again, assuming η^{i+1} can also be chosen so that η^{i+1} = ρ(^{′′}ξ^{i+1}) := ρ(^′ξ^{i+1} − δξ^{i+1} + relations), one should obtain on X \ N^{i+3} ∂_B(η^i ± η^{i+1}) = ρT (^{′′}ξ^{i+1}), and so on. If not from the previous argument, it is clear from the course of this one that ρ should induce a map of spectral sequences commuting with all the d_i (as well as homomorphisms from H^{−n}(^′N^iG^p(X, −•))_Q → H^{−n}(N^iZ^p(X, −•)) for all i). Consequently we would have F^i_{Tame} ⊂ F^i_{Res} (if not ∼=, which was shown for i = 1); although at present the theoretical picture is unsound, this is still a working principle for doing computations.

Referring back to the picture of the weight 4 “double complex”, the first problem arises in defining the map T : ∐ x∈X^1 3⋀ C (x)^∗ → ∐ y∈X^2 2⋀ C (y)^∗ . Suppose x contains the codimension 2 point y and is singular there; writing N : ~x̄ → x̄ for the normalization, the components of N^{−1}(y) =: ∪y_i give coverings y_i → y. In order to take the residue T_y(f_1 ∧ f_2 ∧ f_3), one first computes T_{yi} on ~x and pushes the results down to y using norm maps. But these are only available on the level of Milnor K-theory: in the appendix we will show explicitly how to construct homomorphisms

N_{C (yi )/C (y)} : K^{(M)}_2 (C (y_i )) → K^{(M)}_2 (C (y));

this also follows abstractly from the existence of a transfer as in [BT]. In general (for the whole “diagram”) it is expected that T is defined on at least vertical cohomology; Goncharov (in [Go2]) hints that one can then still proceed with the above constructions in the derived category, but we have not pursued this. The much more serious problem is the conjectural status of norm maps on the remainder of the complex G^∗(F, •) (even in the derived category, again see Goncharov), so that e.g. T : ∐ x∈X^1 B_2(C (x)) ⊗ C (x)^{∗ T} ∐ y∈X^2 B_2(C (y))

is not defined as such. However, we emphasize that for purposes of intution, as well as computation in specific examples (where x is smooth at y for all

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 31

codimension 1 and 2 points concerned), this picture is still quite useful (e.g., see the end of §2.4).

1.3. Abel-Jacobi for Relative Cycles

1.3.1. An excision lemma for relative cycles. Define the subgroup Z^p(X × (□^n, ∂□^n)) ⊂ Z^p(X, n) of relative (algebraic) cycles Z by the requirement that Z ∩ ∂□^n = 0 as a cycle (sometimes written Z · ∂□^n = 0); that is to say, the face intersections cancel (and Z intersects all subfaces properly). Besides 1.1.1 we have the following

Example 1.3.1. (a) For any higher Chow (∂_B-)cycle Z ∈ Z^p(X, n), Alt_nZ provides a relative cycle representing the same class in CH^p(X, n). (For instance Z might come from moving and completing a graph cycle if the Res^i vanish.)

(b) More specific: if {f} ∈ ker(Tame) ⊂ K^M_2 (C (X)), for X a curve, Bloch [B1] showed how to complete γ_f to a relative cycle (in a slightly expanded sense) without moving. In fact we lose nothing by moving (or for that matter a more restrictive definition of relative cycles), which gives us γ_f′ ∈ Z^2(X, 2), which we complete to a ∂_B-closed Γ. Now add degenerate cycles (∈ d^2(X, 2)) to “transfer” face intersections from ∞ to 0. Calling the result Γ^′, ∂_BΓ^′ = 0 combined with ρ^∞_i^∗(Γ^′) = 0 =⇒ ρ^0_1^∗(Γ^′ ∩({p}×□^2)) = ρ^0_2^∗(Γ^′ ∩({p}×□^2)); that is, the face intersections at z_1 = 0 and z_2 = 0 are identical over each p ∈ X. For a particular p, say we have Γ^′ ∩ ({p} × ∂□^2) = {(a, 0) + (0, a)} × {p}; then subtracting {p} × (z,^{a−z}_{1−z} ) = {p} × {(1 − z_1)(1 − z_2) = (1 − a)} cancels this intersection. We’ll have more to say about this technique toward to end of the section.

Notation 1.3.2. (“The Lefschetz-dual perspective.”) Let ^□^n = (P^1, {1})^n := ((P^1)^n, I^n),

∂ ^□^n := ⋃ i,e ρ^e_{i ∗} ^□^{n−1} (warning: ∂ in what follows usually means topological boundary; the above formula is an exception!). We will want to recast relative algebraic cycles as limits of topological (∂-closed) cycles with compact support on X × ( ^□^n \ ∂ ^□^n). These topological cycles can still have boundary at X × I^n; all differential forms we shall use pull back to 0 there. (Note also: sometimes ^□^n will be written in lieu of (P^1)^n.)

More Notation. Let ϵ > 0 be “small” and

N_ϵ(∂ ^□^n) = { (z_1, . . . , z_n) ∈ ^□^n | | |z_i| < ϵ or > 1 ϵ for some i } . Now set ^□^n_ϵ = ^□^n \ N_ϵ(∂ ^□n);

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 32

this is an important bit of notation since Z ∩ (X × ^□^n_ϵ ) indicates throughout the “excision” of Z (Z minus its intersection with a closed ϵ−neighborhood of the faces). We also write

^□n_ϵ = ^□^n \ N_ϵ(∂ ^□^n) and

T^1_ϵ := T^1_ϵ (∂ ^□^n) := ∂N_ϵ(∂ ^□^n) = ∂ ^□^n_ϵ .

This is a union of tubes around faces: set p(e) = { 1, e = 0 −1, e = ∞ . Then

T^1_ϵ = ∪T^1_ϵ ( e i ) where

T^1_ϵ ( e i ) = { (z_1, . . . , z_n) ∈ ^□^n | | ||z^i|^{p(e)} = ϵ, and ϵ ≤ |z^j | ≤ 1 ϵ for j ≠ i }

looks like S^1_ϵ × ^□^{n−1}_ϵ . Their intersections look like 2-tori (S^1_ϵ )^2 × ^□^{n−2}_ϵ over the subfaces:

T^2_ϵ ( e_1 e_2 i_1 i_2 ) = T^1_ϵ ( e_1 i_1 ) ∩ T^1_ϵ ( e_2 i_2 ) ; define T^2_ϵ = ∪T^2_ϵ ( e i ) , etc.

Notice that (T^i_ϵ , T^{i+1}_ϵ ) ∼ ((S^1_ϵ )^i × ( ^□^{n−i}, ∂ ^□^{n−i})). Finally, define ∘ N^1_ϵ ( e i ) := { (z_1, . . . , z_n) ∈ ^□^n | | |0 < |z^i|^{p(e)} ≤ ϵ, and ϵ ≤ |z^j | ≤ 1 ϵ for j ≠ i }

= ⋃ 0<ϵ_0≤ϵ T^1_{ϵ0} ( e i ) and ∘ N^1_ϵ := ∪ ∘ N^1_ϵ ( e i ) ≠ N_ϵ(∂□^n) \ ∂□^n, ∘ N^2_ϵ ( e_1 e_2 i_1 i_2 ) := { (z_1, . . . , z_n) ∈ ^□^n | |0 < |z_{i1} |^{p(e}1^) = |z_{i2} |^{p(e}2^) ≤ ϵ, etc. }

= ⋃ 0<ϵ_1≤ϵ T^2_{ϵ1} ( e_1 e_2 i_1 i_2 ) ≠ ∘ N^1_ϵ ( e_1 i_1 ) ∩ ∘ N^1_ϵ ( e_2 i_2 ) ,

with ∘ N^2_ϵ their union, and so on. We write π_X and π_□ for the obvious projections from X × ^□^n (possibly composed with the inclusion of Z); d will always denote dim X.

Lemma 1.3.3. Let Z ∈ Z^p(X × (□^n, ∂□^n)) be a relative cycle, where X is compact. Then for ϵ_0 > 0 sufficiently small there is a continuous family {Z_ϵ}_{ϵ∈(0,ϵ0]} of topological cycles such that

(a) Z_ϵ has support on X × ^□^n_ϵ and is ∂-closed as an object on X ×( ^□^n \∂ ^□^n). (b) Z ≡ Z_ϵ on X × ^□^n_ϵ (i.e. modulo chains with support on X × N_ϵ(∂ ^□^n)).

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 33

(c) writing (by (b)) Z_ϵ = Z ∩ (X × ^□^n_ϵ ) + W_ϵ, ∫ W_ϵ ⋀_n dlogz_i ∧ π^∗_X α → 0 as

ϵ → 0 for all C^∞-forms α ∈ Ω^{2d−(2p−n)}_X∞ (X).

Sketch of Proof. The idea is to construct the chain W_ϵ ∈ C_∗(X × T^1_ϵ ) so that ∂W_ϵ = ∂(Z ∩ [X × ^□^n_ϵ ]) = Z ∩ (X × T^1_ϵ ) =: R^1_ϵ , i.e. with boundary just the intersection of Z with the tube. (Note that this is reasonable since R^1_ϵ is at least a topological cycle – as Z and (X × T^1_ϵ ) both are.)

For ϵ_0 > 0 “sufficiently small” we give an heuristic procedure for “shrinking” R^1_{ϵ0} to zero. Filter the chains C_∗(X × T^1_{ϵ0} ) by subgroups C_∗(X × T^i_{ϵ0} ) so that the graded pieces are C_∗(X×(T^i_{ϵ0} , T^{i+1}_{ϵ0} ))[:= C_∗(X×T^i_{ϵ0} )/C_∗(X×T^{i+1}_{ϵ0} )]. Since Z intersects the subfaces of □^n properly, all intersections with subfaces ρ_∗□^{n−i} come from first intersecting with some face ρ_∗□^{n−1} ⊂ ∂□^n (no “corners” are allowed). By taking ϵ_0 > 0 sufficiently small we can ensure the same thing for intersecting with the T^i_{ϵ0} . Therefore it is enough to kill R^1_{ϵ0} as a cycle R̄^1_{ϵ0} on X × (T^1_{ϵ0} , T^2_{ϵ0} ), and deal with any “residues” that arise from additional boundary (in X × T^2_{ϵ0} ) of the chain we use to kill it. Since R̄1_{ϵ0} ∼ S1_{ϵ0} × {cycle} on each “component” of X × (T 1_{ϵ0} , T 2_{ϵ0} ), the resulting “residue” cycle in X × T^2_{ϵ0} will be homologous to S^1_{ϵ0} × S^1_{ϵ0} × {cycle}, and so on. Since the “toric” factors of the resulting classes are uninteresting for all i (this is essentially a consequence of proper intersection), all that is at issue are the “X × □^{n−i}” factors, the support of which will tend to Z ∩ (X × □^{n−i}) as we let ϵ → 0. So it makes sense to try to “project” this shrinking back out to T^i_{ϵ0} and use this to produce the bounding chain that “pushes” our cycle into the next T^{i+1}_{ϵ0} .

More precisely, there are maps (for 0 < ϵ_1 ≤ ϵ_0)

P^1_ϵ ( e i ) : (0, ϵ_1] × T^1_{ϵ1} ( e i ) → ∘ N^1_{ϵ1} ( e i )

defined by ϵ, (z_1, . . . , z_i, . . . , z_n) |z_i|^{p(e)} = ϵ_1 → (z_1, . . . , ( ϵ ϵ_1 )_{p(e)} z_i, . . . , z_n)

which we summarize by

P^1_{ϵ1} : (0, ϵ_1] × T^1_{ϵ1} → ∘ N^1_{ϵ1} . Let W^1_{ϵ1} := P^1_{ϵ1}^∗ (Z ∩ (X × ∘ N^1_{ϵ1} ));

since supp { Z ∩ (X × T^1_{ϵ1} ) } tends to S^1_ϵ ×{Z ∩ (X × ∂□^n)} as ϵ → 0 (bringing + and − components together) we must have ∂W^1_{ϵ1} = R^1_{ϵ1} + R^2_{ϵ2} , where R^2_{ϵ1} ∈ C_∗(X × T^2_{ϵ1} ). This is a cycle since both ∂W^1_{ϵ1} and R^1_{ϵ1} are; also, as

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 34

ϵ_1 → 0 its support → S^1_{ϵ1} × S^1_{ϵ1} × { Z ∩ (X × ∪ρ_∗□^{n−2}) } , which is of lower dimension (this is in lieu of the +/− pair annihilation above). Writing (for 0 < ϵ_2 ≤ ϵ_0)

R^2_{≤ϵ2} := ⋃ 0<ϵ_1≤ϵ_2

R^2_{ϵ1} ,

define

P^2_{ϵ2} : (0, ϵ_2] × T^2_{ϵ2} → ∘ N^2_{ϵ2}

by analogy to P^1_{ϵ1} , and let

W^2_{ϵ2} := P^2_{ϵ2}^∗ (R^2_{≤ϵ2} );

then ∂W^2_{ϵ2} = R^2_{ϵ2} + R^3_{ϵ2} . If, say, R^3 = 0, then we put W_ϵ := W^1_ϵ − W^2_ϵ , so ∂W^1_ϵ = ∂(W^1_ϵ − W^2_ϵ ) = R^1_ϵ = Z ∩ (X × T^1_ϵ ) exactly, for any 0 < ϵ ≤ ϵ_0. In general W_ϵ = W^1_ϵ − W^2_ϵ + W^3_ϵ − . . ., proving (a) and (b).

Now let V be any (irreducible) algebraic subvariety of X × □^m intersecting all subfaces properly, and let V_ϵ = V ∩ (X × ^□^m_ϵ ). Then

lim_{e→0} | | | | ∫ V_ϵ m⋀ dlogz_i ∧ π^∗_X β | | | | < ∞ for β a C^∞-form on X, because the proper intersection condition prevents ⋀_m dlogz_i from having worse than log poles (since no two z_i’s share a divisor component). (One can then use a polar ∫ argument locally to show convergence.) From the previous discussion, W^i_ϵ may be treated as (S^1_ϵ )^i ×Ṽ_ϵ, where Ṽ_ϵ is essentially the product of such a V_ϵ with a narrow band (of width bounded by a positive power of ϵ). Therefore 1 (2π √ −1)^i ∫ W^i_ϵ n⋀ dlogz_i ∧ π^∗_X α ≈ ϵ^q ∫ V_ϵ ω → 0 where ω has at worst dlog poles by essentially the same argument as above.

Finally we sketch how to deal with (sub)face intersections at I^n, which may not be proper. In the proper case, a component Y of supp(Z) intersects a face □^{n−1}, e.g. z_2 = 0, at say z_1 = 1. let π_1Y be the projection of Y to {z_1 = 1} ⊂ (P^1)^n; we construct a chain W^0_ϵ by letting z_1 vary slightly on T^1_ϵ between Y ∩ T^1_ϵ and π_1Y ∩ T^1_ϵ . Integrating ⋀_n dlogz_i ∧ α first in the z_1-direction then on S^1_ϵ (z_2) we get (2π √ −1)ϵ × {convergent ∫ } as before. If Y intersects (improperly) a subface □^{n−2}, e.g. z_2 = z_3 = 0, at z_1 = 1, then we have no residue because the S^1_ϵ enclose a double pole. □

In fact the sublemma we used above on V_ϵ is so important we restate it for reference in subsequent sections.

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 35

Lemma 1.3.4. If Z ∈ Z^p(X, n) is a higher Chow cycle and X is compact, then lim_{ϵ→0} ∫ Z∩(X× ^□^n_ϵ ) ⋀_n dlogz_i ∧ π^∗_X α is convergent for any C^∞-form α.

Remark 1.3.5. If X is quasiprojective then we must take α to be compactly supported. (We may also be able to get by with “holomorphic vanishing at the boundary”: if X = X̄ − Y then these are the Ω¯_X (nullY ) forms of King.) Intuitively, this is because we must treat the original Z as a “relative cycle”: to understand the cohomology class

[Z] ∈ H^{2p}((X̄ − Y ) × (□^n, ∂□^n))

we compute the dual homology class

[Z_ϵ] ∈ H_{2(d+n−p)}((X̄, Y ) × ( ^□^n \ ∂ ^□^n));

in order to do this we must integrate forms representing classes in H^{2p−n}(X̄, Y )⊗ H^n( ^□^n \ ∂ ^□^n) on Z_ϵ (which now involves an extra “residue” component around Y ). We’ll do this carefully in the next section for graph cycles over η_X .

1.3.2. The basic homotopy. Now we establish the basic dictionary for what will be essentially a reworking and generalization of Bloch’s regulator construction in Chapter 8 of his book [B1], which corresponds to the case n = 2, p = 2, d = 1 (X a curve).

...and More Notation. The lemma gives us an homology class

[Z_ϵ] ∈ H_{2(d+n−p)}(X × ( ^□^n \ ∂ ^□^n)) ∼= H_{2d−(2p−n)}(X) ⊗ H_n((C^∗ , {1})^n);

clearly

Z_ϵ ∼ cycle_X × (S^1)^n + stuff on I^n,

and this homological equivalence will be provided by an explicit homotopy below. Let T denote the branch cut in log z on C^∗ along the negative real axis R^− (the point is to avoid {1}). Sometimes T will also indicate its closure, which defines the generator of H_1(P^1 − {1}, {0, ∞}) dual to [S^1] ∈ H_1(C^∗ , {1}). Define a “topological normalization” N : D → C^∗ where D is just the closure C^∗ \ T with the left and right-hand limits not identified, so that z̃ := N^{−1}(z /∈ T ) is one point^4 while N^{−1}(z ∈ T ) =

4Generally speaking, z̃ always denotes one point ∈ ∂B with N (z̃) = z, even for z ∈ T (z̃ would mean z^+ or z^−); this z̃ is our notation for definitions. The “tilde” notation generally means one lift; the main exception is T̃ = T^+ − T^−. However when one has a lift ~γ_f of a graph and specializes to the part of the lift over, say, those x ∈ T_f , it becomes necessary to write ~f(x) = f(x)^+ −f(x)^−, breaking the above rule. This is just to forewarn the reader.

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 36

{z^+, z^−}; that is, N^{−1}(T ) consists of the two disjoint open segments T^+ and T^−. We write

T̃ := ∂D = T^+ − T^− N −→ 0. In this simple case (n = 1) the homotopy is given by choosing any C^∞ map θ : [0, 1] × D → C^∗ sending 0, z̃ → z and 1, z̃ → 1 so that θ(z) = θ(t, z) gives a path from z to 1 in C^∗ . Also observe that the chain θ(z^+) − θ(z^−) =: θ^+(z) − θ^−(z) is a circle (S^1), where we have defined maps θ^± : [0, 1] × T → C^∗ .

Most importantly, we write formally “∂θ(D ) = θ(∂[0, 1]×D )+θ([0, 1]×∂D ) = C^∗ +θ^+(T )−θ^−(T )” (ignoring stuff at {1}as we shall usually do) which means that for a topological (∂-closed) cycle Γ with compact support on C^∗ ∂θ(Γ̃) = Γ + θ^+(Γ ∩ T ) − θ^−(Γ ∩ T ) where Γ̃ := N^{−1}(Γ) is its lift to D .

More generally (working on (C^∗ )^n for n > 1) let T_{zi} be branch cuts for log z_i along C^∗ × . . . × R^− × . . . × C^∗ . Writing D^n for the formal closure of (C^∗ )^n \ ∪T_{zi} as above (this should be thought of as a sort of fundamental domain for (C^∗ )^n), we have maps N : D^n → (C^∗ )^n taking T^+_{zi} , T^−_{zi} N −→ T_{zi} so that ∂D^n = ∑ (−1)^i(T^+_{zi} − T^−_{zi} ) =: ∑ (−1)^iT̃_{zi} which (as a chain) is taken to 0 by N . We define various maps/chains θ_{i1...ik} : [0, 1]^k × D^n → (C^∗ )^n by formulas θ_1(z̃_1, . . . , z̃_n) = (θ(t_1, z̃_1), z_2, . . . , z_n),

θ_{12}(z̃_1, . . . , z̃_n) = (θ(t_1, z̃_1), θ(t_2, z̃_2), z_3, . . . , z_n), and so on (note that we often omit the parameters t_i in the argument). Again certain restrictions descend to subsets of (C^∗ )^n, e.g. by restricting θ_{12} to T^+_{z1} ∩ T^−_{z2} we have θ^{+−}_{12} : [0, 1]^2 × (T_{z1} ∩ T_{z2} ) → (C^∗ )^n

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 37

and more generally θ^{s1...sk}_{i1...ik} =: θ^s_i . For z ∈ T_{zi1} ∩ . . . ∩ T_{zik} , the formal sum (considered as a chain) ∑ s_1,... ,s_k=+,− (−1)^{∏ sj} θ^s_i (z)

yields a topological k-torus (S^1)^k. Since all these constructions may be crossed with X, it makes sense to take the preimage Z̃_ϵ of Z_ϵ under N and make the following

Claim 1.3.6. ∂θ_1(Z̃_ϵ) = Z_ϵ + θ^+_1 (Z_ϵ ∩ T_{z1} ) − θ^−_1 (Z_ϵ ∩ T_{z1} ).

We just have to interpret the terms of

∂θ_1(Z̃_ϵ) = θ_1(Z̃_ϵ ∩ ∂D^n [×[0, 1]]) + θ_1(Z̃_ϵ[∩D^n ] × ({0} − {1})), the second obviously being Z_ϵ (mod I^n). The first term is ∑ i (−1)^iθ_1(Z̃_ϵ ∩ T̃_{zi} ) = ∑ i (−1)^i { θ_1(Z̃_ϵ ∩ T^+_{zi} ) − θ_1(Z̃_ϵ ∩ T^−_{zi} ) } . for i ≠ 1 the z̃_1-coordinates (on D^n ) of Z̃_ϵ ∩ T^+_{zi} and Z̃_ϵ ∩ T^−_{zi} are the same: so (θ(t, z̃_1), z_2 . . . , z_n) is the same on the two (z_i annihilates the difference between z^+_i and z^−_i ). On the other hand for i = 1 this is θ^+_1 (Z_ϵ ∩ T_{z1} ) − θ^−_1 (Z_ϵ ∩ T_{z1} ) as promised.

Similarly, one writes formally (mod I^n) “∂θ_{12}(D^n ) = θ_{12}(∂D^n )+θ_{12}(D^n × ∂[0, 1]^2) = ∑ i(−1)^i{θ_{12}(T^+_{zi} )−θ_{12}(T^−_{zi} )}+θ_1(D^n )−θ_2(D^n )”. Again, this only makes sense when arguments are intersected with a compactly supported topological cycle. As above, the i ≠ 1, 2 terms of the sum are zero. Now the cycle we “intersect with” is not Z̃_ϵ but Z̃_ϵ ∩ T̃_{z1} and similarly θ_2(Z̃_ϵ ∩ T̃_{z1} ) = θ_2(Z̃_ϵ ∩ T^+_{z1} ) − θ_2(Z̃_ϵ ∩ T^−_{z2} ) = 0. Therefore

∂θ_{12}(Z̃_ϵ ∩ T̃_{z1} ) = θ_1(Z̃_ϵ ∩ T̃_{z1} ) + θ_{12}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ), and similar reasoning yields ∂θ_{123}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ) = θ_{12}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ) − θ_{23}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} )

+θ_{13}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ) + θ_{123}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ∩ T̃_{z3} )

= θ_{12}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ) + ∑ s (−1)^{∏ sj} θ^s_{123}(Z_ϵ ∩ T_{z1} ∩ T_{z2} ∩ T_{z3} ).

If n = 3, then adding

θ_1(Z̃_ϵ) − θ_{12}(Z̃_ϵ ∩ T̃_{z1} ) + θ_{123}(Z̃_ϵ ∩ T̃_{z1} ∩ T̃_{z2} ) =: θ(Z̃_ϵ), we have ∂θ(Z̃_ϵ) = Z_ϵ + ∑ s (−1)^{∏ sj} θ^s_{123}(Z_ϵ ∩ T_{z1} ∩ T_{z2} ∩ T_{z3} )

Let T_n = T_{z1} ∩ . . . ∩ T_{zn} , so that [T_n] represents the one nontrivial class ∈ H_∗(□^n, ∂□^n) = H_n([P^1 − {1}, {0, ∞}]^n). Then we have established the following general formula (modulo I^n):

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 38

∂θ(Z̃_ϵ) = Z_ϵ ± ∑ s(−1)^sθ^s_{1...n}(Z_ϵ ∩ T_n), where

θ(Z̃_ϵ) := θ_1(Z̃_ϵ) + ∑_n i=1(−1)^i θ_{1...(i+1)}(Z̃_ϵ ∩ T̃_{z1} ∩ . . . ∩ T̃_{zi} ). In words, θ pushes Z_ϵ down to z_1 = 1, with discrepancy arising from Z_ϵ ∩T_{z1} which we then push down to z_2 = 1, and so on (I^n serves as a sort of topological trashcan). In a picture over R,

We’ll record what exactly the boundary is at I^n for some specific examples later.

1.3.3. Triviality of the cycle-class map. We now enter the Hodgetheoretic part of the section. Topologically, ∑ s (−1)^sθ^s_{1...n}(Z_ϵ ∩ T_n) ∼ π_X (Z_ϵ ∩ T_n) × (S^1)^n =: T_{Zϵ} × (S^1)^n,

where T_{Zϵ} is clearly a (topological) cycle on X (Z_ϵ avoids “∂T_n” as the latter is contained inside ∂□^n). Specializing now to the case p = n, if Z_ϵ = Γ_ϵ comes from a graph completion Γ ∈ Z^n(X × (□^n, ∂□^n)), then we will show T_{Zϵ} is in fact a topological boundary. We do this by proving that Γ_ϵ has trivial cycle class on X × ( ^□^n \ ∂ ^□^n), i.e. that for all closed C^∞ forms α ∈ Ω^{2d−n}_X∞ (X), ∫ Γ_ϵ n⋀ dlogz_i ∧ π^∗_X α = 0.

In fact it is sufficient to show ∫ Γ∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X α → 0

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 39

as ϵ → 0 since then ∫

Γ_ϵ = ∫ Γ∩(X× ^□^n_ϵ ) + ∫ W_ϵ → 0 by the lemma, and we have the following simple rigidity argument: as the homology class of Γ_ϵ is not changing, neither is the integral, so it must be 0 for small ϵ > 0.

Now we split α into types: α = α_0 + α_1 (both d-closed), where

α_0 ∈ Ω^{d−n,d}_X∞ (X) and α_1 ∈ F^{d−n+1}Ω^{2d−n}_X∞ (X).

Since all pieces of [the support of] Γ ∩ (X × ^□^n_ϵ ) are algebraic, ∫ Γ∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X α_1 = 0

by Hodge type. On the other hand, Γ itself splits into “two” parts:

Γ = γ_f + ∑ i≥1 γ^i where the γ^i are localized over codimension i ≥ 1 points x ∈ X^i. However, i^∗_xα^{(d−n,d)} 0 = 0

(since d = dim X) by Hodge type and so ∫ ( ∑ i≥1 γ^i)∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X α_0 = 0.

Therefore, writing n⋀ dlogf := ∑ m_j dlogf_{1j} ∧ . . . ∧ dlogf_{nj} and X^ϵ := X \ supp { γ̄_f ∩ ( X × N_ϵ(∂ ^□^n) )} (note all the aforementioned x ∈ X^i are contained in the compliment X\X^ϵ), it suffices to show^5 ∫ γ_f∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X α_0 ≈ ∫ X^ϵ ∧^ndlogf ∧ α_0 → 0

for all ∂-closed α_0 of pure type (d − n, d).

Now recall that any h = ∑ m_j h_{1j} ⊗ . . . ⊗ h_{nj} may be brought into general position h^′ by addition of a Steinberg relation g (our f already is but it doesn’t hurt to develop the addtional theory now). For such an h^′, ⋀_n dlogh^′ = ∑ m_jdlogh^′_{1j} ∧ . . . ∧ dlogh^′_{nj} has log poles along codimension 1

5The “≈” means we are throwing out integrals over pieces of γ_f which are supported over X \ X^ϵ but not in X × Nϵ(∂ ^□^n). This only happens when the graph has multiple components, and these irrelevant integrals obviously go to 0 with ϵ. Anyway, what we now show is the thing in the box.

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 40

points x ∈ X^1, while ⋀_n dlogg = 0 since dlogg∧dlog(1−g) =^1_{g(g−1)} dg∧dg = 0. So without even having to choose our representatives (or move h), one may define a dlog map on the level of ⊗^nZ[P^1_{C(X)} \ {0, ∞}] that descends to a map on Milnor K-theory n⋀ dlog : K^M_n (C (X)) → lim←− D ⊂ X H^0(Ω^n_X (log D)) =: H^0(Ω^n_X (log))

(abbreviated “dlog”) and commutes with Tame:

K^M_n (C (X)) dlog

H^0(Ω^n_X (log))

∐ x∈X^1 K^M_{n−1}(C (x)) Tame

dlog ∐ x∈X^1 H^0(Ω^{n−1}_{~x̄} (log)). Res

Since Γ above was a graph completion of γ_f, {f} was already in ker(Tame) and so ⋀_n dlogf has zero residues. Therefore by duality it defines a class [∧^ndlogf] ∈ H^{n,0}(X, C ) ∼= H^{d−n,d}(X, C )^∨ . In particular, if α = dβ ∈ Ω^{d−n,d}_X∞ (X) is exact, then

lim_{ϵ→0} ∫ X^ϵ ∧^ndlogf ∧ dβ = − lim_{ϵ→0} ∫ ∂X^ϵ ∧^ndlogf ∧ β

= − lim_{ϵ→0} ∑ x∈X^1 ∫ x^ϵ Res_x(∧^ndlogf) ∧ i^∗_xβ = 0.

Now obviously any form in the image of dlog has, on η_X , periods in Z(n) = (2π √ −1)^nZ; in fact we can verify the stronger statement that the class [∧^ndlogf] ∈ H^{n,0}(X, C ) ∩ H^n(X, Z(n)), as follows. If dα = 0, then (working away from the singularities of ∧^ndlogz_i) 0 = ∫ θ(Γ̃_ϵ)

∧^ndlogz_i ∧ d(π^∗_X α) = ∫ ∂θ(Γ̃_ϵ)

∧^ndlogz_i ∧ π^∗_X α

= ∫ Γ_ϵ

∧^ndlogz_i ∧ π^∗_X α ± ∫ (S^1)×T_{Γϵ}

∧^ndlogz_i ∧ π^∗_X α

= ∫ X^ϵ ∧^ndlogf ∧ α ± (2π √ −1)^n ∫ T_{Γϵ} α.

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 41

So the class [ ⋀_n dlogf] defined by integrating against ⋀_n dlogf, is equivalent to integration over an integral chain (times (2π √ −1)^n).^6 Now consider the periods of a (d-closed) holomorphic form representing this class: [ω] = [ ⋀_n dlogf] ∈ H^{n,0}(X, C ) ∩ H^n(X, Z(n)), where ω ∈ Ω^n(X).

If we assume [ω] ≠ 0 then ω_0 =^1_{(2π}^√_{−1)n} ω and its conjugate ω̄_0 represent nontrivial classes in H^n(X, C ) contained, respectively, in the subspaces H^{n,0}(X, C ) and H^{0,n}(X, C ). Since H^{n,0} ∩ H^{0,n} = {0}, these classes are distinct. But the periods of ω_0 are integral, so ω̄_0’s (conjugate) periods are the same, and so they represent the same class in H^n(X, C ), a contradiction =⇒ [ω] = 0 = [ ⋀_n dlogf]. So its class on η_X must also be 0, and since H^0(Ω^n_X (log)) → H^n(η_X , C ) it follows that the form ⋀_n dlogf is identically zero. (Note that for d = dim X < n this was clear to begin with.) This completes the proof that T_{Γϵ} is a boundary (which implies, incidentally, that its limit T_Γ is one as well).

In fact we might have showed above that ⋀_n dlogf had to extend to a holomorphic form as follows: otherwise, i^∗_{ηX} ω − n⋀ dlogf ∈ H^0(Ω^n_X (log)) → H^n(η_X , C )

gives a nontrivial class, which is impossible since on X we have [ω] = [ ⋀_n dlogf], which =⇒ [i^∗_{ηX} ω]_{(ηX )} = [ ⋀_n dlogf]_{(ηX )}.

For later purposes (in §1.4)we give a proof (see the corollary below) that ⋀_n dlogf = 0 starting from the weaker hypothesis that {f} ∈ ker(Tame) (so that ⋀_n dlogf ∈ ker(Res)), i.e. γ_f ∈ ker(Res^1). (Above we’ve assumed more, since the existence of Γ_ϵ, and ∴ of T_{Γϵ} , assumes completability of γ_f, i.e. γ_f ∈ ker(Res^i) for all i.) It will help to keep in mind the following localization exact sequence for cohomology (where V is an arbitrary union of divisors):

lim −→ H^{nV} (X) Gy H^n(X) i^∗_{ηX} H^n(η_X )

Res lim−→ H^{n+1}_V (X) ∪ F^nH^n(X) ↑∼= ∪ F^nH^n(η_X ) ↑ (∗) H^0(Ω^n_X )^⊂ lim−→ H^0(Ω^n_X (log V )) Res im(Res) ⊆ ∐ x∈X^1 H^0(Ω^{n−1}_{~x̄} (log)) ∪

Since we don’t assume normal crossings (where it is well -known that (∗) is an isomorphism) in the divisors we remove, we explain why (∗) has to at least be injective, a fact we need for 1.3.8 below. In fact we may blow

6We repeat that we are working under the assumption that {f} ∈ K^M_n (X), so that γ_f comes essentially from restricting a relative cycle Γ over all of X to the generic point. In particular, this is the only reason we can work with α supported on all of X (and not just a compact subset of X^ϵ).

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 42

up to obtain from V ⊂ X a divisor Ṽ ⊂ X̃ with normal crossings, via a holomorphic map F : X̃ → X restricting to a biholomorphism X̃ − Ṽ ∼ −→ X − V. Now by a result of King [Ki], Ω^•_X (log V ) forms pull back to Ω^•_{X̃} (log Ṽ ) forms under F^∗, and so the diagram

H^0(Ω^n_X (log V )) H^n(X − V )

H^0(Ω^n_{X̃} (log Ṽ )) F^∗ ∩

⊂ H^n(X̃ − Ṽ ) F^∗ ∼=

assures us that the top map has to be injective too.

Lemma 1.3.7. For X compact, let ξ ∈F^nH^n(X, C ) be a class whose restriction i^∗_{ηX} ξ ∈ F^nH^n(η_X , C ) ∩ H^n(η_X , Z(n)). Then ξ ∼ 0.

Proof. Assume ξ ≁ 0. If (2π √ −1)^nω is a representative of ξ, d-closed of pure type (n, 0), then ω̄ and ω give distinct classes in H^{n,0}(X)⊕H^{0,n}(X) ⊂ H^n(X, C ). Since the image of the Gysin map in the localization sequence is contained in H^{n−1,1} ⊕ . . . ⊕ H^{1,n−1}, it follows that H^{n,0}(X) ⊕ H^{0,n}(X)^{⊂i} ∗ ηX H^n(η_X ) and so [i^∗_{ηX} ω] ≠ [i^∗_{ηX} ω̄]. On the other hand, since i^∗_{ηX} ω has integral periods, i^∗_{ηX} ω̄ has the same periods, which is a contradiction.

Remark. Note that Z(n) in the above Lemma could just as well have been replaced by Q(n) or R(n).

Corollary 1.3.8. If η ∈ H^0(Ω^n_X (log)) has class [η] ∈ {ker(Res) ⊂ H^n(η_X , C )}∩ H^n(η_X , Z(n)) then η = 0.

Proof. By the localization sequence, ker(Res) = im(i^∗_{ηX} ) and so [η] = i^∗_{ηX} ξ, but it does not immediately follow that ξ can be chosen in F^nH^n(X, C ). To force this we once again argue by duality that lim_{ϵ→0} ∫ X^ϵ η ∧ α kills

coboundaries (Resη = 0) as well as F^{d−n+1}H^{2d−n}(X, C ), so that integration against η gives the desired class (and one can even argue as before that η extends to a holomorphic form on X). The lemma then shows ξ ∼ 0 so that [η] = i^∗_{ηX} 0 = 0; injectivity of the vertical map into H^n(η_X ) (sending η → [η]) then shows η = 0.

Remark 1.3.9. We offer a brief interpretation from the more sophisticated point of view we develop in §2.4 (where we write down maps from

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 43

Z^p(X, •) to the complex computing Deligne [co]homology, descending to regulator maps from CH^p(X, n)). The integrals ∫ Z n⋀ dlogz_i ∧ π^∗_X α := lim_{ϵ→0} ∫ Z∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X α,

interpreted in this section as functionals in ( H^{2d−(2p−n)}(X, C )/F^{d−p+1} H^{2d−(2p−n)} )_∨ ∼= F^pH^{2p−n}(X, C ), correspond to the cycle-class map [ · ] : H^{2p−n}_D (X, Q(p)) c_D

CH^p(X, n) [·] F^pH^{2p−n}(X, C ) ∩ H^{2p−n}(X, Q(p)) though later we will interpret this map as pushing ⋀_n dlogz_i down (via π_{X ∗} applied to its pullback to Z) to a [singular] current of pure type (p, p − n) on X. In the lemma, (c) says roughly that this class corresponds to the homology class of Z_ϵ, which we computed to be (2π √ −1)^n times [T_{Zϵ} →]T_Z = π_X (Z ∩ T_n). Though we only work with relative cycles here, for ∂_BZ = 0 these are always the same class. If n = p, our last argument says that this class is zero for X compact (or if we can otherwise determine that the cycle class has trivial residue, as in the case of γ_f on η_X , f ∈ ker(Tame)). This is not surprising since the target space above is 0 in that case.

1.3.4. Defining the Abel-Jacobi map. One of course expects that a cycle-class map (if zero) should be followed by an “Abel-Jacobi” type map, and returning to our simple point of view we explain this in the case n = p at hand. Since the topological cycle T_{Zϵ} (with real dimension 2d − n) is a boundary on X, we may choose a bounding chain ∂^{−1}_X (T_{Zϵ} ) ambiguous up to a (2d − n + 1)cycle on X. We also choose a chain B on X × ( ^□^n \ ∂ ^□^n) with ±∂B = ∑ s (−1)^sθ^s_{1...n}(Z_ϵ ∩ T_n) − T_{Zϵ} × (S^1)^n

and π_X (B) supported over T_{Zϵ} , and S^1 say the unit circle. Writing

∂^{−1}_ϵ Z := θ(Z̃_ϵ) ∓ ∂^{−1}_X (T_{Zϵ} ) × (S^1)^n − B

(notice that its boundary really is Z_ϵ), we are interested in the integrals

lim_{ϵ→0} ∫ ∂^{−1}_ϵ Z n⋀ dlogz_i ∧ π^∗_X ω

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 44

for all d-closed C^∞ (2d−n+1)-forms ω on X. First off, we have ∫ B ⋀_n dlogz_i∧ π^∗_X ω = 0 just by noting that dim suppπ_X B < deg ω by 1 (so B can in fact be ignored in future computations).

Next, for fixed ∂^{−1}_X (T_{Zϵ} ) we claim this defines (by duality) a class in H^{n−1}(X, C ). To begin with, if ω = dη_0, we can (by Hodge theory) substitute for η_0 a form η ∈ F^{d−n+1}Ω^{2d−n}_X∞ (X) (that is, writing both as sums of forms of pure type, η_0 may have a (d − n, d) component while η does not). Of course this does nothing (nor is it needed) in the case d < n. Now since ∂^{−1}_ϵ Z avoids faces ∂ ^□^n, ∫ ∂^{−1}_ϵ Z n⋀ dlogz_i ∧ π^∗_X dη = ∫ ∂^{−1}_ϵ Z d (_n ⋀ dlogz_i ∧ π^∗_X η ) = ∫ Z_ϵ n⋀ dlogz_i ∧ π^∗_X η = ∫ Z∩(X× ^□^n_ϵ ) n⋀ dlogz_i ∧ π^∗_X η + ∫ W_ϵ n⋀ dlogz_i ∧ π^∗_X η.

The last integral goes to zero as ϵ → 0 by the lemma. On the other hand, ⋀_n dlogz_i ∧ η ∈ F^{d+1}Ω^{2d}_X∞ (X) and so its pullback to Z ∩ (X × ^□^n_ϵ ) (which is algebraic) must vanish. So for exact ω, the limits of interest lim_{ϵ→0} ∫ ∂^{−1}_ϵ Z ⋀_n dlogz_i ∧ π^∗_X ω are 0, establishing our claim.

Finally, the ambiguity in the choice of ∂^{−1}_X (T_{Zϵ} ) (and ∴ of ∂^{−1}_ϵ Z) corresponds to ∫ (S^1)^n×Δ n⋀ dlogz_i ∧ ω = (2π √ −1)^n ∫ Δ ω where [Δ] ∈ H_{2d−n+1}(X, Z), i.e. (as a functional) an element of H^{n−1}(X, Z(n)). In summary, our relative cycle Z ∈ Z^n(X ×(□^n, ∂□^n)) has trivial cycle class and so gives rise to a class [AJ(Z)] ∈ H^{n−1}(X, C /Z(n)) := H^{2d−n+1}(X, C )^∨ /imH_{2d−n+1}(X, Z(n)) via the above limit of integrals. The target space is essentially an intermediate Jacobian. (We do not yet know that [AJ(·)] is well-defined on the level of Chow groups or respects relative rational equivalence.)

Remark 1.3.10. One may adopt an even simpler point of view by substituting for ω singular homology (n − 1)-cycles γ, so that the AJ-map is given by

lim_{ϵ→0} ∫ (∂^{−1}_ϵ Z)∩π^{−1}_X (γ) n⋀ dlogz_i = lim_{ϵ→0} ∫ ∂^{−1}_ϵ (Z∩π^{−1}_X (γ))

≡ lim_{ϵ→0} ∫ θ(Z̃_ϵ∩π^{−1}_X (γ)) n⋀ dlogz_i mod Z(n),

which defines functionals in H^{n−1}(X, C /Z(n)) := Hom (H_{n−1}(X, Z), C /Z(n)) on homology.

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 45

Now we ask in anticipation of later work: what equivalence relation on cycles Z can [AJ(Z)] be expected to kill? As we’ve hinted there are two points of view here: relative cycles (modulo the equivalence relation of “relative rational equivalence”) and higher Chow cycles (modulo im(∂_B)), and in fact these coincide in a sense we now make plain. As usual X denotes a quasiprojective variety.

First we say what relative rational equivalence is. The usual notion of rational equivalence on Z^p(X , 0) = Z^p(X ) is given by taking for all W ∈ Z^p(X , 1), ∂_BW = W ∩ (X × {0}) − W ∩ (X × {∞}). Now suppose we replace X by a relative variety (X , Y = ∪D_i), restricting to the case where the {D_i} are smooth with normal crossings. Then cycles in Z^p(X , Y) must intersect D_i, D_i ∩ D_j , etc. properly and have Z ∩ D_i = 0 as a cycle for all i. To produce the equivalence relation via ∂_BW, we require W ⊂ X × □^1 to meet once again all (intersections of) faces X × {0}, X × {∞}, D_i × □^1 properly and cancel at the D_i × □^1. (Continuing in this manner one could easily define higher Chow groups for (X , Y)). More concretely, collections (V_i, f_i) produce rational equivalences on X by ∑ i^{Vi}_∗ (f_i); the same goes for (X , Y) if f_i ≡ 1 on V_i ∩ Y (proper intersection is unnecessary because {1} /∈ □^1), but note that these are not the only possibilities.

In particular, if X = X × □^n and Y = X × ∂□^n, then the boundary map “coincides” with ∂_B on X × □^{n+1}: that is, the diagram

Z^p(X, n + 1) ∂^B Z^p(X, n)

Z^p((X × □^n, X × ∂□^n), 1) j ∪ ∂_B Z^p(X × □^n, X × ∂□^n) j ∪

commutes. In fact the resulting maps j_∗ : CH^p(X × □^n, X × ∂□^n) → CH^p(X, n) are isomorphisms. Clearly j_∗ is surjective, since it hits all classes containing an alternating cycle (which is to say, all classes). To approach the injectivity issue, it’s convenient to slightly modify the bottom complex to Z^p(X × □^n, X × ∂^+□^n), where ∂^+□^nis the union of all the faces but z_n = 0; this has CH^p(X × □^n, X × ∂□^n) as its homology groups for all n. Then we try to invert j_∗ in the derived category by adding special cycles to cancel intersections of Z with all faces but z_n = 0. We can use degenerate chains π^∗_i (Z ∩ ρ^∞_{i ∗}□^{n−1}) ∈ d^p(X, n)

1.3. ABEL-JACOBI FOR RELATIVE CYCLES 46

to “move” intersections at z_i = ∞ to z_i = 0, then move them from z_i = 0 to z_n = 0 with chains of the form^7

{ (z_1 . . . , z_n) | (z_1, . . . , z_{i−1}, 0, z_{i+1}, . . . , z_{n−1}, a) ∈ Z ∩ ρ^0_{i ∗}□^{n−1}, (1 − z_i)(1 − z_n) = (1 − a) }

Combining this with the more sophisticated point of view we will develop in §2.4 gives as a composite Hom_{MH} (Q(0), H^{2p−n} (X, Q(p))) = W_pF^pH^{2p−n}(X, C ) ∩ H^{2p−n}(X, Q(p)) [·]

CH^p(X × □^n, X × ∂□^n) j_∗ ∼= CH^p(X, n) R H^{2p−n}_H (X, Q(p))

AJ(if [.]=0) Ext^1_{MH} (Q(0), H^{2p−n−1} (X, Q(p))) = W_pH^{2p−n−1}(X, C ) F^p(num) + num ∩ H^{2p−n−1}(X, Q(p))

a generalized version of the maps defined in this section. It seems tempting to extend the Bloch-Beilinson conjecture to Ψ ∘ j_∗ (that is, if X is defined over Q, this should be injective on the subgroup of relative cycles defined over Q̄ ).^8

In the next section we will consider the case X = η_X , n = p, where

CH^n(□^n_{C (X)} , ∂□^n_{C (X)} ) ∼= CH^n(η_X , n) ∼= K^M_n (C (X))

maps (according to the above) to H^n_H(η_X , Q(n)) which is an extension of Hom_{MH} (Q(0), H^n (X, Q(n))) = F^nH^n(η_X , C ) ∩ H^n(η_X , Q(n)) and Ext^1_{MH} ( Q(0), H^{n−1} (X, Q(n)) ) = H^{n−1}(η_X , C /Q (n)) 7There are technical problems here (it’s not as easy as it sounds) but one can get around them with a result of Levine [Le]. The point is that since this “back map” π is also a map of complexes, we should now have means of using either type of equivalence relation to construct the other.

8In lieu of defining absolute Hodge cohomology (see [L2] for this), we have indicated the short exact sequence in which it sits. It replaces Deligne cohomology when X itself is quasiprojective (a situation we will have some use for below).

Formally, one would expect the target space of a “Deligne-class” map for the relative Chow group, to be H^{2p}_H (X × (□^n, ∂□^n), Q(p)) (if such an object is defined), and indeed by a completely formal computation with weights this comes out to H^n(□^n, ∂□^n) ⊗ H^{2p−n} H (X, Q(p)); since H^n(□^n, ∂□^n) is a trivial Hodge structure (in particular its weight must be 0 to compensate for H^n( ^□^n \ ∂ ^□^n), which has weight 2n), this actually coincides with the target space in the diagram.

1.4. ABEL-JACOBI FOR GRAPHS 47

(no difference with Deligne cohomology in this case) and the proposed relative Bloch-Beilinson conjecture reduces to injectivity of regulator maps on K^M_n (Q(X)) (which brings us back to the world of more celebrated conjectures).

1.4. Abel-Jacobi for Graphs 1.4.1. Motivation and setup; f-substrata. We return to the simple case of a “function” f = ∑ j m_jf_{1j} ⊗ . . . ⊗ f_{nj} ∈ ⊗^nZ[P^1_{C(X)} \ {0, ∞}] giving rise to the associated data γ_f ∈ Z^n(η_X × □^n),

[γ_f] ∈ CH^n(η_X , n) ↔ {f} = ∏ {f_{1j}, . . . , f_{nj}}^{mj} ∈ K^M_n (C (X)), Ω_f = ∧^ndlogf = ∑ m_j df_{1j} f_{1j} ∧ . . . ∧ df_{nj} f_{nj} ∈ H^0(Ω^n_X (log)) = F^nH^n(η_X , C ).

For this section we make the assumption that either n > d = dim X or {f} ∈ ker(Tame), in order that Ω_f = 0.

For f = f_{ij}, define V_f = |(f)| = f^{−1}({0, ∞}), T_f = f^{−1}(R^− ) where the latter denotes the branch cut in log f (which by definition always denotes the branch with arg ∈ (−π, π]). Since it bounds on V_f , it yields a class in lim−→_{D⊂X} H_∗(X, D; Z) =: H_∗(X_{rel}, Z) (where one may think of X_{rel} as a sort of Lefschetz dual to η_X ). Also

T_f := ∑ m_j T_{f1j} ∩ . . . ∩ T_{fnj} = π^X_∗ {γ_f ∩ (X × T_n)} (recall T_n = ⋂_n i=1 T_{zi} ⊂ ^□^n) gives a class [T_f] ∈ H_{2d−n}(X_{rel}, Z). It is convenient for our geometric computations here to use Steinbergs to move f into “good” position: this means (1) moving the divisors so that γ_f ∈ Z^n(X, n) (i.e., its complex codimension 1 intersections with the faces do not hit corners) and, special to this section, (2) moving by certain Steinbergs (fe^{iξ} − f − e^{iξ}) ⊗ . . . [i.e. replacing f → fe^{iξ} − e^{iξ}] which do not affect divisors, then taking a limit and ignoring e^{iξ}. (We want T_f to hit only V_f , and not the other components of |f|, in real codimension 1.)

Though strictly speaking one needs (2) for T_f to make sense as an intersection product, it will become clear in the next chapter that these assorted

1.4. ABEL-JACOBI FOR GRAPHS 48

assumptions are in fact unnecessary. We now write down some symbols associated with the f-substrata of X and the system of neighborhoods associated to them.

Notation 1.4.1. Generalizing “∂ ^□^n” we define for the codimension r faces of ^□^n ∂^r ^□^n := ⋃ i,e ρ^e_{i ∗} ^□^{n−r} where i ranges over sets {(i_1, . . . , i_k) |1 ≤ i_1 < . . . < i_k ≤ n}; clearly ∂^1 ^□^n is just ∂ ^□^n. We can pull these back to X to get the codimension r f-substrata: V^r_f := f^{−1}(∂^r ^□^n) where for a set S ⊂ ^□^n f^{−1}(S) := ∪_j(id, f_{1j} , . . . , f_{nj})^{−1}(X × S);

we will write frequently V = V^1_f = ∪|(f_{ij})|, W = V^2_f .

Extending “N_ϵ(∂ ^□^n)” in a different direction from that used above, let N^r_ϵ := N_ϵ(∂^r ^□^n) = ⋃ i,e { (z_1, . . . , z_n) ∈ ^□^n | | ||zi_k |^{p(ek)} < ϵ ∀ k = 1, . . . , r } ; N^1_ϵ is just N_ϵ(∂ ^□^n), so that ∂N^1_ϵ = T^1_ϵ and ^□^n_ϵ = ^□^n \ N^1_ϵ . The desired “system of neighborhoods” is given by N_ϵ(V^r_f ) := f^{−1}(N^r_ϵ ).

Sometimes it is convenient to work with only the generic parts of successive substrata: recalling X_ϵ = X \ N_ϵ(V ), we write V^r_{f,ϵ} = V^r_f \ V^r_f ∩ N_ϵ(V^{r+1}_f ), (and thus V_ϵ, W_ϵ). We can take “neighborhoods” of these also, in the sense of N_{ϵ1} (V_{ϵ2} ) := N_{ϵ1} (V ) \ N_{ϵ1} (V ) ∩ N_{ϵ2} (W ) and its obvious generalizations.

Remark 1.4.2. The motivating idea for this section is this: we would like to apply the “homotopy” θ to γ_f, but we’re in trouble if the Res^i(γ_f) are nontrivial. In that case γ_f is not completable to a higher Chow cycle on X, let alone a relative cycle; applying Alt_n does not change the situation. So the conclusions of section 1.3, which assumed a compact base, do not apply directly. Even if the Res^i are trivial, the completion is ambiguous by im { CH^{n−1}(V, n) → CH^n(X, n) } , and so its AJ-image is ambiguous (see Chapter 2) by im { Gy : H^{n−2}_D (V, Z(n − 1)) → H^n_D(X, Z(n)) } .

1.4. ABEL-JACOBI FOR GRAPHS 49

Everything tells us to repeat the AJ-construction directly over the generic point (and we can actually compute the result; see eqn. 1.4.1). According to remark 1.3.5, in order to do this we should view γ_f as giving an homology class in H_{2d} ( (X, N_ϵ(V )) × ( ^□^n \ ∂ ^□^n) ) ∼= H_{2d−n}(X, V ) ⊗ H_n( ^□^n \ ∂ ^□^n) → H_{2d−n}(X_{rel}) ⊗ H_n( ^□^n \ ∂ ^□^n) and integrate ∫ γ_f ⋀_n dlogz_i ∧ π^∗_X α to determine this class. Here α is d-closed and compactly supported on X \ N_ϵ(V ), i.e. represents a class in H^{2d−n}_c (X \ V ) ∼= H^{2d−n}(X, V ) → H^{2d−n}(X_{rel}). The intuition for the AJ map will be similar. Note that under the assumption (of this section) that Ω_f = 0, the above integral (and therefore the cycle-class from this point of view) is trivially zero.

1.4.2. An integral formula for AJ(γ_f). Now set γ^ϵ_f := γ_f ∩ (X × ^□^n_ϵ ), so that ∂γ^ϵ_f ⊂ X × T^1_ϵ . As before we have

θ(γ̃^ϵ_f ) := θ_1(γ̃^ϵ_f ) − θ_{12}(γ̃^ϵ_f ∩ T̃_{z1} ) + . . . ± θ_{1...n}(γ̃^ϵ_f ∩ T̃_{z1} ∩ . . . ∩ T̃_{zn−1} );

the only difference is the extra boundary term:

∂θ(γ̃^ϵ_f ) = γ^ϵ_f ± ∑ s (−1)^sθ^s_{1...n}(γ^ϵ_f ∩ T_n) + θ(~∂γ^ϵ_f )

where the middle term is supported over T_f, and may be replaced by T_f × (S^1)^n for purposes of integration as before. The last term is supported over f^{−1}(T^1_ϵ ) ⊂ N_ϵ(V ) (note that in general f^{−1}(T^1_ϵ ) ≠ ∂N_ϵ(V )).

First we get some abstract nonsense out of the way. For α ∈ Ω^{2d−n}_X∞_{,c}(X\V ) d-closed and compactly supported on [a closed subset of] X \N_ϵ(V ), we have that 0 = ∫ θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ dπ^∗_X α = ∫ ∂θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗_X α

= ∫ X^ϵ ∧^ndlogf ∧ α + ∫ θ(~∂γ^ϵ_f ) ∧^ndlogz_i ∧ π^∗_X α + ∫ T_f×(S^1)^n

∧^ndlogz_i ∧ π^∗_X α

= (2π √ −1)^n ∫ T_f α (where ⋀_n dlogf in the first term and π^∗_X α in the second term are zero), so that as before Ω_f = 0 =⇒ [T_f] ∼ 0. This means we may choose a relative bounding chain ∂^{−1}_{(X,V )}(T_f) ambiguous up to a (2d−n+1)-cycle on (X, V ), so that (B a “trivial” chain exactly as before uniformizing the loops generated by θ),

1.4. ABEL-JACOBI FOR GRAPHS 50

∂^{−1}_ϵ γ_f := θ(γ̃^ϵ_f ) ∓ ∂^{−1}_{(X,V )}(T_f) × (S^1)^n − B

has boundary

∂(∂^{−1}_ϵ γ_f) = γ^ϵ_f + θ(~∂γ^ϵ_f ) ∓ {V ∩ ∂_X ∂^{−1}_{(X,V )}(T_f)} × (S^1)^n

plus trivial “residues” from B. The latter two terms above are supported on N_ϵ(V ) and constitute nontrivial residues: they don’t count topologically as far as (X, N_ϵ(V )) × ( ^□^n \ ∂ ^□^n) is concerned, but will matter immensely for our computations.

It makes sense at this point to define the AJ image of γ_f as a functional on forms ω ∈ Ω^{2d−n+1}_X∞_{,c} (X \ V ) supported on a compact subset of X \ N_ϵ(V ), via the integral ∫ ∂^{−1}_ϵ γ_f

∧^ndlogz_i ∧ π^∗_X ω.

It follows immediately from the foregoing that if ω = dα (α also c.s. away from N_ϵ(V )) then the integral vanishes. Therefore it gives a cohomology class in H^{n−1}(X − V ) ← H^{n−1}(η_X , C ) by duality. Factoring in the ambiguity of H_{2d−n+1}(X, V ; Z) generated in choosing ∂^{−1}_{(X,V )}(T_f), we have defined [AJ_X (γ_f)] ∈ H^{n−1}(η_X , C /Z(n)). We will show AJ kills “trivial graphs”, i.e. descends to a map on CH^n(η_X , n) ∼= K^M_n (C (X)), in the next chapter.

Toward that end we simplify the expression, by computing ∫ θ(γ̃^ϵ_f ) ⋀_n dlogz_i∧ π^∗_X ω for ω as above. The idea is that since, e.g., θ_1(γ̃^ϵ_f ) “pulls the graph” to z_1 = 1, we have ∫ θ_1(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗_X ω = ∫ γ^ϵ_f

log z_1dlogz_2 ∧ . . . ∧ dlogz_n ∧ π^∗_X ω

= ∑ m_j ∫ X log f_{1j}dlogf_{2j} ∧ . . . ∧ dlogf_{nj} ∧ ω,

and more generally ∫ θ_{1...k}(γ̃^ϵ_f ∩T̃_{z1} ∩...∩T̃_{zk−1} ) ∧^ndlogz_i ∧ π^∗_X ω = ∫ (γ̃^ϵ_f ∩T̃_{z1} ∩...∩T̃_{zk−1} )×[0,1]^k θ^∗_{1...k}(∧^ndlogz_i ∧ π^∗_X ω)

= ∫ (γ̃^ϵ_f ∩T̃_{z1} ∩...∩T̃_{zk−1} )×[0,1]^k θ^∗(dlogz_1) · . . . · θ^∗(dlogz_k)dlogz_{k+1} ∧ . . . ∧ dlogz_n ∧ π^∗_X ω

= (2π √ −1)^{k−1} ∫ γ^ϵ_f ∩T_{z1} ∩...∩T_{zk−1} log z_kdlogz_{k+1} ∧ . . . ∧ dlogz_n ∧ π^∗_X ω

= (2π √ −1)^{k−1} ∑ j m_j ∫ T_{f1j} ∩...T_{f(k−1)j} log f_{kj}dlogf_{(k+1)j} ∧ . . . ∧ dlogf_{nj} ∧ ω,

1.4. ABEL-JACOBI FOR GRAPHS 51

where log f_{kj} is understood as having argument ∈ (−π, π]. Therefore the whole integral [AJ(γ_f)](ω) = ∫ ∂^{−1}_ϵ γ_f

∧^ndlogz_i ∧ π^∗_X ω = ∑ m_j {∫ X log f_{1j}dlogf_{2j} ∧ . . . ∧ dlogf_{nj} ∧ ω

− 2π √ −1 ∫ T_{f1j} log f_{2j}dlogf_{3j} ∧ . . . ∧ dlogf_{nj} ∧ ω + . . .

±(2π √ −1)^{n−1} ∫ T_{f1j} ∩...∩T_{f(n−1)j} (log f_{nj})ω } ∓ (2π √ −1)^n ∫ ∂^{−1}_{(X,V )}(T_f) ω

=: ∫ X R_f ∧ ω ∓ (2π √ −1)^n ∫ ∂^{−1}(T_f)

ω =: ∫ X R^′_f ∧ ω. (1.4.1)

1.4.3. Codimension 1 residues. We describe the residues first in the case n = 2, d = 1 (X a smooth curve), f = f ⊗ g. We assume that this f is already in “good” position, with the intersections |(f)| ∩ |(g)|, T_f ∩ |(g)|, T_g ∩ |(f)| all empty. Let ω be a d-closed 1-form which is zero on the closure of N_ϵ(|(f)| ∪ |(g)|). Then ∫ X R_f ∧ ω = ∫ X log fdlogg ∧ ω − 2π √ −1 ∫ T_f (log g)ω

and ∂^{−1}_{(X,V )}T_f simply consists of paths connecting the points T_f ∩ T_g to V = |(f)| ∪ |(g)|. Write Ξ = V ∩ ∂_X ∂^{−1}_{(X,V )}T_f for the function from V → Z describing the sum of their boundaries on V (this is a sort of relative homology connecting homomorphism for singular chains). Now if we let S^ϵ_f and S^ϵ_g consist of circles (with appropriate orientation) around |(f)| and |(g)|, then f^{−1}(T^1_ϵ ) is simply their union. Writing θ(z) for the path from z to 1, we have

θ(~∂γ^ϵ_f ) = θ_1(~∂γ^ϵ_f ) − θ_{12}(~∂γ^ϵ_f ∩ T̃_{z1} ) = { x ∈ S^ϵ_f | |(x, θ( ~f(x)), g(x)) } + { x ∈ S^ϵ_g | |(x, θ( ~f(x)), g(x)) }

− { x ∈ S^ϵ_f ∩ T_f | |(x, θ( ~f(x)), θ( ~g(x))) }

where x ∈ S^ϵ_f ∩ T_f is the same as f(x) = −ϵ (or −^1_ϵ for a pole), and so in

the 3^{rd} term (only) we may rewrite θ( ~f(x)) = θ^+(−ϵ) − θ^−(−ϵ) ∼ S^1. In a picture, these three terms look like:

1.4. ABEL-JACOBI FOR GRAPHS 52

To compute residues, let β be a class in H^0(V ), i.e. a complex number on each point of |(f)| ∪ |(g)|. (In particular, one might choose β = 1 on one point and β = 0 on the rest.) If we take ϵ_1 > ϵ and extend this to a C^∞ function β̃ on X, supported on N_{2ϵ1} (V ) and with dβ̃ = 0 on N_{ϵ1} (V ), then dβ̃ is c.s.[=compactly supported] away from N_ϵ(V ) and gives a class in H^1(X, V ). (This is just a picky realization of the connecting homomorphism Δ : H^0(V ) → H^1(X, V ).) Then [AJ_X (γ_f)](dβ̃) = ∫ X R^′_f ∧ dβ̃ := ∫ ∂^{−1}_ϵ γ_f

dlogz_1 ∧ dlogz_2 ∧ dπ^∗_Xβ̃

= [∫ γ^ϵ_f + ∫ θ(~∂γ^ϵ_f ) + ∫ (S^1)^2×Ξ ] (dlogz_1 ∧ dlogz_2) · π^∗_Xβ̃

= ∫ X^ϵ (dlogf ∧ dlogg) · β̃ + {∫ S^ϵ_f β̃ log fdlogg + ∫ S^ϵ_g β̃ log fdlogg

−2π √ −1 ∑ x∈S^ϵ_f ∩T_f β̃(x) log g(x) − 4π^2 ∑ Ξ β,

where the first term is 0 by Hodge type. Since log f jumps by 2π √ −1 at each x ∈ T_f ∩ S^ϵ_f , the 1^{st} and 3^{rd} terms in braces (corresponding to the “tubes” above) get combined into − ∫ S^ϵ_f β̃ log gdlogf =: (∗) using dβ̃ = 0 on N_ϵ(V )

and the integration by parts: 2π √ −1 ∑ x∈S^ϵ_f ∩T_f log g(x) = ∫ S^ϵ_f \S^ϵ_f ∩T_f d{log f log g} = ∫ S^ϵ_f log fdlogg + ∫ S^ϵ_f log gdlogf.

1.4. ABEL-JACOBI FOR GRAPHS 53

An alternate point of view here is that taking ϵ → 0 forces the 1^{st} term in braces to 0 as ϵ log ϵ, i.e. the 1^{st} tube does not contribute to the ∫ in the limit. Since according to the expression (1.4.1) for ∫ X R^′_f ∧ dβ̃, shrinking ϵ cannot affect the total answer, the 3^{rd} term must then approach the original difference (∗). This conclusion is obvious here (for n = 2), but for larger n it’s useful to be able to just throw away some terms and take a limit. Either way we have as the result (2π √ −1) ∑ p∈V β(p) · { ν_p(g) log f(p) − ν_p(f) log g(p) + (2π √ −1)Ξ(p) }

which is precisely 2π √ −1 times an AJ-map where the data (dβ̃, X, f)_{n=2} is replaced by (β, V, ∂(f))_{n=1} and

∂_p (f) = { ν_p(g) · f(p), p ∈ |(g)| −ν_p(f) · g(p), p ∈ |(f)| ∈ Z[P^1_{C(X)} \ {0, ∞}] (on good f) induces the tame symbol on Milnor K-theory. Note that the third term (= 2π √ −1 Ξ) in the braces may be ignored since it corresponds to the “integral” functionals we work modulo in

H^0(V, C /Z(1)) :∼=

H^0(V, C )^∨ im{H_0(V, Z(1))} ∋ [AJ_V (γ_{∂(f)} )](β).

Note that if Tame{f} ∈ ∐ p∈X C^∗ is trivial, so that the image of ∂(f) in the quotient (e.g., ν_p(g) · f(p) becomes f(p)^{νp(g)}) is 1 for all p, then the first two terms in braces (and therefore the residues) are also trivial in this sense.

In fact one can write geometrically

θ(~∂γ^ϵ_f ) = ∑ x∈|(g)| S^1_{z2} × θ_{z1} (γ̃_{∂x(f)}) − ∑ x∈|(f)| S^1_{z1} × θ_{z2} (γ̃_{∂x(f)})

plus terms that don’t contribute to the integral (ϵ → 0), reflecting the equal- ity [AJ_X (γ_f)](dβ̃) = 2π √ −1 ∑ x∈[V ⊂]X^1 [AJ_x(γ_{∂xf})](β).

For larger n and d we can prove a generalization of this working modulo a large enough neighborhood of the codimension-2 substrata. For simplicity assume f = f_1 ⊗ . . . ⊗ f_n so that (writing V_i ⊂ X^1 for the set of components of V_{fi} ) one may take simply

∂_i(f) := ∑ x∈V_i (−1)^iν_x(f_i) · f_1 |_x ⊗ . . . ⊗ ^f_i ⊗ . . . ⊗ f_n |_x .

1.4. ABEL-JACOBI FOR GRAPHS 54

Also set ϵ_2 ≫ 2ϵ_1 ≫ ϵ > 0 (all understood to be very small!); we shall work modulo N_{ϵ2} (W )[× ^□^n where appropriate].^9 Then in this sense (ignoring codimension 2) the following beautiful formula is true even when Ω_f and T_f are nontrivial:

∂θ(γ̃^ϵ_f ) = γ^ϵ_f ± (S^1)^n × T_f + ∑ i S^1_{zi} × θ(γ̃^ϵ_{∂if}) + . . . (1.4.2)

(where the . . . accounts for trivial terms from uniformizing loops and terms whose contributions to the ∫ → 0 as ϵ log ϵ). This says that the codimension 1 residues are always the (n − 1)-AJ maps on the [components of]^{10} V_{fi} . Moreover in case Ω_f = 0 one may view {∂_X (∂^{−1}_{(X,V )}T_f) − T_f} ⊂ V as providing bounding chains on (V_{fi} , W ) for T_{∂if} ⊂ V_{fi} since ∑ T_{∂if} = ∂_X T_f. In a picture, for n = 3 and X a complex surface, f = f ⊗g⊗h in “good” position:

Therefore we have over X \ N_{ϵ2} (W )

∂(∂^{−1}_ϵ γ_f) = γ^ϵ_f + ∑ i S^1_{zi} × (∂^{−1}_ϵ γ_{∂if}) + . . .

and the construction is “telescopic” in codimension 1.

We briefly indicate the “computation” for (1.4.2): generically on the i^{th}

face, writing ∂_iγ^ϵ_f = γ_f ∩ T^1_ϵ ( 0, ∞ i ) , we have that in θ( ~∂_iγ^ϵ_f ) the term

θ_{12...i}( ~∂_iγ^ϵ_f ∩ T̃_{z1} ∩ . . . ∩ T̃_{zi−1} ) gives rise to one of our ϵ log ϵ integrals while ∑ k=1,... ,î,... ,n ±θ_{12...k}( ~∂_iγ_f ∩ T̃_{z1} ∩ . . . ∩ T̃_{zk−1} ) → S^1_{zi} × θ(~γ^ϵ_{∂if}) plus trivial stuff as ϵ → 0.

9in this we also tacitly include neighborhoods of the remaining intersections of components of V .

10we shall sometimes write formulas as if V_{fi} has only one component to avoid bizarre notation.

1.4. ABEL-JACOBI FOR GRAPHS 55

1.4.4. Local-global picture, higher codimension residues. Now suppose ω = dβ̃ + dα, with β c.s. (and d-closed) on V_{ϵ2} , β̃ c.s. on N_{2ϵ1} (V_{ϵ2} ) such that dβ̃ = 0 on N_{ϵ1} (V_{ϵ2} ) and ι^∗_V β̃ = β, and α (& of course ω) c.s. on X_ϵ. By our computation a few pages ago ∫ X R^′_f ∧ dα = 0, so assuming as usual ∧^ndlogf = 0 and using (1.4.2), ∫ X R^′_f ∧ ω = ∫ θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ dπ^∗_Xβ̃ ∓ (2π √ −1)^n ∫ ∂^{−1}_{(X,V )}(T_f) dβ̃

= ∫ ∂θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗_Xβ̃ ∓ (2π √ −1)^n ∫ ∂_X ∂^{−1}_{(X,V )}(T_f) β̃

= {∫ X^ϵ ∧^ndlogf ∧ π^∗_Xβ̃ ± (2π √ −1)^n ∫ T_f β̃ − 2π√−1 ∑ i ∫ θ(γ̃^ϵ_{∂if}) ∧^{n−1}dlogz_i ∧ π^∗_X β }

∓ (2π √ −1)^n {∫ T_f β̃ ∓ ∑ i ∫ ∂^{−1}_{(Vi,W )}(T_{∂if}) β }

= −2π √ −1 ∑ i ∫ V_i R^′_{∂if} ∧ β_{Vi} . In the context of Chapter 2, thinking of R^′ as a current, this will be immediate. It will also be apparent later on that ∫ R^′_{Tameif} ∧ (·) is trivial as an element of H^{n−2}(V_i − W ; C /Z(n − 1)) if Tame_if is trivial as an element of K^M_{n−1}(C (V_i )).

The c.s. forms ω we consider span im ( H^{2d−n+1}(X, V ) → H^{2d−n+1}(X) ) ; we would like to know when ∫ X R^′_f ∧ (·) is a well-defined functional (modulo Z(n)-functionals) on this subspace of H^{2d−n+1}(X). For example, is it enough to check that it is “trivial” on dβ̃ + dα in the sense described above – can all boundaries be written as such?^{11} The answer is no for n ≥ 4 (but yes for n = 3, e.g. on a complex surface), as we can see with the aid of a local-global spectral sequence for H^∗(X) which uses c.s. forms on substrata of X (of all codimensions). We need to change the f-substrata V^i_f slightly to include all intersections (and self-intersections) of all components of V in V^2, all ∩’s of components of V^2 in V^3, and so on; denote this version by^′V^i_f (of course V = V^1_f =^′ V^1_f ). They are needed to get the spectral sequence right but not

11Indeed, this would seem to be only part of the problem: as “trivial” in this sense only means that the map H^∗(X, V )^∨ → H^∗(V )^∨ takes ∫ R^′_f ∧ (·) to the image of H∗(V, Z) ⊂ H^∗(V )^∨, i.e. “the functional has integral boundary on V ” (and so is not a priori a welldefined functional on H^∗(X)). However one can just normalize the functional by modifying ∂^{−1}_{(X,V )}(T_f) by a cycle on (X, V ) killing this boundary, and so this is not an issue. The real issue is still that we’ve only examined the residue (or “boundary”) of the functional in H^∗(Vi, W )^∨, and this isn’t in general enough.

1.4. ABEL-JACOBI FOR GRAPHS 56

for the (higher codimension) residues. A reference for some of what follows is the last section of [F].

Set^′V^0_f = X and let^{12} ι_{(i)} :^′V^{(i)}_f → X, ȷ^{(i)} : X −^′ V^i_f → X and ȷ^{(i−1,i)} :^′ V^{i−1}_f −^′ V^i_f → X be the inclusions; we have the exact sequence of extension-by-zero sheaves 0 → ȷ^{(i−1)}_! C → ȷ^{(i)}_! C → ȷ^{(i−1,i)}_! C ι^∗_{(i)} ↓∼= ȷ^{(i,i+1)} ! C → 0.

We take resolutions of each term by acyclic sheaves, e.g. ȷ^{(i)}_! C → ȷ^{(i)}_! Ω^•_{(X\′V} i_{f )∞} , ȷ^{(i+1)}_! C /ȷ^{(i)}_! C → ȷ^{(i+1)}_! Ω^•_{(X\′V i+1f )∞} / ȷ^{(i)}_! Ω^•_{(X\′V if )∞} ι^∗_{(i)} ↓≃ ȷ^{(i,i+1)} ! Ω^•_{(′V if \V i+1f )∞} obtaining localization long-exact sequences for relative cohomology → H^∗_c (X −^′ V^i_f ) → H^∗_c (X −^′ V^{i+1}_f ) → H^∗_c (^′V^i_f −^′ V^{i+1}_f ) → which become our initial exact triangles. Define a descending filtration (F^N_p ⊇ F^N_{p+1}) on the sheaf C (on X) by F^N_p C = ȷ^{(d−p+1)} ! C , Gr^N_p C = ȷ^{(d−p,d−p+1)} ! C so that the associated spectral sequence E^{p,q}_1 = H^{p+q}(X, Gr^N_p C ) ∼= H^{p+q}_c (^′V^{d−p}_f −^′ V^{d−p+1}_f ) =⇒ E^{p,q}_∞ = Gr^N_p H^{p+q}(X) gives a filtration on cohomology by niveau.

The right-most column is E^{d,q}_1 ∼= H^{d+q}_c (X − V ) ∼= H^{d+q}(X, V ); if we replace it by zero then we have

′E^{p,q}_1 (V ) := { E^{p,q}_1 p ≠ d 0 p = d =⇒^′E^{p,q}_∞ (V ) = Gr^N_p H^{p+q}(V ), and in fact this is a good definition for the cohomology of V (it inherits a MHS, etc.). An easy algebraic argument shows that these fit together in the localization exact sequence → H^{∗−1}(V ) Δ → H^∗_c (X − V ) ȷ^{(1)}_∗ → H^∗(X) → H^∗(V ) → where ȷ^{(1)}_∗ is given by including the right-hand column into the spectral sequence. So for a functional a priori defined on H^{2d−n+1}_c (X − V ) to be

12roughly, in what follows ȷ is for inclusion of Zariski open sets, ι is for inclusion of (open or closed) analytic subsets of lower dimension, the index i is for codimension and p for dimension.

1.4. ABEL-JACOBI FOR GRAPHS 57

well-defined on im {H^∗_c (X − V ) → H^∗(X)}, it must kill im(Δ), which is to say the image of [Gr^N_{d−i}H^∗(V ) by] successive d_i in the right-hand column. However, dα and dβ̃ only represent the images of d_0 and d_1, respectively. Since

im(d_i) ⊂ H^{2d−n+1} c (X − V ) ∪_{k<i}im(d_k) ∼= E^{d,d−n+1} i comes from E^{d−i,d−n+i} i = subquotient of E^{d−i,d−n+i}_1 ∼= H^{2d−n}_c (^′V^i_f −^′ V^{i+1}_f ),

it can be nontrivial exactly for 2d − n ≤ dim(^′V^i_f ) = 2(d − i), or i ≤^n_2 . As we shall see, this corresponds to having to check that “higher (i^{th}) residues of R^′_f” vanish for i ≤^n_2 , and that these can be seen as arising from the Res^i of γ_f, which (conjecturally with Beilinson-Soulé) become trivial at exactly the same i (see 1.2.10).

For n = 4, and say d = 3 (X a threefold) already we must consider im(d_2): using the above “exact triangles” and writing^′W (⊇ W ) for^′V^2_f ,^′Y for the point set^′V^3_f ,

→ H^2_c (^′W −^′ Y ) δ H^3_c (X −^′ W ) H^3_c (X −^′ Y )

→H^2_c (V −^′ W ) δ d_1

H^3_c (X − V ) H^3_c (X −^′ W ) d_2 d_1

H^3_c (V −^′ W ) δ

where d_2 is defined on ker(d_1) and we may describe these maps as follows in terms of our system of neighborhoods. The bottom δ says: if β is d-closed and c.s. on V_{ϵ2} then there is β supported on N_{2ϵ1} (V_{ϵ2} ) ⊂ X extending β (ι^∗_V β̃ = β) such that dβ̃ = 0 on N_{ϵ1} (V_{ϵ2} ), exactly as before. So dβ̃ on X gives a form c.s. on X^ϵ (and so on X − V ).

The top δ says similarly: if η is d-closed and c.s. on W − p (we don’t use all of^′W ), then we may “extend” it to η̃ supported on N_{2ϵ2} (W ) ⊂ X with ι^∗_W η̃ = η and dη̃ = 0 on N_{ϵ2} (W ). So dη̃ gives a class in H^3_c (X −^′ W ), and we assume ι^∗_V η = dβ for some β c.s. on V_{ϵ2} (and obviously not d-closed) so that the long d_1 is zero on [η]. Now β extends to β̃ supported on N_{2ϵ1} (V_{ϵ2} ) ⊂ X such that d(η̃ − β̃) = 0 on N_{ϵ1} (V_{ϵ2} ) and thus on N_{ϵ1} (V ). So d(η̃ − β̃) gives a class in H^3_c (X − V ).

We would like to see what “codimension 2 residues” arise in the integral ∫ X R^′_f ∧ ω for ω = d(η̃ − β̃), assuming say normal crossings at W and f = f_1⊗f_2⊗f_3⊗f_4. Instead of arguing with chains we ask the reader’s indulgence in pretending R^′_f is a degree 3 form with residue 2π √ −1R^′_{∂if} (a degree 2 form) at V_{fi} . Since d(η̃ − β̃) is zero on N_ϵ(V ), and we can assume η̃ pulls back to

1.4. ABEL-JACOBI FOR GRAPHS 58

0 on ∂N_ϵ(W ), the integral is ∫ X^ϵ R^′_f ∧ d(η̃ − β̃) = ∫ ∂X^ϵ R^′_f ∧ (η̃ − β̃) =

2π √ −1 ∑ i ∫ V^ϵ_{fi} R^′_{∂if} ∧ (ι^∗_V η̃ − β) =: 2π √ −1 ∫ V_ϵ R^′_{∂f} ∧ (ι^∗_V η̃ − β). To proceed further we essentially need to assume that the codimension 1 residues are “trivial”, i.e. on V_ϵ, R^′_{∂f} = dL for some “1-form” L.^{13} (Under this condition, ∫ V R^′_{∂f} ∧ β = 0 for β d-closed with c.s. away from W as in the previous computation.) We then get ∫ V_ϵ dL ∧ (ι^∗_V η̃ − β) = ∫ ∂V_ϵ L ∧ ι^∗_V η̃ = ∫ W η · Res(L)

where Res(L) will be closed (but not necessarily exact). We would like to write ResL = Res^2R(γ_f) =^′R(Res^2γ_f) but we don’t know what^′R should be (Res^2γ_f is no graph cycle); all of this will be worked out (correctly) with currents in §2.4.

1.4.5. Abel-Jacobi for “boxes”. We conclude the present chapter on a somewhat lighter note. By analogy with Bloch’s grading (in [B5]) on the Chow groups of an abelian variety it is not hard (see Chapter 5) to put a suitable grading on the relative Chow group^{14}

CH^n((P^1_F , {0, ∞})^n) := CH^n ( (P^1_F )^n, ∪_{i,e}ρ^i_{e∗}(P^1_F )^{n−1} ) so that the last graded piece Gr^nCH^n((P^1_F , {0, ∞})^n) is spanned by the cycles of the form

B_a := (a_1, . . . , a_n) − ∑ i (a_1, . . . , 1, . . . , a_n)

+ ∑ i_1<i_2 (a_1, . . . , 1, i_1 . . . , 1, i_2 . . . a_n) − . . . ± (1, . . . , 1). Example 1.4.3. Gr^2CH^2(P^1 × P^1, #) is spanned by all B_{a,b} = (a, b) − (a, 1) − (1, b) + (1, 1) where a, b ∈ C^∗ and # = ∪^{e=0,∞}_{i=1,2} {z_i = e}. Here F^1CH^2 consists of cycles of degree 0, F^2CH^2 is the Albanese kernel, and F^3 = 0.

We will be interested in the case F = Q(X) so that B_f can be considered as an element either of Gr^nCH^n((P^1_C , {0, ∞})^n), by embedding F → C , or as a graph cycle B(γ_f) ∈ Z^n(η_X × (P^1, {0, ∞})^n(Q)). Applying θ to this and taking boundary (but ignoring the “residues” near V ) we have ∂θ(~ B(γ^ϵ_f )) = B(γ^ϵ_f ) + ∑ s (−1)^sθ^s_{1...n}(γ^ϵ_f ∩ T_n) (∗∗)

13We use this notation because L will be essentially dilogarithmic in nature. 14basically like CH^n(□^n, ∂□^n) but without throwing out I^n (which means topologically we are no longer going relative I^n)

1.4. ABEL-JACOBI FOR GRAPHS 59

on the nose (= without ignoring boundary at I^n), where the latter term is equivalent to (S^1)^n × T_f. We merely indicate how things work for n = 2; it’s the same for all n, with more cancellations. First, θ( ~ B(γ^ϵ_{f⊗g})) = θ(γ̃^ϵ_{f⊗g}) − θ(γ̃^ϵ_{f⊗1}) − θ(γ̃^ϵ_{1⊗g}) + θ(γ̃^ϵ_{1⊗1}) = { θ_1(γ̃^ϵ_{f⊗g}) − θ_{12}(γ̃^ϵ_{f⊗g} ∩ T̃_{z1} ) } − θ_1(γ̃^ϵ_{f⊗g})

(all other terms are trivial – i.e. of lower dimension). Taking ∂ (and ignoring residues) gives { (f, g)_Xϵ − (1, g)_Xϵ + (S^1_f , g)_T ϵ_f } − { (S^1_f , g)_T ϵ_f − (S^1_f , 1)_T ϵ_f + (S^1_f , S^1_g )_T ϵ_{f ∩T} ϵ_g }

− { (f, 1)_Xϵ − (1, 1)_Xϵ + (S^1_f , 1)_T ϵ_f } and after the obvious cancellations (and uniformizing the loops)

{(f, g) − (1, g) − (f, 1) + (1, 1)}_Xϵ − (S^1_f , S^1_g )_{Tf ∩Tg} = B(γ^ϵ_f ) − (S^1)^2 × T_f,

verifying (∗∗).

So we have justified using^{15} ∫ θ( ~ B(γ^ϵ_f ))

∧^ndlogz_i ∧ ω − (2π √ −1)^n ∫ ∂^{−1}_{(X,V )}T_f

ω (ω d-closed c.s.)

as the AJ-map on n-box graphs. The important point here is that only the θ(γ̃^ϵ_f ) term in θ(~B(γ^ϵ_f )) contributes to the first integral; θ(~γ^ϵ_{f⊗1}) and so on (and their equivalents for larger n) fail to contribute, basically because ⋀_n dlogz_i pulls back to 0 on I^n. So we have the same computational result ∫ X R^′_f ∧ ω for the Abel-Jacobi map as above in (1.4.1).

15provided the (relative) cycle-class of B(γ_f) is zero; by arguments similar to those in preceding sections, this is computed by integrals ∫ X (∧^ndlogf) ∧ α.

CHAPTER 2

Properties of the Milnor Regulator

2.1. Equivalence Relations

2.1.1. Abel-Jacobi annihilates the Steinberg graphs. In the previous chapter we showed how to associate to a graph cycle γ_f over η_X a “C /Z(n)-functional” on relative cohomology: ⊗^nZ[P^1_{C(X)} \ {0, ∞}] → Z^n(η_X , n) → Hom(H^{n−1}(X_{rel}), C ) im{H_{n−1}(X_{rel}, Z(n))} =: H^{n−1}(η_X , C /Z(n))

via f −→ γ_f −→ ∫ θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗_X (·) ± (2π √ −1)^n ∫ ∂^{−1}_{(X,Vf)}(T_f )

(·) =: ∫ X R^′_f ∧ (·)

where X_{rel} is the “dual” of η_X . (We do not work in this limit; for each f we work with X − V_f and (X, V_f), where V_f is the union of supports of divisors of all functions “in” f, rather than with η_X and X_{rel}.) For this map to deserve the name “Abel-Jacobi” it must descend to the level of CH^n(η_X , n) ∼= CH^p(η_X × ^□^n, η_X × ∂ ^□^n) and so respect (relative) rational equivalence, or equivalently to K^M_n (C (X)), which is what we now show in three different ways (in §2.1, §2.2, and §2.4). From this latter point of view the map is called a “Milnor regulator”.^1

Our present approach is naively geometric, and it will help to assume dim X = d < n (we mainly have in mind d = n − 1, n = 2, 3, 4). The aim is of course to show the Steinbergs, by which we moved f in §1.4 to get the AJ-map, correspond to “integral”(= Z(n)) functionals.^2 In fact what we will show is that for an obvious choice of ∂^{−1}_{(X,V )}T_f they correspond to the zero functional.

There are three kinds of Steinbergs in ⊗^nZ[P^1_{C(X)} \{0, ∞}]; we do f = f ⊗ (1−f)⊗g (for g ∈ ⊗^{n−2}Z[P^1_{C(X)} \{0, ∞}]) first. As motivation we note that γ_f is “degenerate” in the sense that it is the inage of γ_{f0} , f_0 = f ⊗g, under the map st : ^□^{n−1} → ^□^n given by (z_{1,}z_2, . . . , z_{n−1}) → (z_1, 1 − z_1, z_2, . . . , z_{n−1}). So θ(γ̃^ϵ_f ) ought to be homotopic to something like st(θ(γ̃^ϵ_{f0} )) (in fact only the first term of θ(γ̃^ϵ_{f0} ) is correct here); since st^∗ ⋀_n dlogz_i = 0 the AJ-map is then trivial.

1which is to say, [the pullback of] a secondary characteristic class for higher K -theory. 2Recall that this does not mean Z(n)-valued functionals; it means (2π √ −1)^n×integration over representatives of Hn−1((X, V ), Z).

2.1. EQUIVALENCE RELATIONS 61

2.1.2. How the dilogarithm arises from a homotopy. We redefine the basic retraction-to-{1} map

θ : D × [0, 1] → ^□^1

as well as maps

Ψ : (D \ {0, ∞}) × [0, 1]^2 → ^□^2, Υ : (∂D \ {0, ∞}) × [0, 1]^3 → ^□^2

that will be used in generating the homotopy.^3 First let θ̃ : ∂D × [0, 1] → D be a continuous map with θ̃(∂D × [0, 1]) ⊂ D \ ∂D , θ̃(∂D × {1}) = {~1}, and θ̃(∂D × {0}) = ∂D the identity. We also assume that only the path starting at {∞} intersects {T_{1−z} = (1, ∞)} ⊂ R^+ , so that ~1 − θ(t, z̃) is defined unambiguously for all z̃ ∈ ∂D \ {0, ∞} and t ∈ [0, 1] (no ± issues). Extend this θ̃ to D by the rule θ̃(1 − t_1, θ̃(1 − t_2, z̃)) = θ̃(1 − t_1t_2, z̃)

for any point z̃ ∈ ∂D and write θ for the composition N ∘θ̃ with N : D → P^1. (Note in particular that we get out of this θ(t, 1) = 1 ∀t, which we used tacitly above in the closing pages of Chapter 1.)

The basic building-block for the homotopy mentioned above will now be defined by

Ψ(z̃) := Ψ(z̃, t_1, t_2) := ( θ(t_2, θ̃(t_1, z̃), 1 − θ(t_1, z̃) ) , since for each fixed z̃ ∈ D \ {0, ∞} the real 2-chain Ψ(z̃) has boundary (by setting t_1 = 0, 1 and t_2 = 0, 1)

∂Ψ(z̃) = (θ(t_1, z̃), 1 − θ(t_1, z̃)) + (θ(t_2, z̃), 1 − z) − (1, 1 − θ(t_1, z̃))

= st(θ_{(1)}(z̃)) + θ_1(z̃, ~1 − z) mod chains with support ⊂ I^2.

Finally define the “solid” (for each point Z̃ ∈ ∂D \ {0, ∞})

Υ(z̃) := Υ(z̃, t_1, t_2, t_3) := θ_{12}( ~st(θ̃(z̃))

= ( θ(t_2, θ̃(t_1, z̃), θ(t_3, ~ 1 − θ(t_1, z̃)) ) with boundary components (at t_1 = 0, 1, t_2 = 0, 1, t_3 = 0, 1 in that order)

∂Υ(z̃) = ( θ(t_2, z̃), θ(t_3, ~1 − z) ) − (1, θ(t_3, 0)) + ( θ(t_1, z̃), θ(t_3, ~ 1 − θ(t_1, z̃)) ) − ( 1, θ(t_3, ~ 1 − θ(t_1, z̃)) )

+ ( θ(t_2, θ̃(t_1, z̃), ~ 1 − θ(t_1, z̃) ) − ( θ(t_2, θ̃(t_1, z̃)), 1 )

3It is desirable now to include {0, ∞} in ∂D and T , as the definition of Ψ and Υ require these to be in the domain of θ.

2.1. EQUIVALENCE RELATIONS 62

where the 2^{nd} and 6^{th} terms are 1-dimensional (in particular, θ(t_2, θ̃(t_1, z̃)) = θ(1 − (1 − t_1)(1 − t_2), z̃) ). We rewrite the remaining terms Ψ_I (z̃) + Ψ_{II} (z̃) − Ψ_{III} (z̃) + Ψ_{IV} (z̃) where Ψ_I (z̃) = θ_{12}(z̃, ~1 − z), Ψ_{IV} (z̃) = Ψ(z̃) and Ψ_{III} (z̃) is essentially trivial (its support ⊂ I^2). In a picture,

All of the above maps extend to [X×]D^{n−1} or [X×]∂D × D^{n−2} (e.g., Ψ_1, Υ_1) simply by taking z̃_i → z_i in the remaining (n − 2) coordinates.

Returning to the subject of θ(γ̃^ϵ_f ) = θ_1(γ̃^ϵ_f ) − θ_{12}(γ̃^ϵ_f ∩ T̃_{z1} ) + . . . , we remark that since T_f ∩ T_{1−f} = (f)_∞ ⊂ V_f, only the first 2 terms are nonzero (over X^ϵ) and we can even take ∂^{−1}_{(X,Vf)}T_f = 0 (since T_f ⊂ V_f). (Again, we work over X^ϵ because our test forms ω are compactly supported there.) So, with T^ϵ_f = T_f ∩ X^ϵ, θ(γ̃^ϵ_f ) = ( x; θ( ~f(x), t), 1 − f(x), g(x) ) x∈X^ϵ − ( x; θ( ~f(x), t_1), θ( ~1 − f(x), t_2) , g(x) ) x∈T^ϵ_f Ψ_I ( ~f(x))

where by abuse of notation ~f(x) = f(x)^+ − f(x)^− in the second term alone (and this does not apply to ~1 − f(x).) Now the original idea was to do the initial “pull-to-{1}” in a different direction, along z_1 + z_2 = 1, to (1, 0, g(x)) (instead of (1, 1 − f(x), g(x)) as in θ_1(γ̃^ϵ_f )). This corresponds to replacing the first term above by ( x; θ(t, ~f(x)), 1 − θ(t, ~f(x)), g(x) ) x∈X^ϵ =: st(θ_1(γ̃^ϵ_{f0} ))

and these two alternative “first terms” together constitute two pieces of the boundary of ( x; θ(t_2, θ̃(t_1, ~f(x)), 1 − θ(t_1, ~f(x)), g(x) ) x∈X^ϵ =: Ψ_1(γ̃^ϵ_{f0} ).

Now we set Ψ(γ̃^ϵ_f ) := Ψ_1(γ̃^ϵ_{f0} ) − Υ_1(γ̃^ϵ_{f0} ∩ T̃_{z1} ) := ( x; θ(t_2, θ̃(t_1, ~f(x))), 1 − θ(t_1, ~f(x)), g(x) ) x∈X^ϵ

2.1. EQUIVALENCE RELATIONS 63 − ( x; θ(t_2, θ̃(t_1, ~f(x))), θ(t_3, ~ 1 − θ(t_1, ~f(x))), g(x) ) x∈T^ϵ_f where again for x ∈ T^ϵ_f , ~f(x) = f(x)^+ − f(x)^−; and so the second term is just ( x; Υ(f(x)^+), g(x) ) x∈T^ϵ_f − ( x; Υ(f(x)^−), g(x) ) x∈T^ϵ_f . Modulo X × I^n and N_ϵ(V ) × ^□^n we then have simply

∂Ψ(γ̃^ϵ_f ) = { − ( x; θ(t_1, ~f(x)), 1 − θ(t_1, ~f(x)), g(x) ) X^ϵ + ( x; θ(t_2, ~f(x)), 1 − f(x), g(x) ) X^ϵ + ( x; Ψ_{(IV )}( ~f(x)), g(x) ) T^ϵ_f }

− {( x; Ψ_I ( ~f(x)), g(x) ) T^ϵ_f + ( x; Ψ_{II} ( ~f(x)), g(x) ) T^ϵ_f + ( x; Ψ_{IV} ( ~f(x)), g(x) ) T^ϵ_f }

= θ(γ̃^ϵ_f ) + st(θ_1(γ̃^ϵ_{f0} )) − ( x; Ψ_{II} ( ~f(x)), g(x) ) T^ϵ_f , so that if ω is a d-closed (2d − n + 1)-form compactly supported in X^ϵ, 0 = ∫ Ψ(γ̃^ϵ_f )

∧^ndlogz_i ∧ dπ^∗_X ω = ∫ ∂Ψ(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗ω

= ∫ θ(γ̃^ϵ_f )

∧^ndlogz_i ∧ π^∗ω + ∫ θ_1(γ̃^ϵ_{f0} ) st

∗(∧^ndlogz_i) ∧π^∗ω = 0 − ∫ ΨII -term ∧^ndlogz ∧ π^∗ω.

In order to show the last integral = 0 we must examine the “monodromy” of Ψ_{II} : Ψ_{II} ( ~f(x)) = Ψ_{II} (f(x)^+) − Ψ_{II} (f(x)^−) for x ∈ T^ϵ_f as above, and we must consider the difference of the two corresponding integrals. This reduces to computing ∫ Ψ_{II} (w̃)

dlogz̃_1 ∧ dlogz̃_2 = − ∫ θ(t_1,w̃) (∫ θ(t_2, ~ 1−θ(t_1,w̃)) dlogz̃_2 ) dlogz̃_1

= ∫_{w̃} z̃_1=1 (∫_{~1−z1} z_2=1

dlogz̃_2 ) dlogz̃_1 = ∫_{w̃} 1 log(1 − z)dlogz

for w̃ = f(x)^+ and f(x)^−. The difference is the integral ∫ O(f(x)) log(1 − z)dlogz

where O(f(x)) is a loop around 0 going through 1 and f(x) ∈ R^− ∈ T_z, and log(1 − z) (while having a singularity at 1) has no branch cut on O (since its cut is R^{>1} = T_{1−z}). As it stands the integral is convergent; so, moving O off 1 (to the left) and letting it approach 1 from there, we may view the

2.1. EQUIVALENCE RELATIONS 64

above as a limit of (nonsingular) integrals. These are zero by the Cauchy residue formula since the given branch of log(1 − z) is exactly zero at z = 0. The vanishing of AJ for the first Steinberg is proved.

Now notice that by Stokes theorem, if we extend the Υ-construction to all of D [\R^{>1} ], − ∫ Ψ_{II} (w̃) dz_1 z_1 ∧ dz_2 z_2 = ∫ Ψ_I (w̃) dz_1 z_1 ∧ dz_2 z_2 + ∫ Ψ_{(IV )}(w̃) dz_1 z_1 ∧ dz_2 z_2

where ∫ Ψ(w̃) dz_1 z_1 ∧ dz_2 z_2 = ∫ 1−θ(t_1 ,w̃) (∫ θ(t_2,θ̃(t_1,w̃))

dlogz̃_1 ) dlogz̃_2

= ∫_{1−w} 0 (∫_{1−z2} 1 dlogz_1 ) dlogz_2 = ∫_{1−w} 0 log(1 − z)dlogz =: −Li_2(1 − w)

gives the dilogarithm^4 so that (with our “standard” branches of log) ∫_w 1 log(1 − z)dlogz = log(1 − w) log w + Li_2(1 − w).

Since the argument above basically amounted to saying that the l.h.s. is continuous at R^− = T_z (or has no monodromy around 0), this equation says that the jumps there in the two right-hand terms must cancel. Since log(1−w) log w changes by 2πi log(1−w) at T_z (in the +i -direction), Li_2(1− w) must change by −2πi log(1 − w). This is the “branch cut” in Li_2(1 − w) corresponding to our cuts in log, and in Li_2(w) it is 2πi log(w) at T_{1−z} (in the +i-direction). One may check this simply by integrating − log(1 − z)dlogz from “y + 0i” to “y − 0i” (y ∈ T_{1−z}) around T_{1−z} to obtain 2πi log y.

2.1.3. Log branch-change and switching tensor factors. Now we take care of the Steinbergs corresponding to “multilinearity”: f = f_1f_2 ⊗ g − f_1 ⊗g−f_2 ⊗g, for g ∈ ⊗^{n−1}Z[P^1_{C(X)} \{0, ∞}]. The philosophy is then to rely on the remaining “antisymmetry” Steinbergs to transport f (and f ⊗(1−f) in the above) to all positions in the tensor product via permutations. However in this section we shall only do n = 2, 3 and leave the general case to the next section where it is easier.

The crucial point in computing the AJ map ∫ X R^′_{f1f2⊗g} ∧(·)− ∫ X R^′_{f1⊗g} ∧ (·) − ∫ X R^′_{f2⊗g} ∧ (·) is that log f_1 + log f_2 ≡ log f_1f_2 only up to Z(1) = (2π √ −1)Z; and so the difference, multiplied by say ⋀_{n−1} dlogg ∧ ω, is an a priori nontrivial creature. Setting f_1f_2 =: f, log f_1f_2 = log f gives the standard branch while log f_1 + log f_2 =^′ log f defines a different branch with cut^′T_f = T_{f1} + T_{f2} . Since T_f and^′T_f (which each yield classes ∈ H_{2d−1}(X, V_f)) have the same boundary = (f) ⊂ V_f, T_f −^′ T_f gives a class ∈ H_{2d−1}(X). We would like to show this class is zero.

The exact sequence for (relative) singular homology

4(for the basic information on Li2 see [Za] or [Ha].)

2.1. EQUIVALENCE RELATIONS 65

0 → H_{2d−1}(X, Z) → H_{2d−1}(X, V ; Z) → H_{2d−2}(V, Z) → . . . tells us that it is sufficient to show [T_f −^′ T_f ] = 0 in H_{2d−1}(X, V ). Over Q there is a perfect pairing H_{2d−1}(X, V ; Q) ⊗ H_1(X − V, Q) → Q so nontriviality of this class, or equivalently the difference between [T_f ] and [^′T_f ], should be picked up by intersection with a loop γ ∈ H_1(X − V ). Supposing then that γ · T_f = m but γ ·^′ T_f = 0 for such a path γ, we remark that 2π √ −1(γ · T_f ) tells how much log f_1f_2 changes around γ if analytically continued; likewise, 2π √ −1(γ ·^′ T_f ) gives the monodromy of log f_1 + log f_2.

But, analytically continued, these are the same function (if they atart at the same value) and so this is impossible.

Therefore on X there exists a 2d-chain Δ_f with ∂Δ_f = T_f −^′ T_f . For n = 2, triviality of the AJ map then goes as follows (where again ω is d-closed and c.s. on X \ N_ϵ(V )): ∫ X (R^′_{f1f2⊗g} − R^′_{f1⊗g} − R_{f2⊗g}) ∧ ω = ∫ X (log f −^′ log f)dlogg ∧ ω

− (2π √ −1) ∫ T_f −^′T_f (log g)ω − 4π^2 ∫ ∂^{−1}(T_f ∩T_g )−∂^{−1}(^′T_f ∩T_g ) ω. Now writing Δ_f also for the integrable function which is 1 on Δ_f and 0 otherwise, log f −^′ log f = (2π √ −1)Δ_f , while T_f −^′ T_f = ∂Δ_f and we may choose ∂^{−1}(T_f ∩ T_g) − ∂^{−1}(^′T_f ∩ T_g) = ∂^{−1}((T_f −^′ T_f ) ∩ T_g) = Δ_f ∩ T_g. So the above

= 2π √ −1 {∫ Δ_f \Δ_f ∩T_g dlogg ∧ ω − ∫ ∂Δ_f \∂Δ_f ∩T_g (log g)ω + 2π √ −1 ∫ Δ_f ∩T_g ω } . Since ω is d-closed, d log g ∧ ω = d((log g)ω) on Δ_f \ Δ_F ∩ T_g, and ∂(Δ_f \ Δ_f ∩ T_g) = ∂Δ_f \ ∂Δ_f ∩ T_g + (T^+_g − T^−_g ) ∩ Δ_f =⇒ the a bove is zero by Stokes theorem.

For n = 3 the computation reduces to 2π √ −1 ∫ Δ_f

dlogg ∧ dlogh ∧ ω + 2π √ −1 ∫ ∂Δ_f log g dlogh ∧ ω

− 4π^2 ∫ ∂Δ_f (log h)ω ± ∫ Δ_f ∩T_g ∩T_h ω = 2π √ −1 {∫ Δ_f \Δ_f ∩T_g d (log g dlogh ∧ ω) − ∫ ∂Δf log g dlogh ∧ ω + 2π √ −1 ∫ Δf ∩Tg dlogh ∧ ω ∫ ∂Δ_f \∂Δ_f ∩T_g log g dlogh ∧ ω + 2π √ −1 ∫ ∂Δ_f ∩T_g \∂Δ_f ∩T_g ∩T_h (log h)ω

2.1. EQUIVALENCE RELATIONS 66

± 4π^2 ∫ Δ_f ∩T_f ∩T_g ω } = 2π √ −1 { 2π √ −1 ∫ (Δ_f ∩T_g )\T_h

∂ ((log h)ω)

+ 2π √ −1 ∫ (∂Δ_f ∩T_g )\T_h (log h)ω ± 4π^2 ∫ Δ_f ∩T_g ∩T_h ω } = 0.

We shall do two examples of the Steinbergs inducing “alternation”: f =

f ⊗ g + g ⊗ f for n = 2 and f ⊗ g ⊗ h + f ⊗ h ⊗ g for n = 3, leaving

the general case again for §2.2. Since T_f ∩ T_g = −T_g ∩ T_f , we may choose

∂^{−1}_{(X,V )}(T_f) = ∂^{−1}(0) = 0, and so ∫ X ( R^′_{f⊗g} + R^′_{g⊗f} ) ∧ ω = ∫ X (log f dlogg + log g dlogf) ∧ ω

−2π √ −1 ∫ T_f (log g)ω − 2π √ −1 ∫ T_g (log f)ω,

which is 0 since log f dlogg + log g dlogf = d (log f log g) on X \ T_f ∪ T_g and

by Stokes theorem ∫ X\T_f ∩T_g d ((log f log g)ω) = 2π √ −1 ∫ T_g (log f)ω + 2π √ −1 ∫ T_f (log g)ω.

For n = 3, again T_f ∩ T_g ∩ T_h = −T_f ∩ T_h ∩ T_g and

∫ X ( R^′_{f⊗g⊗h} + R_{f⊗h⊗g} ) ∧ ω = ∫ log f = 0 ( dlogg ∧ dlogh + dlogh ∧ dlogg ) ∧ ω

+ 2π √ −1 ∫ T_f (log g dlogh + log h dlogg) ∧ ω − 4π^2 {∫ T_f ∩T_g (log h)ω + ∫ T_f ∩T_h (log g)ω }

which reduces to the same computation as above (on T_f rather than X).

2.2. MILNOR-REGULATOR CURRENTS 67

2.2. Milnor-Regulator Currents

2.2.1. “Pushing” the Abel-Jacobi map down to X. The proofs in the last section can be vastly simplified by thinking of ∫ X R^′_f ∧ ω as integration against something like a differential form, and working with these “outside the integral.” So we introduce the language of currents, intuitively differential forms with distributuion coefficients, and reduce AJ(γ_f) to such an object using formula (1.4.1). Formally, an m-current is a section of a sheaf

′D^m_X = D(Ω^{2d−m}_X∞ )

of distributions on C^∞-forms. Given a suitable ℓ-form η on a real-codimension-k analytic subset Y ⊂ X, with associated “delta function” δ_Y , η · δ_Y defines a current ∈ Γ(^′D^{k+ℓ}_X ) by the formula

∫ X (η · δ_Y ) ∧ ω := ∫ Y η ∧ ι^∗_Y ω , ω ∈ Γ(Ω^{2d−k−ℓ}_X∞ );

of course if η = ι^∗_Y η̃ for η̃ on X then “η̃ · δ_Y ” is the same current. Like C^∞- forms, currents form a complex of sheaves with hypercohomology computing H^∗_{DR}(X, C ); since they are (like the sheaves of C^∞-forms) acyclic, we have H^∗(Γ(X,^′D^•_X )) ∼= H^∗(X, C ). Accrding to [GH], the differential of an mcurrent is just given by the “adjointness” property

∫ X d[S] ∧ ω := (−1)^{m+1} ∫ X S ∧ dω

where the r.h.s. may have to be computed as a (finite) limit. The obvious example on X is d[dlogf] = (2π √ −1) δ_{(f)}.

But a differnt kind of example concerns us in this section, where we are not interested in “residues” of this sort, and want to work “away” from V_f. Recall that ι_!Ω^{2d−m}_{(X\Vf)∞} is the sheaf of C^∞-forms compactly supported away from V_f, and let^′D^m_V ∞ ⊂^′D^m_X be the subsheaf of currents annihilating these forms. They are called the “currents [on X] supported on V ” and we get

2.2. MILNOR-REGULATOR CURRENTS 68

currents on (X − V ) by ignoring them:^5 ′D^m_{(X\V )}∞ :=^′D^m_X /_′ D^m_V ∞ = D ( ι_!Ω^{2d−m}_{(X\V )∞} ) . These form a complex, and ∫ X S ∧ ω induces a perfect pairing between H^m(Γ(X,^′D^•_{(X\V )}∞ )) ∼= H^m(X − V, C ) and H^{2d−m}(Γ(X, ι_!Ω^•_{(X\V )}∞ )) ∼= H^{2d−m}_c (X − V, C ). The prototypical example of d in this complex is, considering log f (with the 2π √ −1 jump at T_f ) as a 0-current, d[log f] = dlogf − (2π √ −1)δ_{Tf} . Here T_f is oriented so that ∂T_f = (f) = (f)_0 − (f)_∞ as usual. With the convention that the δ_{Tfi} ’s anti-commute with dlogf_i’s and the like, we may differentiate combinations of these exactly like forms (with regard to signs).^6 Formally, one has ∫ X d[log f] ∧ ω = − ∫ X (log f)dω = − ∫ X\T_f d ((log f)ω) + ∫ X dlogf ∧ ω

= −2π √ −1 ∫ T_f ω + ∫ X dlogf ∧ ω. 5There are actually a few different constructions of currents “on X − V ”, arising as quotients by the following sheaves of currents supported on V . Writing ȷ : X − V → X, ι : V → X, we have (partailly after [Ki]) (_′ D^{m−2}_V · δV = ) ι∗^′D^{m−2}_V ⊂^′D^m_X (onV ) ⊂^′D^m_V ∞ ⊂^′D^m_X ,

which may be defined respectively in terms of what they annihilate: Ω^{2d−m} X∞ < nullV > ⊃ Ω^{2d−m}_X∞ (nullV ) ⊃ ȷ_!Ω^{2d−m}_{(X\V )}∞ ⊃ 0, where Ω^{2d−m}_X∞ < nullV > and Ω^{2d−m}_X < nullV > are C^∞ and holomorphic forms (respectively) pulling back to 0 via ι^∗ (e.g. any holomorphic d-form, d = dim X), and Ω^•_X∞ (nullV ) := Ω^•_X∞ ∧ Ω^•_X < nullV >. (the difference is that Ω^•_X∞ (nullV ) has a dz or z in a neighborhood of a component {z = 0} of V , as opposed to e.g. dz̄ or z̄.) So one has the (X − V )-currents ′D^m_X < V >:=^′D^m_X / ι∗^′D^{m−2}_V ∼= D ( Ω^{2d−m} X∞ < nullV > ) , ′D^m_X (log V ) := ⊕p+q=n^′D^p_X ∧ Ω^q_X (log V ) ∼= (King) ′D^m_X /_′ D^m_X (onV ) ∼= D ( Ω^{2d−m} X∞ (nullV ) ) ,

′D^m_{(X\V )}∞ :=^′D^m_X /_′ D^m_V ∞ = D ( ȷ_!Ω^{2d−m} (X\V )∞ ) . We have chosen the latter in order that R^′_f can be d-closed “on (X − V )” for n > d even for “bad” f (when R^′_f has worse than log simgularities). Formally, to check in general in which complex of sheaves of (X − V )-currents R is closed, let ω be an arbitrary section of one of the three sheaves of forms “vanishing” on V and check if, as ϵ → 0, ∫ Nϵ (V ) R ∧ dω − ∫ ∂Nϵ (V ) R ∧ ω → 0. 6with the caveat that a δ-function in front corresponds to integration so signs differ between the currents and (1.4.1) for n odd.

2.2. MILNOR-REGULATOR CURRENTS 69

We now define a map

R : ⊗^nZ[P^1_{C(X)} \ {0, ∞}] → Γ(^′D^{n−1}_X )

sending f_1 ⊗ . . . ⊗ f_n = f −→ R_f := n∑ i=1 (±2π √ −1)^{i−1} log f_i dlogf_{i+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1}

= log f_1 dlogf_2 ∧ . . . ∧ dlogf_n + (±2π √ −1) log f_2 dlogf_3 ∧ . . . ∧ dlogf_n · δ_{Tf1}

+ . . . + (2π √ −1)^{n−1} log f_n · δ_{Tf1 ∩...∩Tfn−1} , where ± = (−1)^{n−1}. We note that the singularities are integrable even for f “bad” so this makes sense as a current on all of X and not just X − V . But it is closed on X − V , as applying d yields modulo^′D^n_V ∞ a collapsing sum:

d[R_f] = n∑ i=1 (±2π √ −1)^{i−1}dlogf_i ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1}

− n∑ i=1 (±2π √ −1)^idlogf_{i+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi}

= dlogf_1 ∧ . . . ∧ dlogf_n − (2π √ −1)^n δ_{Tf1 ∩...∩Tfn} = Ω_f − (2π √ −1)^nT_f.

Assuming n > d, Ω_f = 0 and ∂^{−1}_{(X,V )}T_f exists, so that the (n − 1)-current

R^′_f = R_f + (2π √ −1)^n δ_∂−1_{Tf} ∈ Γ(^′D^{n−1}_X )

now has d[R^′_f] ∈ Γ(^′D^n_V ∞ ) and so is d-closed in the complex Γ(^′D^•_{(X\V )∞} ). Therefore we have a class ∈ H^{n−1}(X − V, C ), well-defined up to classes generated by currents { (2π √ −1)^n δ_C | | C ∈ H_{n−1}(X, V ; Z)}. Proposition 2.2.1. (a) For n > d, sending f → R^′_f gives a well-defined map R^′ : ⊗^nZ[P^1_{C(X)} \ {0, ∞}] → H^{n−1}(η_X , C /Z(n)) ∼= H^{2d−n+1}(X_{rel}, C )^∨ im {H_{n−1}(X_{rel}, Z(n))} . (b) This map factors through K^M_n (C (X)).

Most of the remainder of the section is devoted to showing (b), by writing R^′_f (for f a Steinberg) as a coboundary d[S] in the quotient complex Γ(^′D^•_{(X\V )∞} ). Note that in Γ(^′D^•_X ), the “residues” d[R^′_f] and d[S] − R^′_f are in general not zero, and are considered in the next section; knowing residues of

2.2. MILNOR-REGULATOR CURRENTS 70

S in particular is useful for our discussion of relative regulators in Chapter 5. In any case, for ω d- closed with c.s. on X^ϵ,

R^′_f = d[S] =⇒ ∫ X R^′_f ∧ ω = ∫ X d[S] ∧ ω := ± ∫ X S ∧ dω = 0. 2.2.2. Explicit coboundary currents. Case 1. f = f ⊗ (1 − f) ⊗ g.

As in §2.1, T_f ∩ T_{1−f} ⊂ V_f so (we may choose) R^′_f = log f dlog(1 − f) ∧ dlogg_1 ∧ . . . ∧ dlogg_{n−2}

+(−1)^{n−1}2π √ −1 log(1 − f)dlogg_1 ∧ . . . ∧ dlogg_{n−2} · δ_{Tf} .

As a 0-current^7, Li_2(x) may be differentiated (using FTC and the discussion in §2.1) d[Li_2(x)] = d [ − ∫_x 0 log(1 − z)dlogz ] = − log(1 − x)dlogx + 2π √ −1 log x · δ_{T1−z} . Setting

S = −Li_2(1 − f) n−2⋀ dlogg, we have (on X \ V ) d[S] =

log f dlog(1 − f) ∧ n−2⋀ dlogg − 2π √ −1 log(1 − f) · δ_{Tf} ∧ n−2⋀ dlogg = R^′_f.

Case 2. f = g ⊗ f_1f_2 − g ⊗ f_1 − g ⊗ f_2.

Again we must show the regulator-current’s cohomology class is invariant with respect to branch change in f = f_1f_2. The 2d-chain Δ_f of §2.1 translates to a 0-current with d[Δ_f ] = δ_{Tf} − δ′_{Tf} = δ_{Tf1f2} − δ_{Tf1} − δ_{Tf2} .

Notice that most of the terms in R_f = R_{g⊗f1f2} − R_{g⊗f1} − R_{g⊗f2} = log g_1 dlogg_2 ∧ . . . ∧ dlogg_{n−1} ∧ (dlogf_1f_2 − dlogf_1 − dlogf_2) + . . . +(±2π √ −1)^{n−1} (log f_1f_2 − log f_1 − log f_2) · δ_{Tg1 ∩...∩Tgn−1}

7Incidentally, one can view all the polylogarithms as single-valued functions with a branch cut at T1−z = [1, ∞] ∈ R^+ , and so as 0-currents on P^1. We write Li1(x) = − log(1 − x) in our preferred branch (−π ≤ ℑ{Li1(x)} ≤ π), and thereby iteratively obtain preferred branches of all

Lin(x) = ∫_x 0 Lin−1(t)dlogt, by integrating away from T1−z . The general differentiation rule (using the monodromy result in [Ha]) is then

d[Lin(x)] = Lin−1(x)dlogx + 2π √ −1 (n − 1)! log^{n−1} x · δT_{1−z} (where log^{n−1} x ∈ R along T1−z ).

2.2. MILNOR-REGULATOR CURRENTS 71 = ±(2π √ −1)^nΔ_f · δ_{Tg1 ∩...∩Tgn−1} cancel since dlogf_1f_2 = dlogf_1 + dlogf_2 exactly; by choosing ∂^{−1}_{(X,V )} ( T_{g1} ∩ . . . ∩ T_{gn−1} ∩ (T_f −^′T_f ) ) = T_{g1} ∩ . . . ∩ T_{gn−1} ∩ Δ_f we may write

R^′_f = (2π √ −1)^nΔ_f · δ_{Tg1 ∩...∩Tgn−1} − (2π √ −1)^nδ_{Tg1 ∩...∩Tgn−1 ∩Δf} = 0. Of course for the branch-change occurring in another factor of the ⊗-product, we can define an S using Δ_f (or just Case 3 below).

Case 3. Alternation is more involved. We do increasing levels of difficulty.

n = 2 : f = f ⊗ g + g ⊗ f. On X − V

R^′_f = log f dlogg − (2π √ −1) log g · δ_{Tf} + log g dlogf − (2π √ −1) log f · δ_{Tg} = d [log f log g]

n = 3 : f = f ⊗ g ⊗ h + g ⊗ f ⊗ h =⇒ R^′_f = d [log f log g dlogh]

f = f ⊗ g ⊗ h + f ⊗ h ⊗ g =⇒ R^′_f = d [ 2π √ −1 log g log h · δ_{Tf} ] f = f ⊗ g ⊗ h + h ⊗ g ⊗ f =⇒ R^′_f = log f dlogg ∧ dlogh + (2π √ −1) log g dlogh · δ_{Tf} − 4π^2 log h · δ_{Tf ∩Tg}

+ log h dlogg ∧ dlogf + (2π √ −1) log g dlogf · δ_{Th} − 4π^2 log f · δ_{Th∩Tg} = d [ − log f log h dlogg + 2π √ −1 log f log g · δ_{Th} + 2π √ −1 log h log g · δ_{Tf} ] . n > 3 : f = f_1 ⊗. . .⊗f_i ⊗. . .⊗f_j ⊗. . .⊗f_n + f_1 ⊗. . .⊗f_j ⊗. . .⊗f_i ⊗. . .⊗f_n. Then on X \ V_f, R^′_f = d[S] (choosing ∂^{−1}_{(X,V )}T_f = ∂^{−1}0 = 0) where

S_{ij} = (2π √ −1)^{i−1} log f_i log f_j dlogf_{i+1} ∧ . . . ∧ dlogf_{j−1} ∧ dlogf_{j+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1}

+(2π √ −1)^i [ log f_i log f_{i+1} dlogf_{i+2} ∧ . . . ∧ dlogf_{j−1} ∧ dlogf_{j+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1 ∩Tfj} + log f_j log f_{i+1} dlogf_{i+2} ∧ . . . ∧ dlogf_{j−1} ∧ dlogf_{j+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1 ∩Tfi} ]

+ . . . + (2π √ −1)^{j−2} [ log f_i log f_{j−1} dlogf_{j+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1 ∩Tfj ∩Tfi+1 ∩...∩Tfj−2} log f_j log f_{j−1} dlogf_{j+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1 ∩Tfi ∩Tfi+1 ∩...∩Tfj−2} ]

2.2. MILNOR-REGULATOR CURRENTS 72

We mention one consequence of Case 3 before proceeding. If

Alt_n(f) := ∑ σ∈S_n sgn(σ) · f_{σ(1)} ⊗ . . . ⊗ f_{σ(n)} then we may alternate the regulator current for free – that is, there must exist a current S so that on X \ V_f (for appropriate choice of ∂^{−1}) n! R^′_f − R^′_{Altn(f)} = d[S]. This is easier said than done, even for n = 3 and f = f ⊗ g ⊗ h. The reader is warmly invited to check that S = 6π √ −1 log g log h · δ_{Tf} + 2 log f log g dlogh − 2 log f log h dlogg

+ 2π √ −1 log f log g · δ_{Th} − 2π √ −1 log f log h · δ_{Tg}

does the job. It is instructive to look at the residues of S; bearing in mind that on X we have d[δ_{Tf} ] = δ_{(f)} and d[dlogf] = 2π √ −1 δ_{(f)}, d[S] − R^′_{{n!f−Altnf}} = 6π √ −1 { log g log h · δ_{(f)} + log f log g · δ_{(h)} − log f log h · δ_{(g)} } . The symmetry here is strongly connected to the way we shall use the “Levine lemma” (Proposition 1.2.1) in §3.1.

So we have our map

R^′ : K^M_n (C (X)) → H^{n−1}(η_X , C /Z(n))

in the event that n > d so that R^′_f is indeed closed. In the event that n ≤ d, we have first

Ω : K^M_n (C (X)) → H^n(η_X , Z(n)) ∩ F^nH^n(η_X , C )

f −→ Ω_f := n⋀ dlogf

which may be thought of as a “holomorphic n-current” on X (closed on X \ V ). Then R^′ is defined on ker(Ω) and altogether we get a map

(Ω, R^′) : K^M_n (C (X)) → H^n_D(η_X , Z(n)).

The overall picture is simplified if we consider the currents as functionals on H_{n−1}(X −V, Z) via integration over singular cycles C. Assume once again n > dim X. If [R^′_f] is “trivial”, i.e. ∈ im { H_{n−1} (X, V ; Z(n)) → H^{n−1}(X − V, C ) } , then while ∫ X R^′_f∧ω (for an individual ω) can be anything, ∫ C R^′_f is necessarily in Z(n); so we may think of H^{n−1}(η_X , C /Z(n)) as hom (H_{n−1}(η_X , Z), C /Z(n)) . In fact, in integration we may altogether drop the last term of R^′_f, as " ∫ C (2π √ −1)^n∂^{−1}_{(X,V )}T_f "

is just an intersection number ∈ Z(n). So [R_f] alone gives the desired cohomology class, from this perspective.

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 73

For n ≤ dim X, d[R_f] = Ω_f − (2π √ −1)^nT_f; therefore we may think of ∫ C R_f as giving a C /Z(n)-valued holomorphic differential character. This is a functional χ on cycles (not cycle-classes) which obeys the rule C = ∂ζ on X − V =⇒ χ(C) ≡ ∫ ζ Ω mod (2π √ −1)^nZ, for some fixed Ω ∈ Ω^n(X \ V ). Such objects give classes in H^n_D(η_X , Z(n)), see [Ga] or (essentially) §2.4.

Notice also that cycles C may be expressed as limits of (Poincaré dual) closed forms ω with c.s. on X^ϵ, and so whatever we prove for such forms also holds for cycles.

2.3. Residues in the Local-Global Setting

2.3.1. Res^1 and Tame^1 in the context of currents. We first show how to compute codimension-1 residues of R^′_f, using the language of §2.2, then introduce the relevant local-global spectral sequences for computing higher residues. We initially work with a particular (convenient) choice of R^′_f, ignoring the Z(n)-ambiguities in the regulator and its residues, then show how to reinstate them in a way compatible with the local-global setting.^8 For any f we may write f = f_0 + g, g a Steinberg and f_0 “good” in the sense that γ_{f0} ∈ Z^n(X, n). Trivially R_f = R_{f0} + R_g on X \ V_f, enlarging V_f if necessary to include V_{f0} and V_g. One may then choose simply ∂^{−1}_{(X,Vf )}T_f = ∂^{−1}_{(X,Vf0 )}T_{f0} + ∂^{−1}_{(X,Vg)}T_g so that R^′_f = R^′_{f0} + R^′_g, so that [R^′_f] ≡ [R^′_{f0} ] + [R^′_g] ∈ H^{n−1}(X − V_f, C ) (where e.g. [R^′_{f0} ] is the image of the class under H^{n−1}(X − V_{f0} ) → H^{n−1}(X − V_f)). Now we know that the class [R^′_g] is zero (for the right choice of ∂^{−1}), and so [R^′_f] ≡ [R^′_{f0} ] and the classes of their residues must be equal. Formally, if R^′_g = d[S] on X − V_g, we take (in the spirit of §1.4) a d-closed form β on V_f compactly supported away from W_f; we may then arrange an extension β̃ to N_{2ϵ1} (V_f) so that dβ̃ is supported away from N_ϵ(V_f) ⊇ N_ϵ(V_g), and compute ± ∫ X d[R^′_g] ∧ β̃ := ∫ X R^′_g ∧ dβ̃ = ∫ X\N_ϵ(V_g)

R^′_g ∧ dβ̃ = ∫ X\N_ϵ(V_g)

d[S] ∧ dβ̃

= ∫ N_ϵ(V_g) S ∧ dβ̃ = 0. This does not prove that the residues of R^′_g are “physically zero”, but that they are cohomologically so (and one could do this for all Res^i below, so that d[R^′_g] is cohomologous to zero on V_f, not just V_f \ W_f). The main point is

8Note one slight shift to simplify notation: here V^i shall mean what^′V^i did in §1.4. Namely, V^2_f (= W ) consists of all codimension-1 intersections (and self-intersections) of all components of V^1_f (= V ), then V^3_f (= Y ) is derived from V^2_f in the same way, and so on.

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 74

now that the residues of R^′_{f0} (which has only log singularities) are “directly”

computable unlike those of R^′_f.

Example 2.3.1. On a curve, let f = f ⊗ f. Then

R_f = log fdlogf − 2π √ −1(log^{[+]} f) · δ_{Tf}

is not convenient to work with. Thus we write

f = f ⊗ (−1) + [f ⊗ f − f ⊗ (−1)] =: f_0 + g,

so that (with standard branches of log =⇒ arg ∈ (−πi, πi]

R_{f0} = log fdlog(−1) − 2π √ −1 log(−1) · δ_{Tf} = 2π^2δ_{Tf} and d[R^′_{f0} ] = 2π √ −1 ( −π √ −1 · δ_{(f)} ) . As for

R_g = log f dlogf − 2π √ −1 log f · δ_{Tf} − 2π^2 · δ_{Tf} ,

across T_f the change in log^2 f is

(log f − 2π √ −1)(log f − 2π √ −1) − log^2 f = −4π √ −1 log f − 4π^2

so that d [ 1 2 log^2 f ] = R_g on X \ |(f)|. Recall that in §1.4 we computed residues of AJ on a “good” graph like

γ_{f0} ; that result gives the second equality in ± ∫ X d[R^′_{f0} ] ∧ β̃ := ∫ N_{2ϵ1} (V )

R^′_{f0} ∧ dβ̃ = ∫ V R^′_{∂f0} ∧ β. However, in the present setting we can see equality of the first and last terms

more immediately. To start with, suppose on a surface f_0 = f ⊗g ⊗h (adding

more terms changes nothing) so that all components of |(f)|, |(g)|, |(h)| are

distinct, and compute on X (not X − V )

d[R_{f0} ] = d [ log f dlogg ∧ dlogh + 2π √ −1 log g dlogh · δ_{Tf} − 4π^2 log h · δ_{Tf ∩Tg} ]

= 2π √ −1 {( log fdlogg · δ_{(h)} − log fdlogh · δ_{(g)} ) + ( log gdlogh · δ_{(f)} − 2π √ −1 log g · δ_{Tf} · δ_{(h)} )

+ ( 2π √ −1 log h · δ_{Tf} · δ_{(g)} − 2π √ −1 log h · δ_{Tg} · δ_{(f)} )} + 8π^3 √ −1 δ_{Tf ∩Tg ∩Th} = 2π √ −1 × {( log fdlogg − 2π √ −1 log g · δ_{Tf} ) · δ_{(h)} − ( log fdlogh − 2π √ −1 log h · δ_{Tf} ) · δ_{(g)} ( log gdlogh − 2π √ −1 log h · δ_{Tg} ) · δ_{(f)} } + 8π^3 √ −1 T_{f0} .

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 75

More generally, for f_0 = f_1 ⊗ . . . ⊗ f_n, on X

d[R_{f0} ] = d [_n ∑ i=1 (±2π √ −1)^{i−1} log f_idlogf_{i+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1} ]

= n∑ ℓ=1 [_{ℓ−1} ∑ i=1 (±2π √ −1)^{i−1}2πi(−1)^{ℓ−i−1} log f_idlogf_{i+1} ∧ . . . ∧ ^dlogf_ℓ ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩Tfi−1}

+ n∑ i=ℓ+1 (2π √ −1)^{i−1}(−1)^{n+ℓ−i−1} log f_idlogf_{i+1} ∧ . . . ∧ dlogf_n · δ_{Tf1 ∩...∩^Tfℓ ∩...∩Tfi−1} ] · δ_{(fℓ)}

± (2π √ −1)^nT_{f0} = 2π √ −1 n∑ ℓ=1 (−1)^ℓR_{f1⊗...⊗ ^fℓ⊗...⊗fn} · δ_{(fℓ)} ± (2π √ −1)^nT_{f0} .

Now (see §1.4 for the picture) ∂_X ( ∂^{−1}_{(X,V )}T_{f0} ) = T_{f0} − ∑ ℓ (−1)^ℓ∂^{−1}_{(Vℓ,W )}T_{∂ℓf0} so that reinstating (2π √ −1)^nδ_∂−1_{Tf0} in R_{f0}

d[R^′_{f0} ] = 2π √ −1 n∑ ℓ=1 (−1)^ℓR^′_{∂ℓf0} · δ_{(fℓ)} (∗)

gives classes ∈ H^{n−2}(V \W, C ) = ⊕_ℓH^{n−2}(V_ℓ \W, C ) which are cohomologous to the residues of R^′_f. In fact, since the map f_0 → ∂_if_0 on good f_0 generates Tame : K^M_n (C (X)) → ∐ x∈X^1 K M n−1(C (x)), one may write 1 2π √ −1 d[R^′_f] ≡ R^′_{Tamef} · δ_V ∈ H^{n−2}(V \ W, C /Z(n − 1))

where Tamef means any representative (e.g., T (f) in the §1.2 footnote).^9

Proposition 2.3.2. We therefore have a commutative diagram (n > d)

K^M_n (C (X))

R^′ H^{n−1}(η_X , C /Z(n))

∐ x∈X^1 K^M_{n−1}(C (x)) T ∐ R^′ ∐ x∈X^1 H^{n−2}(η_x, C /Z(n − 1))

Res^1 2π √ −1

9However for computing higher Res^i this is not sufficiently sensitive – we must use f0 and (*) above. (That is, while the Res^i are invariant with respect to choice of g on X \ V , we are not free to modify by Steinbergs on V \ W unless we are interested only in Res^1 as is the case here.)

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 76

2.3.2. Higher residues of currents [dual to section (1.4.4)]. Following a suggestion in [F], we now construct a local-global picture which will turn out to be dual to that of §1.4. We add one more inclusion to those employed there:

ȷ^{(i)} : X − V^i_f → X , ȷ^{(i,i+1)} : V^i_f \ V^{i+1}_f → V^i_f ,

ι_{(i)} : V^i_f → X, ι_{(i+1,i)} : V^{i+1}_f → V^i_f .

Pushing forward by ι we have the exact sequence of sheaves 0 → ι^{(i+1)}_∗ C → ι^{(i)}_∗ C → ι^{(i)}_∗ C /ι^{(i+1)}_∗ C ι^{(i)}_∗ ↑∼= ȷ^{(i,i+1)} ∗ C → 0

in which we may resolve terms by

ι^{(i)}_∗ C →^′D^•_{(V} i_{f )∞} , ι^{(i)}_∗ C /^{(i+1)}_∗ C →^′D^•_{(V if )∞} /^′D^•_{(V i+1f )∞} ι^{(i)}_∗ ↑≃ ′D^•_{(V if \V i+1f )∞} [−2i] where by^′D^•_{(V if \V i+1f )∞} :=^′D^•_{V if} /{_′ D^•_{(V i+1f )∞} ⊂^′D^•_{V if} } we actually mean (a quotient of) currents “on V^i_f ” and not “on X supported on V^i_f ”,^{10} which is what it is mapping to quasi-isomorphically (via ι^{(i)}_∗ , which is essentially mutiplication by δ_V i_f ). The short exact sequence reflects an ascending filtration (F^N_{p−1} ⊂ F^N_p ) by niveau ′F^N_p C = ι^{(d−p)}_∗ C ,^′Gr^N_p C = ′F^N_p ′F^N_{p−1} ∼= ȷ^{(d−p,d−p+1)} ∗ C (compare Gr^N_p C ∼= ȷ^{(d−p,d−p+1)} ! C ), and from the resolutions we get the initial exact triangles for the corresponding spectral sequence

. . . → H^∗_V i+1_f (X, C ) → H^∗_V i_f (X, C ) → H^∗_{V if \V i+1f} (X, C ) → ‖ H^{∗−2i}(V^i_f − V^{i+1}_f , C ) . . .

The E_1-terms of the two spectral sequences are (computed a priori using the quotient sheaves) E^{p,q}_1 := H^{p+q} { Γ ( X, ȷ_!Ω^•_{(X\V d−p+1f )∞} / ȷ_!Ω^•_{(X\V d−pf )∞} )} ∼= −→ ȷ^∗_{(d−p)} H^{p+q} { Γ ( V^{d−p}_f , ȷ_!Ω^•_{(V d−pf \V d−p+1f )∞} )} ∼= H^{p+q}_c (V^{d−p}_f − V^{d−p+1}_f , C )

10it helps to note that there are 2 different^′D^•_{(V} i+1_{f )∞} ’s at work here, one in^′D^•_{(V} i_{f )∞} ⊂ ′D^•_X , the other in^′D^•_V i_f .

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 77 ∼= H^{p+q}(V^{d−p}_f , V^{d−p+1}_f ; C ) =⇒ Gr^N_p H^{p+q}(X, C ) = E^{p,q}_∞ from §1.4 and from directly above (and somewhat unconventionally) ′E^{p,q}_1 := H^{2d−(p+q)} { Γ ( X,^′D^•_{(V d−pf )∞} /_′ D^•_{(V d−p+1} f )^∞ )} ∼= ←− ι^{(d−p)} ∗ H^{p−q} { Γ ( V^i_f ,^′D^•_{(V d−pf \V d−p+1f )∞} )} ∼= H^{p−q}(V^{d−p}_f − V^{d−p+1}_f , C )

=⇒^′Gr^N_p H^{2d−(p+q)}(X, C ) =^′E^{p,q}_∞ and none of this requires normal crossings. Clearly^′E^{p,q}_1 and E^{p,q}_1 are (Lefschetz-)dually isomorphic by the usual pairing ∫ X (·) ∧ (·), and moreover (as we shall demonstrate for i = 1, 2) the (^′)d_i of the spectral sequences are adjoint (as are ι^∗_{(i)} and ι^{(i)}_∗ ) in this pairing. For n = 4, d = 3 one should have in mind the picture

where of course Y ⊂ W ⊂ V ⊂ X are analytic subsets of increasing codimension (and Y is a collection of points).

We describe the^′d_i = Res^i on currents for n = 4, X a 3-fold. [R^′_f] ∈ H^3(X − V_f) lifts to a closed section R^′_f ∈ Γ(X,^′D^3_X /^′D^3_V ∞ ), thence to a non-closed section ∈ Γ(X,^′D^3_X ), so that

d[R^′_f] ∈ Γ(X,^′D^4_V ∞ ) → Γ(X,^′D^4_V ∞ /^′D^4_W ∞ ).

Modulo “exact” currents in this last complex, the image (of d[R^′_f]) lifts to ~ d[R^′_f] ∈ Γ(V,^′D^2_{(V \W )}∞ =^′D^2_V /^′D^2_W ∞ )

under ι^{(1)}_∗ ; then Res^1[R^′_f] is the class of either the image or the lift, in H^4_{V \W} (X, C ) ∼= H^2(V − W, C ). Now

β̃ ∈ Γ(X, ȷ_!Ω^2_{(X\W )∞} /ȷ_!Ω^2_{(X\V )∞} )

was a lift of the (d-closed) form β ∈ Γ(V, ȷ_!Ω^2_{(V \W )∞} ) under ι^∗_{(1)}, which then got differentiated as a section Γ(X, ȷ_!Ω^2_{(X\W )∞} ) to give dβ̃ ∈ Γ(X, ȷ_!Ω^3_{(X\V )∞} )

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 78

and a corresponding class in H^3_c (X − V, C ). The procedures are therefore exactly dual (or “adjoint”) and ± ∫ X R^′_f ∧ dβ̃ = ∫ X d[R^′_f] ∧ β̃ = ∫ V ~ d[R^′_f] ∧ β.

This is why we took the “lift”; although localized at V the second integral is still on X.

Remark 2.3.3. If the class of d[R^′_f] ∈ H^4 {Γ (X,^′D^•_V ∞ /^′D^•_W ∞ )} is zero (i.e. Res^1 is trivial), then one does not “lift” it to V until arriving at Res^2 in codimension 2 – the sensitive “sub-cohomological” information must be retained along the way. The same goes for all Res^i; this is very similar to our use of Bloch’s moving lemma in the local-global setting in §1.2.

For aid in computing^′d_2 = Res^2 we may once again draw a diagram of “exact triangles” (where [R^′_f] ∈ H^3(X − V )), −→ H^3(X − V ) Δ H^4_V (X) H^4(X) −→

−→H^1(V − W ) Δ H^4_W (X) H^4_V (X) ′d_1 H^2(V − W ) Δ

−→ H^4_W (X)

′d_1^′d_2

H^0(W − Y ) Δ

in which we have already traced through the top^′d_1. If it is zero, i.e. d[R^′_f] is exact in Γ(X,^′D^•_V ∞ /^′D^•_W ∞ ), then there exists S^1_V ∈ Γ(X,^′D^3_V ∞ ) such that d[R^′_f] = d[S^1_V ] mod^′D^4_W ∞ , and we “take residues” d[R^′_f] − d[S^1_V ] ∈ Γ(X,^′D^4_W ∞ ) → Γ(X,^′D^4_W ∞ /^′D^4_Y ∞ ).

Now it’s o.k. to move the image by a coboundary and lift via ι^{(2)}_∗ to ~ d[R^′_f − S^1_V ] ∈ Γ(W,^′D^0_W /{_′ D^0_Y ∞ ⊂^′D^0_W } ) = Γ(W,^′D^0_{(W \Y )}∞ ).

We have to mod out by the image of the bottom^′d_1 here: take a d-closed current in R^1_V ∈ Γ(V,^′D^1_{(V \W )}∞ ) −→ ι^{(1)}_∗

Γ(X,^′D^3_V ∞ /^′D^3_W ∞ )

so that d[(ι^{(1)}_∗ )R^1_V ] ∈ Γ(X,^′D^4_W ∞ ) → Γ(X,^′D^4_W ∞ /^′D^4_Y ∞ ),

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 79

and we may move/lift this to ~d[R^1_V ] ∈ Γ(W,^′D^0_{(W \Y )∞} ) with class in H^0(W − Y ). The difference was that in V − W , d[R^1_V ] = 0 while d[S^1_V ] = d[R^′_f](≠ 0). So in brief one should (abusing notation slightly)^{11} think of Res^2 as Res^1_W ∘d^{−1} ∘Res^1_V , modulo the image of Res^1_W on “closed” currents on V −W . To show the desired “adjointness” of the (^′)d_i, we recall the explicit version of d_2η from §1.4 and write (ignoring signs) ∫ X R^′_f ∧ d_2η =: ∫ X R^′_f ∧ d(η̃ − β̃) =: ∫ X d[R^′_f] ∧ (η̃ − β̃)

= ∫ X d[R^′_f − S^1_V ] ∧ (η̃ − β̃) + ∫ X d[S^1_V ] ∧ (η̃ − β̃).

Since β̃ is supported away from W , this = ∫ X d[R^′_f − S^1_V ] ∧ η̃ + ∫ X S^1_V ∧ d(η̃ − β̃)

= ∫ X ~ d[R^′_f − S^1_V ] ∧ η = ∫ W Res^2[R^′_f] ∧ η.

Here the second term vanished because S^1_V ∈ Γ(^′D^2_V ∞ ), while ι^∗_V η̃ − β is d-closed on V so that d(η̃ − β̃) ∈ Γ(Ω^4_{(X\V )∞} ). More generally for ξ ∈ an appropriate subquotient of H^{2d−n}_c (V^i_f − V^{i+1}_f ), ∫ X R^′_f ∧ d_iξ = ∫ V^i_f

Res^i[R^′_f] ∧ ξ

where Res^i[R^′_f] lands in a subquotient of H^{n−2i}(V^i_f − V^{i+1}_f ).

Remark 2.3.4. One possibility is that {f} ∈ ker(Tame) and d[R^′_f] is (along some components of V ) trivialized on V − W by an S^1_V of the sort encountered in §2.2 (Case 1), so that Res^2 is dilogarithmic. More on this later; Res^i in general should be i-logarithmic in nature.

2.3.3. Lifting [R^′_f] to X. Reinstating the Z(n)-ambiguities. Now replacing the right-hand column^′E^{d,q}_1 ∼= H^{d−q}(X − V, C ) by zeroes we arrive at a spectral sequence converging to ′E^{p,q}_∞ (V ) ∼=^′Gr^N_p H^{2d−(p+q)} V (X, C ) which is dually isomorphic to Gr^N_p H^{p+q}(V ). (Perhaps the notation H^{∗−2}(V̂ ) := H^∗_V (X), so that Poincaré duality H^m(V̂ ) = H^{m+2}_V (X) ∼= H^{2d−2−m}(V ) involves the dimension of V rather than X, makes more sense.) A simple

11This approach is essentially valid in the case of normal crossings and good f, so one may use log-currents and build a double complex. In that case the “ResW ” at a component of W typically involves the difference of two residues from two components Vi and Vj . The computation then looks something like ResW_{ij} {d^{−1}(ResV_i [R^′_f])} − ResW_{ij} {d^{−1}(ResV_j [R^′_f])}, noting that while these two terms are not necessarily closed currents on Wij , their difference imust be.

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 80

algebraic argument then gives the long exact sequence

→ H^∗_V (X) Gy −→ ι^{(1)}_∗ H^∗(X) −→ ȷ^∗_{(1)} H^∗(X − V ) −→ Res H^{∗+1}_V (X) →

in which the graded pieces of Res are exactly the Res^i. So if successive Res^i[R^′_f] are all trivial, [R^′_f] comes from H^∗(X), that is, gives a well-defined functional on im{H^∗_c (X − V ) → ȷ^{(1)}_∗

H^∗(X)} ∼= H^∗_c (X − V )/ ker(ȷ^{(1)}_∗ ).

Actually lifting R^′_f to H^∗(X) means going through the whole process of finding S^1_V as above, then S^2_W , and so on (there are different possible choices, too, and they produce ambiguities). Then (R^′_f −S^1_V −S^2_W −. . . ) gives a closed current on X, and the class is ambiguous by im(Gy) just as completing a graph cycle (for f good) involves ambiguities. (Also as with completions, this may be very difficult to carry out, which is why we have done as much as possible over X − V .)

The trouble is now that one wants R^′_f to come from H^∗(X) (mod Z(n)) if the^1_{(2π}^√_{−1)i} Res^i are only trivial mod Z(n − i); so we have to modify the above argument. There is an easy homology spectral sequence converging to E^∞_{p,q} ∼= Gr^N_p H_{p+q}(X, Z) with E^1_{p,q} = H_{p+q}(V^{d−p}, V^{d−p+1}; Z), given by filtering singular chains on X by dimension of support (in terms of the system of analytic subsets X ⊃ V^1[= V ] ⊃ V^2[= W ] ⊃ . . .); omitting the (first i) r.h. column(s) gives graded pieces of singular homology H_{p+q}(V^{(i)}, Z).

Now relative singular chains include H_{p+q}(V^{d−p}, V^{d−p+1}; Z(n)) ∼= (2π √ −1)^nE^1_{p,q} → H^{p−q}(V^{d−p} − V^{d−p+1}, C ) ∼=^′E^{p,q}_1 both as currents and as functionals on E^{p,q}_1 ∼= H^{p+q}_c (V^{d−p} − V^{d−p+1}, C ) ∼= H^{p+q}(V^{d−p}, V^{d−p+1}; C ). The terms of the relevant exact triangles (=long-exact sequences) also include, producing (by an easy diagram chase) a C /Z(n) exact triangle; so one has a quotient spectral sequence with differentials^1_{(2π}^√_{−1)i} Res^i into

subquotients of H^{n−2i}(V^i_f − V^{i+1}_f , C /Z(n − i)). If these vanish on [R^′_f] ∈ H^{n−1}(X − V, C /Z(n)), then [R^′_f] lies in im { H^{n−1}(X, C /Z(n)) } ; to get R^′_f then as a restriction of a closed current on X, we may have to change our choice of R^′_f by an integral cycle on (X, V ). Abstractly, the idea is that in the diagram

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 81

−→ H^{n−1}(X, C /Z(n)) H^{n−1}(X − V, C /Z(n)) Res H^n_V (X, C /Z(n)) −→

−→ H^{n−1}(X, C ) H^{n−1}(X − V, C ) Res H^n_V (X, C ) H^n(X, C ) −→

−→ H_{2d−n+1}(X, V ; Z(n))

P.D. ∪ ∂ H_{2d−n}(V, Z(n))

P.D. ∪ ι_∗ H_{2d−n}(X, Z(n)) −→

P.D. ∪ we suppose that an initial “choice” of R^′_f gives a class in H^{n−1}(X − V, C ) with trivial Res. That is, Res[R^′_f] ∈ im {H_{2d−n}(V, Z(n)) → H^n_V (X, C )} is [co]homologous (on V ) to [the Poincaré dual of] a topological cycle K supported on V , [K] ∈ H_{2d−n}(V, Z(n)). By the diagram [K] ∈ ker(ι_∗) = im(∂); modifying the original R^′_f by the resulting ∂^{−1}K yields R^{′′}_f = R^′_f −∂^{−1}_X K with Res[R^{′′}_f ] = 0, and so

[R^{′′}_f ] ∈ im { H^{n−1}(X, C ) → H^{n−1}(X − V, C ) } . In §2.4.2 we will find that for^{12} {f} ∈ K^M_n (X), [R^′_f] ∈ ker(Res); therefore we will have a map K^M_n (X) → im { H^{n−1}(X, C /Z(n)) → H^{n−1}(η_X , C /Z(n)) } which will be referred to at times as the “holomorphic” Milnor regulator.

Explicitly, if Res^1 vanishes then (writing T and B for (2π √ −1)^n×singular chains)

d[R^′_f] = d[S^1_V ] + T^1_V on X − W,

so that [T^1_V ] is trivial under H_{2d−∗}(X, W ; Z(n)) → H^∗(X − W, C ) and injectivity of this map

=⇒ T^1_V = ∂B^1_X mod W

(for some B^1_X ). If Res^2 is trivial then

d[(R^′_f − B^1_X ) − S^1_V ] = d[S^2_W ] + T^2_W on X − Y ;

again T^2_W = ∂B^2_X and so on, until

d[(R^′_f − B^1_X − B^2_X − . . . ) − (S^1_V + S^2_W + . . . )] = 0 on X;

and indeed the restriction of this to X − V is R^′_f − (B^1_X + B^2_X + . . . ), a new “choice” of R^′_f.

12that is, for [γ_f] ∈the kernel of all Res^i on CH^n(ηX , n), [R^′_f] ∈kernel of all the Res^i on currents. To see this we need the commutative diagram in §2.4.2, which is a byproduct of the maps R defined in §2.4.1.

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 82

2.3.4. Higher Tube maps on cycles and a simplified picture. In order to explain the original motivation for this section, we introduce one more spectral sequence, with ′E^1_{p,q} = H_{p−q}(V^{d−p} − V^{d−p+1}, Z) =⇒^′E^∞_{p,q} =^′Gr^N_p H_{2d−(p+q)}(X, Z), to complete the local-global duality picture. Removing the d^{th} column computes not^′Gr^N_p H_{2(d−1)−(p+q)}(V ) but graded pieces of something we will call H_∗(V̂ ). At least if V_f has normal crossings, it seems possible to produce E^r_{p,q} and^′E^r_{p,q} via double complexes of singular chains, viz.

E^0_{p,q} := C_{p+q}(V^{d−p}) / C_{p+q}(V^{d−p+1}) ,^′E^0_{p,q} := C_{p+q}(V^{d−p} − V^{d−p+1})

where the chains on the right have to be supported away from V^{d−p+1}, and the horizontal differentials^′E^0_{p,q} →^′E^0_{p+1,q} are Tube maps set up in such a way that Tube ∘ Tube = 0. (^′)E^∞ then computes the homologies of the associated simple complexes, and the results are dual: H_{2(d−1)−m}(V̂ ) ∼= H_m(V ). This is the right generalization of Poincaré duality to this kind of singular space (a union of divisors), and there is no need for intersection homology.

Example 2.3.5. V =the “triangle”

⋃_2 i=0{z_i = 0} ⊂ P^2, W =its vertices. Then we expect a duality between H_1(V̂ ) and H_1(V ), given by ∩ on the components. The actual triangle given by the union of the three relative cycles ⊂ (V_i, W ) connecting {0} and {∞} ought to be a singular cycle on V ; and indeed this does give a class in H_1(V ) via the above picture. On the other hand a nontrivial element of H_1(V̂ ) is given by a cycle on (V_2 − W ) going around z_1 = {0}. They intersect in one point (on V_2); here’s a picture:

Still assuming normal crossings, we set up a double complex

′E^{p,q}_0 = Γ ( V^{d−p},^′D^{p−q}_{V d−p} (log V^{d−p+1}) )

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 83

computing H^∗(X) (and H^∗_V (X), omitting the d^{th} column) and record below for reference^′E^0_{∗,∗} and^′E^{∗,∗}_0 for the case of X = a 3-fold.

C_0 (X − V ) Γ(^′ D^0_X (log V ))

C_0 (V − W ) C_1 (X − V )

Γ(^′ D^0_V (log W )) Γ(^′ D^1_X (log V ))

C_0(W − Y ) C_1 (V − W )

C_{2 (X − V )}

Γ(^′D^0_W (log Y )) Γ(^′ D^1_V (log W ))

Γ(^′_D^2_{X (log V ))}

C_0 (Y ) C_1(W − Y )

C_{2 (V − W )}

Tube C_3 (X − V )

∂

Γ(^′D^0_Y ) Γ(^′D^1_W (log Y ))

Γ(^′_D^2_{V (log W ))}

Res_{Γ(}^′_D^3_{X (log V ))} d

C_2(W − Y )

C_{3 (V − W )}

C_{4 (X − V )} ∂

Γ(^′D^2_W (log Y ))

Γ(^′_D^3_{V (log W ))}

Γ(^′_D^4_{X (log V ))} d

C_4 (V − W )

C_{5 (X − V )}

Γ(^′ D^4_V (log W ))

Γ(^′_D^5_{X (log V ))}

C_6 (X − V )

Γ(^′ D^6_X (log V ))

Here C_0(Y ) and Γ(^′D^0_Y ), respectively, are in the (0, 0) positions. We refer to the d_i in^′E^i_{∗,∗} as Tube^i; Tube^1 is the usual tube map from H_∗(V − W ) → H_{∗+1}(X − V ), Tube^2 = Tube ∘ ∂^{−1} ∘ Tube, etc., and together they give the graded pieces of the tube map in the exact sequence

→ H_{∗−1}(V̂ , Z) Tube −→ H_∗(X − V, Z) −→ H_∗(X, Z) ∩ −→ H_{∗−2}(V̂ , Z) → .

In the case corresponding to the dotted arrow above the local picture of a Tube^2 of a point p ∈ W − Y is, in a picture /R (i.e., we draw S^0’s where there should be S^1’s):

2.3. RESIDUES IN THE LOCAL-GLOBAL SETTING 84

The four point (one of which is hidden) are Tube(p), and the light dotted lines are ∂^{−1} ∘ Tube(p). In fact for one point p, in the global picture this may not exist – one must choose a 0-cycle ∑ n_ip_i (on W − Y ) in ker(Tube^1), to construct Tube^2. A simple computation shows ∫ Tube^2( ∑ n_ip_i)

R_f ≡ ∑ i n_i[Res^2R^′_f](p_i) mod Z(4),

and the previous remarks on the dilogarithmic nature of Res^2R_f stand (also see the next section). In general ∫ Tube^iC

R_f ≡ ∫ C Res^iR^′_f mod Z(n),

where

Tube^i : H_{n−2i}(V^i \ V^{i+1}, Z) ⊇ ker(Tube^{i−1}) −→ H_{n−1}(X − V, Z) / ⋃ j<i im(Tube^j) .

Remark 2.3.6. At least in the case of V having normal crossings and f good, one can get results similar to those in this section by working with Ω^•_X (nullV ) forms (which one is more likely to be able to write down) instead of Ω^•_{(X\V )∞} forms. (Dually one must use log V currents, which accounts for the more stringent conditions.) The spectral sequence would be obtained by, e.g., resolving ȷ^{(i)}_! C → Ω^•_X (nullV^i) instead of ȷ_!Ω^•_{(X\V )∞} .

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 85

2.4. Abel-Jacobi for Higher Chow Groups

2.4.1. The triple (T_Z ,Ω_Z ,R_Z ). We begin by constructing explicitly an Abel-Jacobi map R : CH^p(X, n) → H^{2p−n}_D (X, Z(p)) for X projective /C . Then we extend it to some other cases and give applications. In particular, on η_X (for n = p) it coincides with the Milnor regulator.

On □^n, define^{13} T^n_□ := T_{z1} ∩ . . . ∩ T_{zn} ∈ C_n(□^n),

Ω^n_□ := Ω(z_1, . . . , z_n) = n⋀ dlogz_i ∈ F^{n′}D^n(□^n),

R^n_□ := R(z_1, . . . , z_n) =

log z_1dlogz_2 ∧ . . . ∧ dlogz_n ± (2π √ −1) log z_2dlogz_3 ∧ . . . ∧ dlogz_n · δ_{Tz1} − . . . + (±2π √ −1)^{n−1} log z_n · δ_{Tz1 ∩...∩Tzn−1} ∈^′D^{n−1}(□^n). Put ∑ i,e = n∑ i=1 ∑ e=0,∞ (−1)^{i+s(e)} , where s(e) = { 1 e = 0 0 e = ∞

so that we may conveniently write

∂T^n_□ = ∑ i,e ρ^e_{i ∗} T^{n−1}_□ = ∑ i,e ∂^e_i T^n_□,

d[Ω^n_□] = 2π √ −1 ∑ i,e ρ^e_{i ∗} Ω^{n−1}_□ = 2π √ −1 ∑ i (−1)^iΩ(z_1, . . . , ^z_i, . . . , z_n) · δ_{(zi)},

d[R^n_□] = −2π √ −1 ∑ i,e ρ^e_{i ∗} R^{n−1}_□ + Ω^n_□ − (2π √ −1)^nT^n_□

= −2π √ −1 ∑ i (−1)^iR(z_1, . . . , ^z_i, . . . , z_n) · δ_{(zi)} + Ω^n_□ − (2π √ −1)^nT^n_□.

Consider a cycle Z ∈ Z^p(X × □^n) :

13(using the more concise notation A(X) = Γ(X, A) for sections of sheaves)

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 86

Z π^Z_□

π^Z_X □^n π_□ X × □^n

X π_X

Set ∂^e_i Z := ρ^e_i^∗ Z = Z ∩ ( X × ρ^e_{i ∗} □^{n−1} ) , so that ∂_BZ = ∑ i,e ∂^e_i Z, and we have the diagram of projections and inclusions:

□^{n−1} π^{(∂ei Z)} □ ∂^e_i Z π^{(∂ei Z)} X X

□^n ρ^e_i ∩

π^{Z□} Z ι^e_i ∩

π^Z_X X Now we define the central objects of the section, noting that the π^Z_{X ∗} ’s (in what follows) can both involve integration over the compact fibers of Z (e.g. generically over X if n > p) and multiplication by δ_V i -functions for components of Z supported over V^i. Put

R_Z := π^Z_{X ∗} π^Z_□^∗ R^n_□ ∈^′D^{2p−n−1}(X),

Ω_Z := π^Z_{X ∗} π^Z_□^∗ Ω^n_□ ∈ F^{p′}D^{2p−n}(X),

T_Z := π_X ((X × T^n_□) ∩ Z) ∈ C_{2d−2p+n}(X, Z);

applying differentials gives

∂T_Z = π_X ((X × ∂T^n_□) ∩ Z) = π_X ∑ i,e (X × ρ^e_{i ∗} T^{n−1}_□ ) ∩ Z

= π_X ∑ i,e (X × T^{n−1}_□ ) ∩ ρ^e_i^∗ Z = π_X ((X × T^{n−1}_□ ) ∩ ∂_BZ) = T_{∂BZ} ,

d[Ω_Z ] = π^Z_{X ∗} π^Z_□^∗ d[Ω^n_□] = 2π √ −1 ∑ i,e π^Z_{X ∗} π^Z_□^∗ ρ^e_{i ∗} Ω^{n−1}_□

= 2π √ −1 ∑ i,e π^Z_{X ∗} ι^e_{i ∗} π^{(∂ei Z)}_□^∗ Ω^{n−1}_□ = 2π √ −1 ∑ i,e π^{(∂ei Z)} X ∗ π^{(∂ei Z)}_□^∗ Ω^{n−1}_□

= 2π √ −1 Ω_{∂BZ} , and similarly

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 87

d[R_Z ] = −2π √ −1 R_{∂BZ} + Ω_Z − (2π √ −1)^nT_Z .

We are already familiar with this last formula in the case n = p, Z = γ_f for f good.

Define a complex of cochains for the Deligne homology^{14} C^{•−2d}_D (X, Z(p − d)) := Cone { C_{2d−•}(X, Z(p)) ⊕ F^{p′}D^•_X (X) →^′D^•_X (X) } [−1](−d) = { C_{2d−•}(X, Z(p)) ⊕ F^{p′}D^•_X (X) ⊕^′D^{•−1}_X (X) } (−d) with differential ∂ taking (a, b, c) → (−∂a, −d[b], d[c] − b + a). Then the following is a map of (cohomological) complexes: R_X : Z^p(X, −•) −→ C^{2p−2d+•}_D (X, Z(p − d)) induced (for −• = n) by Z −→ (−2π √ −1)^{p−n} × ( (2π √ −1)^n T_Z , Ω_Z , R_Z ) =: R_X (Z).

(Technically one should also throw in a (2π √ −1)^{−d} here; we’ll sometimes ignore the (−d) like this). The only thing worth writing out here is to check that powers of (2π √ −1) work out in the third term of the cone complex:

d[c] − b + a = (−2π √ −1)^{p−n} [ −2π √ −1R_{∂BZ} + Ω_Z − (2π √ −1)^nT_Z ]

−(−2π √ −1)^{p−n}Ω_Z + (−1)^{p−n}(2π √ −1)^pT_Z = (−2π √ −1)^{p−(n−1)}R_{∂BZ} , and so ∂R_X (Z) = (−2π √ −1)^{p−(n−1)} × ( (2π √ −1)^{n−1}T_{∂BZ} , Ω_{∂BZ} , R_{∂BZ} ) = R_X (∂_BZ).

Therefore if Z is a higher Chow cycle (∂_BZ = 0), we have that ∂R_X (Z) = 0. Using the formula for d[R_Z ],

d[R_Z ] = Ω_Z − (2π √ −1)^nT_Z =⇒ [Ω_Z ] ∼ (2π √ −1)^n[T_Z ]

gives a class in F^pH^{2p−n}(X, C ) ∩ H^{2p−n}(X, Z(p)). In the event that this vanishes there are primitives d^{−1}_X Ω_Z and ∂^{−1}_X T_Z ; we may use them to modify R_Z to get something d-closed. The choice of d^{−1}Ω_Z is ambiguous by F^pH^{2p−n−1}(X, C ) and that of (2π √ −1)^n∂^{−1}_X T_Z by H^{2p−n−1}(X, Z(p)), so we get a well-defined class

[R^′_Z ] ∈ H^{2p−n−1}(X, C ) F^pH^{2p−n−1}(X, C ) + H^{2p−n−1}(X, Z(p)) . 14we try to agree here with the conventions used by Jannsen and Lewis ([Ja], [L2]), and forewarn the reader that this renders the indexing slightly ridiculous (due to the use of cochains to compute homology).

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 88

This just goes to say that Deligne homology and cohomology are the same by a kind of “Poincaré duality”: H^{−n} ( C^{2p−2d+•} D (X, Z(p − d) ) =: H^D_{2d−2p+n} (X, Z(d − p)) ∼= P.D. H^{2p−n}_D (X, Z(p)), and we have the promised map for X projective.^{15}

We show how to modify this picture for X \ V in case V has normal crossings, so that^′D^•_X (log V ) resolves ȷ^{(1)}_∗ C_{X−V} and cohomology of C^{•−2d}_D (X − V, Z(p − d)) := Cone { C_{2d−•}(X, V ; Z(p)) ⊕ Γ(F^{p′}D^•_X (log V )) → Γ(^′D^•_X (log V )) } [−1](−d) computes Deligne (co)homology of X \ V . In fact we may view this as Gr^0_N C^{•−2d}_D by defining a coniveau filtration N^iC^{•−2d}_D (X, Z(p − d)) := Cone { C_{2d−•}(V^i, Z(p)) ⊕ Γ(F^{p′}D^•_X (onV^i)) → Γ(^′D^•_X (onV^i) } [−1](−d). It is clear that R_X respects coniveau, restricting to a map N^iZ^p(X, −•) R_V i −→ N^iC^{2p−2d+•} D (X, Z(p − d)) and therefore Gr^0_N Z^p(X, −•) R_{X\V} −→ C^{2p−2d+•} D (X \ V, Z(p − d)), which is to say that R_{X\V} only operates on cycles Z on X \ V with good closure on X. Bloch’s moving lemma then implies that R_{X\V} descends to a map R_{X\V} : CH^p(X \ V, n) → H^{2p−n}_D (X \ V, Z(p)). For p = n, R_{X\V} (γ_f) is just the map we constructed in §2.2-3 using Ω_f and R^′_f, since the definitions =⇒ Ω_{γf} = Ω_f, T_{γf} = T_f, R_{γf} = R_f. However, we got around the requirements that f be “good” and V have normal crossings there. (This was the point of using^′D^•_{X\V} in §2.2, also see the discussion preceding lemma 1.3.7.) The same is possible for R_{X\V} if n > p, because (for purposes of computing H^{2p−n}_D for n > p) we can alter the terms of C^{2p−2d−n} D (X \ V, Z(p − d)) up to n = p by altogether omitting the second entry (as F^{p′}D^{2p−n}_X = 0 for n > p). This gives us the freedom to replace ′D^{2p−n−1} X (log V ) by^′D^{2p−n−1}_{(X\V )∞} , so that we may drop the normal crossings

15Note that the version of this map given by Goncharov [Go1] was not correct. One really needs the Deligne homology cochains here to get a map of complexes inducing AJ: there is no getting around the triple (T, Ω, R) for general n, p, d. The major problem, however, was that he uses real (n − 1)-currents rn instead of a complex current like the R^n_□ employed here.

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 89

assumption on V, and even the assumption that Z has good closure. Taking the limit, we get R_{ηX} : CH^p(C (X), n) → H^{2p−n}_D (η_X , Z(p)) = H^{2p−n−1}(η_X , C /Z(p)), induced by Z → (−2π √ −1)^{p−n} × ( (2π √ −1)^n T_Z , R_Z ) , for n > p. For the remaining n: set it equal to our previous construction for n = p, and for n < p define it to be 0 since all the cycles in Z^p(X, n) are then contained in higher coniveau.

Remark 2.4.1. So the cases n ≥ p are arithmetically interesting; they amount to something already on fields, and they are interesting for projective X if the coefficients of the defining equations are in Q̄ (or perhaps extensions thereof, of small transcendence degree). If these coefficients are general (say, enough independent transcendentals) they are not interesting in most cases, n = p = 2 and X an elliptic curve being a notable exception (see Chapter 4). On the other hand, the cases n < p are geometrically interesting, and do tend to have interesting images for “general” projective X.

2.4.2. Why residues of R^′_f are polylogarithmic. Again assuming normal crossings, the maps R_V i on coniveau induce a map of spectral sequences, so that the d_i = Res^i and R (on the appropriate subquotients of graded pieces) automatically commute; the central step is that the square

H^∗(Gr^i_N Z^p(X, −•)) Δ H^{∗+1}(N^{i+1}Z^p(X, −•))

H^∗(Gr^i_N C^{2p−2d+•} D ) R Δ H^{∗+1}(N^{i+1}C^{2p−2d+•} D ) R

commutes. Cohomology of

Gr^i_N C^{2p−2d+•} D ≃ −→ ι^{(i)}_∗ Cone { C_{2d−2p−•}(V^i, V^{i+1}; Z(p − i))

⊕ Γ(F^{p−i′}D^{2(p−i)+•} V^i (log V i+1) −→ Γ(^′D^{2(p−i)+•} V^i (log V

i+1) } [−1](−(d − i)) at • = −n computes H^{2(p−i)−n}_D ( V^i \ V^{i+1}, C /Z(p − i) ) , and so one has a commutative square

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 90

CH^p(X \ V, n) ⊇ ker(Res^{i−1})

Res^i CH^{p−i}(V^i \ V^{i+1}, n − 1) / ⋃ j<i im(Res^j)

H^{2p−n}_D (X \ V, Z(p)) ⊇ ker(Res^{i−1}) R Res^i[/(2πi)^i] H^{2(p−i)−n+1} D (V^i \ V^{i+1}, Z(p − i)) / ⋃ j<i im(Res^j ) R

Now suppose p > d = dim X. For all n, F^{p′}D^{2p−n}_X = 0 (so that H^∗_D(X, Z(p)) = H^{∗−1}(X, C /Z(p))) and we may write instead

N^iC^{•−2d}_D (X, Z(p − d)) = Cone { C_{2d−•}(V^i, Z(p)) →^′D^•_{(V} i_)∞ (X) } [−1](−d) so that Gr^i_N C^{2p−2d+•} D (X, Z(p − d)) ≃ ←− ι^{(i)}_∗ Cone { C_{2d−2p−•}(V^i, V^{i+1}; Z(p − i)) →^′D^{2(p−i)+•}_{(V i\V i+1)∞} (X) } [−1](−d + i) computes H^{2(p−i)−n} D (V^i \ V^{i+1}, Z(p)) = H^{2(p−i)−n−1}(V^i \ V^{i+1}, C /Z(n)) without the assumption of normal crossings.

Let γ_f ∈ CH^n(X \ V_f , n) be any graph (we are frequently interested in the case d = n − 1). Then exactly as above d_i and R commute and so^{16}

Res^i ( (2π √ −1)^nT_f, R_f ) = Res^i(R(γ_f)) = R(Res^i(γ_f)) = (2π √ −1)^i × ( (2π √ −1)^{n−i}T_{Res}i_{(γf)}, R_{Res}i_{(γf)} ) ∈ [a subquotient of] H^{n−2i}(V^i \ V^{i+1}, C /Z(p − i))(i),

or more concisely 1 (2π √ −1)^i Res^iR^′_f = R^′_{Res}i_{(γf)}.

We could not accomplish this before because Res^i(γ_f) is not a graph for i ≥ 2 (see Chapter 1): over each point in V^i \ V^{i+1} it has fiber dimension i − 1 and so some integration is required (along these fibers) in pushing π^∗R^n_□ down to get R_{Res}i_{(γf )}.

Provided the conjectural picture at the end of §1.2 can be completely realized, we would have (i ≥ 2)

Res^i(γ_f) = Res^i(ρ̄_n(n)f) = ρ̄_{n−i}(n − 1)(Tame^if) =: ρ̄(Tame^if)

16Of course one can take a limit here and replace X \ V_f by ηX , V^i \ V^{i+1} by [generic points of] codimension i points in X.

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 91

where Tame^if lives in a subquotient of

∐ x∈X^i B_i(C (x)) ⊗ n−2i⋀ C (x)^∗

and so 1 (2π √ −1)^i Res^iR^′_f = R^′_{ρ̄(Tame}i_{f)},

which makes more concrete the expected “i-logarithmic” behavior of Res^iR^′_f. (Recall that the relations on B_i correspond to functional equations for the i^{th} polylogarithm; for more evidence, particularly in the case n = 2i, see below.)

Recall that

K^M_n (X) ⊆ K^M_n (C (X)) ∼= −→ γ CH^n(η_X , n)

is defined to be γ^{−1}(∩ ker(Res^i)). Since R commutes with Res^i, it maps K^M_n (X) to Deligne cohomology of η_X (i.e. to currents with trivial Res^i). So we get a well-defined map

R : K^M_n (X) −→ im {H^n_D(X, Z(n)) → H^n_D(η_X , Z(n))} ∼= H^n_D(X, Z(n)) /im(Gy)

(see diagram below). This is the “holomorphic” part of the Milnor regulator, the stuff that doesn’t come from residues and presumably has more to do with the arithmetic and geometry of X. To put this in a context we write down the (commuting) map of “exact triangles” (=localization sequences) mentioned above, for i = 1. We write H^{∗−2}_D (V̂ , Z(n − 1))(1) (where (1) = 2π √ −1) for

H^∗_{D,V} (X, Z(n)) := H^∗(N^1C^{•−2d}_D (X, Z(n − d))),

note that both Res maps break up into Res^i, and refer the reader to Totaro [T] for a definition of the norm map N (a priori defined into K^M_n (C (X))).

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 92

lim−→ CH^{n−1}(Z, n) R_V lim−→ H^{n−2}_D (Z, Z(n − 1))(1)

CH^n(X, n) ι^{(1)}_∗ R_X H^n_D(X, Z(n)) Gy ι^{(1)}_∗

N (norm) K^M_n (X)^⊂ K^M_n (C (X)) γ(graph) ∼= CH^n(η_X , n) ȷ^∗_{(1)} R_{ηX} H^n_D(η_X , Z(n)) ȷ^∗_{(1)}

↓ Tame^1 ∐ x∈X^1 K M n−1(C (x)) ∼=↓ γ ∐ x_∈X^1 CH^{n−1}(η_X , n − 1) ȷ^∗_{(1,2)} lim−→ CH^{n−1}(Z, n − 1)

Res

R_V lim −→ H^{n−1D} (Z, Z(n − 1))(1)

Res

Of course γ(K^M_n (X)) ⊂ ker(Res), not just ker(Res^1); and Gy can be described as simply H^{n−1}_V (X, C /Z(n)) → H^{n−1}(X, C /Z(n)) since we are assuming n > d.

2.4.3. Some special cases of the construction. We now run through the basic examples, for p = 2 (0 ≤ n ≤ 3), for the most part recovering familiar formulas (whose analogues for p ≥ 3 are perhaps less familiar). We assume in each case that the “cycle-class” part of the AJ-map is zero, so that there exist d^{−1}Ω_Z ∈ F^{p′}D^{2p−n−1}_{X or (ηX )∞} and ∂^{−1}_{X or Xrel} T_Z (on X or η_X , depending on the example).

Example 2.4.2. We actually consider CH^n(η_X , n) ∼= K^M_n (C (X)) for n = 2, 3. The above assumption always (∀d) =⇒ Ω_Z = 0 for p = n over η_X (holomorphic log forms inject into cohomology); we may also ignore ∂^{−1}T_Z by defining our AJ-map as a functional on integral cycles.

If d = 1 (X a curve), n = 2, Z = ∑ m_i γ_{fi⊗gi} ←→ ∏ {f_i, g_i}^{mi} , then R_Z = ∑ m_i ( log f_i dlogg_i − log g_i · δ_{Tfi} ) , and the “regulator”→ H^1(η_X , C /Z(2)) viewed as a functional on 1-cycles C in X \ V_f ∫ C R_Z ≡ mod 4π^2Z ∑ m_i ∫ C (log^∗ f_i dlogg_i − log g_i(p_0) dlogf_i) .

Here we have picked a “base point” p_0 ∈ |C| and continued log f_i to get log^∗ f_i (only defined on [a cover of] |C|, with cut only at [a lift of] p_0). This

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 93

is the formula used in [GG1], [C1], etc. If Z ←→ {f} ∈ ker(Tame^{(1)}) this functional lifts to a well-defined class in H^1(X, C /Z(2)) because im(Gy) = 0 in the above diagram (H^0_D(pt, Z(1)) = 0).

If d = 2 (X a complex surface), n = 3, Z ←→ {f} = ∏ {f_i, g_i, h_i}^{mi} , then the regulator is a functional on 2-cycles C in X \ V given by ∫ C R_Z = ∑ m_i ∫ C log f_i dlogg_i ∧ dlogh_i + 2π √ −1 ∫ C∩T_{fi} log g_i dlogh_i − 4π^2 ∑ C∩T_{fi} ∩T_{gi} log h_i .

Though K^M_3 (X) is still ker(Tame^{(1)}), im(Gy) ≠ 0 so one only has

R_X : K^M_3 (X) −→ H^2(X, C /Z(3)) / im(H^2_V (X, C )) .

This is because one doesn’t get all of H_2(X, Z) by considering cycles C avoiding V , although for X sufficiently general (see Proposition 4.5.5) such C do give everything but the hyperplane class.

Example 2.4.3. [Z] ∈ CH^2(X, 1) for X a (regular) smooth projective surface; R maps to

H^3_D(X, Z(2)) ∼= H^2(X, C ) / F^2H^2(X, C ) + H^2(X, Z(2)) .

Z consists of functions f_i on divisors V_i such that ∑ ι^{Vi}_∗ (f_i) = 0 (the V_i may be singular). We get data

R_Z = ∑ log f_i · δ_{Vi} , Ω_Z = ∑ dlogf_i · δ_{Vi} , T_Z = ∪ι^{Vi(} T_{fi} )

and note that we may choose ∂^{−1}Ω_Z ∈ Γ(F^{2′}D^2_X ) (no assumption is needed for this if X is regular). Therefore we may ignore it in R^′_Z = R_Z − ∂^{−1}Ω_Z + 2π √ −1 δ_∂−1_{X TZ} for purposes of integrating against closed forms [ω] ∈ F^1H^2(X, C ) : ∫ X R^′_Z ∧ ω = ∑ i {∫ V_i log f_i · ω + 2π √ −1 ∫ ∂^{−1}_X T_Z ω }

is then the desired formula, as used in [?], [C1], [GL], etc.

Example 2.4.4. [Z] ∈ CH^2(X, 0) = CH^2(X) for X any smooth projective variety (we recover the classical AJ map from our construction). R_Z = 0, Ω_Z = T_Z = Z (or δ_Z ) ∈ H^4(X, Z(2)) ∩ F^2H^2(X, C ). We assume this class is trivial, and take two primitives: 1 2π √ −1 β [= d^{−1}Ω] ∈ F^{2′}D^3_X (X), Γ [= ∂^{−1}T ] ∈ C_{2d−3}(X)

so that d[β] = 2π √ −1 · δ_Z , ∂Γ = Z. Pick a d-closed ω ∈ F^{d−1}Ω^{2d−3}_X∞ (X), so that β ∧ ω = 0. Then our map “ ∫ X R_Z ∧ ω” reduces to ∫ Γ ω,

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 94

and if ω = dα (where it suffices to choose α ∈ F^{d−1}Ω^{2d−4}_X∞ (X)), ∫ Γ dα = ∫ ∂Γ α = ∫ Z (ι^∗_Z )α = 0

by type. So integration over Γ gives a functional on F^{d−1}H^{2d−3}(X, C ), i.e. by duality an element of H^3(X, C )/F^2 H^3.

Now suppose Z ≡ rat 0, so that there exist divisors V_i ⊂ X and functions

f_i on V_i with ∑ ι^{Vi}_∗ (f_i) = Z. Then one may choose Γ = ∑ ι^{Vi} (T_{fi} ), β = ∑ dlogf_i · δ_{Vi} ;

clearly β − (2π √ −1)Γ = d[r], where r = ∑ log f_i · δ_{Vi} . Notice that (−2π √ −1)^{p−1} × (2π √ −1 Γ, β, r) −→ (−2π √ −1)^p × (Z, δ_Z , 0)

in the Deligne complex. Therefore it’s no surprise that we can write ∫ Γ ω = −1 2π √ −1 ∫ X d[r] ∧ ω − 1 2π √ −1 ∫ X β ∧ ω = 0, where the first term is zero because dω = 0 (and X is compact). So ∫ Γ = 0 ∈ H^3/F^2H^3 for Z rationally equivalent to zero, for the above choice of Γ. This result is ambiguous by a period because one may modify Γ = ∂^{−1}Z by a Z(2)-cycle.

Example 2.4.5. [Z] ∈ CH^2(η_X , 3), so that fibers of Z π → X are (compact) curves. Since R^3_□ is a 2-current, R_Z is a C /Z(2)-valued 0-current given by integrating along fibers^{17} π^{−1}(p) = (π^Z_X )^{−1}(p) :

R_Z (p) = 1 2π √ −1 ∫ π^{−1}(p)

log z_1dlogz_2 ∧ dlogz_3

+ ∫ π^{−1}(p)∩T_{z1} log z_2dlogz_3 + 2π √ −1 ∑ π^{−1}(p)∩T_{z1} ∩T_{z2} log z_3.

This gives a class in H^0(η_X , C /Z(2)) and is therefore a “constant” with Z(2) jumps. Ω_Z = 0, while the (2d−1)-cycle T_Z with support on { p ∈ X \ V_Z | π^{−1}(p) ∩ T^3_□ } has a primitive. This is just a 2d-dimensional “patch” which annihilates R_Z ’s jumps: so that R_Z − 4π^2T_Z = R^′_Z really is a constant (this is unimportant, though). This formula already seems new.

17Here one should think of p ∈ X \ VZ , where VZ is those points over which (a component of) the fiber lies entirely in a face of □^3.

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 95

2.4.4. An attractive application to polylogarithms. Recall the maps ρ̄_n(ℓ) of §1.2, which in general were only conjecturally well-defined on the terms of the Goncharov complex G^n(C (X), −•) (where essentially −• = ℓ, and n ≤ ℓ ≤ 2n − 1 is where the nonzero entries lie). If these are well-defined and Beilinson-Soulé holds then we get a diagram of maps of complexes Z^n(C (X), −•) R C^{2n−2d+•} D (η_X , Z(n − d))

C^n(C (X), −•) ≃ ∪

G^n(C (X), −•) ρ̄_n(−•) A^n(C (X), −•) ≃

descending to a composite H^∗ (G^n(C (X), −•)) ρ̄ −→ CH^n(C (X), −∗) R −→ H^{2n+∗}_D (η_X , Z(i)) ↓ π_R H^{2n+∗}_D (η_X , R(i)). It seems consonant with Goncharov’s program^{18} that this should agree (on the cohomological level) with his maps defined explicitly on the level of complexes^{19}

r_n(2n + •) : G^n(C (X), −•) → Γ(Ω^{2n+•−1}_{(ηX )∞,R})

defining a map H^∗ (G^n(C (X), −•)) → H^{2n+∗−1}(η_X , R(n − 1)). In particular, r_n(1) is given explicitly on G^n(C (X), 2n − 1) = B_n(C (X)) by {f}_n → L_n(f) (where L_n is the generalized Bloch-Wigner “real single-valued n-logarithm”),^{20} and the homology of the Goncharov complex at that term

18namely, the comparison of the Lie-motivic and Grassmanian “polylogarithms”, as discussed in [GZ]. These are presented as cochains in the double (triple) complex computing Deligne cohomology of the (bi)Grassmanian complex, and these should differ by a coboundary. Our composition corresponds roughly to a pullback of the Grassmanian polylogarithm via the section ρ̄(·); the rn(∗)-type maps correspond to the Lie-motivic side of things._{19}

to avoid confusion: these are not the maps with which we compare in §3.1. 20e.g., for n = 2, 3 these are, putting Li1(z) = − log(1 − z), L2(z) = ℑ{Li2(z)} − log |z| · ℑ{Li1(z)} and L3(z) = ℜ{Li3(z)} − log |z| · ℜ{Li2(z)} + 1 3 log^2 |z| · ℜ{Li1(z)}.

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 96

is just ker(δ) (see §1.2). So we can make a very concrete conjecture here, namely that the composition

B_n(C (X)) ⊇ ker δ ρ̄_n(2n − 1) −→ CH^n(C (X), 2n − 1) R −→ H^1_D(η_X , Z(n)) ‖ H^0(η_X , C /Z(n)) ↓ π_R R(n − 1) should coincide with (and so give explicit C /Z(n)-valued “lifts” of^{21}) the L_n on ker δ. (Here π_R is ℑ for n even, ℜ for n odd.) We will actually prove this for n = 2 in §3.1.2. Notice that (on ker δ) the answer is always a constant; this reflects the “rigidity” of the kernel, which is (at least conjecturally) already generated over Q̄ (at least this is well-known for n = 2). So for purposes of computation we lose nothing by setting X = a point. Now while we can write down the maps here, e.g. for x ∈ C ρ_n(2n − 1)(x) = ±Alt_{2n−1} ( 1 − z_1, 1 − z_2 z_1 , . . . , 1 − z_{n−1} z_{n−2} , 1 − x z_{n−1} , z_1, . . . , z_{n−1} )

∈ A^n(C , 2n − 1) = C^n(C , 2n − 1) S^n(C , 2n − 1) , which induces ρ̄_n := ρ̄_n(2n − 1) on ξ = ∑ m_i{x_i}_n ∈ B_n(C ), there is the problem of “lifting” ρ̄(ξ) from a ¯∂_B-closed element of A^n to a ∂_B-closed element of C^n, and this relies on Beilinson-Soulé. This conjecture is known for only n = 2, although ρ̄_n(2n−1) is known to be well-defined into A^n(C , 2n−1) for both n = 2 [GM] and n = 3 [Zh]. So one could still try computations for n = 3.

Before proving our conjecture for n = 2, we had “checked” it on the two elements (writing now i = √ −1) 4{i}_2 and 2 { 1 + √ −7 2 } 2 + { −1 + √ −7 4 } 2 ∈ ker(δ = st), and we now run through just the first one, to indicate what sort of computation we have in mind.

First, st(4{i}_2) =

4 · (1 − i) ∧ i = (1 − i) ∧ i^4 = (1 − i) ∧ 1 = 1 =⇒ 4{i}_2 ∈ ker(st) ⊆ B_2(C )

More generally, [Go1] has Ln(z) := { ℜ (n odd) ℑ (n even) }_{n−1}∑ k=0 ( 2^k β_k k! ) log^k |z| · Li_{n−k} (z)

where β_k are Bernoulli numbers (see footnote in §2.2.2 for the Li).

21This seems relevant (for the n = 2 case) to the approach to the Rogers function in [Ha] or Bloch’s other book [B2].

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 97

as asserted. The associated rationally parametrized (or “fractional linear”) cycle is

ρ̄_2(3) (4{i}_2) = 4 Alt_3 ( 1 − z, 1 − i z , z ) ∈ A^2(C , 3)

which is ¯∂_B-closed; that is, ∂_B (ρ̄_2(3)(4{i}_2)) = 4 Alt_2 (1 − i, i) ∈ S^2(C , 2) = C^1(C , 1) ⋀ ∂_BC^1(C , 2).

Since S^2(C , ∗) is acyclic, one may write this as ∂_B of something [∈ S^2(C , 3) = C^1(C , 1) ⋀ C^1(C , 2)]; in fact,

4 (1 − i, i) = ∂_B ( (z − i)^4 (z − 1)^4 , 1 − i, z ) , and so we can modify the original A-cycle to get a (∂_B-closed) C-cycle Alt_3 { 4 ( 1 − z, 1 − i z , z ) − ( (z − i)^4 (z − 1)^4 , 1 − i, z )} ∈ C^2(C , 3).

Now we must integrate R^3_□ over this; we first try to calm it down a bit (get rid of the alternation if possible). Indeed, we get lucky here because Z = −4 ( 1 − i z , 1 − z, z ) + ( 1 − i, (z − i)^4 (z − 1)^4 , z )

is also ∂_B-closed and so (by proposition 1.2.1) differs from our C-cycle by im∂_B, on which R is trivial (in this case that means it would change the ∫ by only Z(2)). Now the integral ∫ Z R^3_□ pulls back to ∫ P^1

ι^∗_Z R^3_□ = −4 { 1 2πi ∫ P^1

log(1 − i z )dlog(1 − z) ∧ dlogz

+ ∫ T_{(1− iz )} log(1 − z)dlogz + 2πi ∫ T_{(1− iz )}∩T_{1−z} log z

plus zero for the second term of Z, since T_{1−i} = ∅ and dlog^{(z−i)4}_{(z−1)4} ∧dlogz = 0 on P^1 by type; the same goes for the first term of the above. Moreover, T_{(1−} i_{z )} is a vertical segment from 0 to i while T_{1−z} = R^{≥1} ∪ {∞}, and so they never intersect. so we are left with the middle term −4 ∫_i 0 log(1 − z)dlogz = 4Li_2(i),

in the “standard” branch. Now all we have to do is check that its imaginary part agrees with

r_2(1)(4{i}_2 ) = 4L_2(i) = 4 {ℑLi_2(i) + log |i| arg(1 − i)} , but since log |i| = 1 this is trivial. In general the terms involving combinations of log (and lower-order polylogarithms, if i > 2) won’t be zero like this.

2.4. ABEL-JACOBI FOR HIGHER CHOW GROUPS 98

So we cannot get the “lift” of the L_n just by taking Li_n on ker δ (and so this “application” would solve a nontrivial problem).

Remark 2.4.6. Already for n = 2 I have no idea whether (a) ker δ is dense in C or (b) the C /Z(2)-valued function obtained by this procedure is continuous. Clearly the imaginary part (= L_2) is, but my hunch says the real part is “pathological”.

CHAPTER 3

Real and Relative Regulators

3.1. Real Regulators and Goncharov’s Construction

In the late 1970s Bloch [B1] defined a real regulator on K_2 of an elliptic curve E, via the Abel-Jacobi map

K^M_2 (C (E)) ⊇ ker(Tame) ←−_{∼=} CH^2(E, 2) −→ H^2_D(E, R(2)) ∼= H^1(E, R)

f −→ Γ completing γ_f −→ { ω → ∫ ∂^{−1}Γ ℑ ( dz_1 z_1 ∧ dz_2 z_2 ) ∧ π^∗_Eω }

which is a special case of (the imaginary part of ) the consruction in §1.3. He computed its image by way of the “elliptic dilogarithm”; his major discovery was that, for E having complex multiplication and defined over a number field, this was related to the value of the Hasse zeta function of E at s = 2. Five years later in his seminal paper [Be], Beilinson introduced real regulators^1 on “motivic cohomology” H^i_M(X, Q(p)) −→ r_{Be} H^i_D(X, R(p)) along with conjectures predicting that for X smooth projective over a number field (and 2p − i ≥ 2), im(r_{Be}) should be a lattice with covolume equal to a rational multiple of the special value L^{(i−1)}(X, p).

Now the motivic cohomology groups, say as used by Beilinson, were originally definied in terms of Quillen K-theory and its associated “γ-filtration” by Adams operations [So]: H^i_M(X, Q(p)) ∼= Gr^γ_p K_{2p−i}(X). The higher Chow groups were constructed by Bloch to offer a more geometric, alternative picture for these groups; in particular, he proved the

1these in a sense generalize the Dirichlet regulator on K1 of a number field F , which is just the multiplicative group of units u in the ring of integers (of F ). If σ1, . . . , σn (n = [F : Q]) is a list of the distinct embeddings F → C , then r(u) := (log |σ1(u)|, . . . , log |σn(u)|) ∈ R^n ; and roughly speaking, it is the covolume of the Q-lattice in R^n (generated by all u ∈ K1(F ) in this fashion) that Dirichlet’s theorem then relates to the behavior of ζF (s) at s = 0. See [Ra] for a more complete description.

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 100

generalization (mod torsion) K_j (X) ∼= ⊕_pCH^p(X, j) of Grothendieck-Riemann-Roch (the case j = 0), and in fact that H^i_M(X, Q(p)) ∼= CH^p(X, 2p − i)_Q . So it would be perfectly natural for someone to try and realize the maps r_{Be} explicitly on CH^p(X, n[= 2p−i]), and this is essentailly what Goncharov did in [Go1]. But we should be more precise here. His (real) regulator formula r is compatible with the product structure on higher Chow and Deligne cohomology over the generic points of all subvarieties of X (of any codimension), as is r_{Be}. So it follows from a spectral sequence argument that r_{Be} and r coincide as maps Gr^i_N CH^p(X, n)_Q → Gr^i_N H^{2p−n}_D (X, Q(p)). As far as I know this is all that is known at the present stage.

3.1.1. Comparison of §2.4.1 with Goncharov. Equally natural is the question (resolved affirmatively in this subsection) as to whether our Abel-Jacobi maps provide C /Z(p)-“lifts” of r, or (more precisely) whether the compositions CH^p(X, n) AJ −→ (§2.4.1) H^{2p−n}_D (X, Q(p)) π^p_R −→ H^{2p−n}_D (X, R(p)) are the same as Goncharov’s maps (defined below).

In order to prove this we need to slightly modify the map of complexes R_X : Z^p(X, −•) −→ Cone { C_{2d−2p−•}(X, Z(p)) ⊕ F^{p′}D^{2p+•}_{X,C} (X) →^′D^{2p+•}_{X,C} (X) } [−1]

given at −• = n by

Z −→ R_X (Z) := (−2πi)^{p−n} ((2πi)^nT_Z , Ω_Z , R_Z )

and inducing AJ. recall from §1.2.1 that alternation over S_n ⋉ (S_2)^{⊕n} Alt_n : Z^p(X, −•) → Z^p(X, −•) is also a map of complexes, which descends to the identity on CH^p(X, n) (by Corollary 1.2.2a); clearly the composition R_X ∘ Alt_n must also induce AJ. Moreover by our branch choices^2 for log z_i (as 0-currents) we have that Alt_nT^n_□ = T^n_□, Alt_nΩ^n_□ = Ω^n_□, and Alt_nR^n_□ reduces to alternation over S_n; this leads to T_{AltnZ} = T_Z , Ω_{AltnZ} = Ω_Z and^3 R_{AltnZ} = π^{AltZ}_{X ∗} π^{AltZ}_□^∗ R^n_□ = π^Z_{X ∗} π^Z_□^∗ (Alt_nR^n_□) =: (Alt_nR)_Z . Which is to say, sending Z −→ (−2πi)^{p−n} ((2πi)^nT_Z , Ω_Z , (Alt_nR)_Z ) 2which are completely symmetric with respect to Sn ⋉(S2)^{⊕n} (the cuts are at arg zI = ±π, for all i). For AJ to be well-defined we must at least have Sn-symmetry (AJ on all of X is a good deal more sensitive to branch chages than the Milnor regulator [over ηX ]).

3noting that AltnR^n_□ =^1_{n!} ∑ σ∈Sn R ( z_{σ(1)}, . . . , z_{σ(n)} )

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 101

also induces AJ.

To compose this with the “real” projection, first set π^p_R : C = R(p) ⊕ R(p − 1) −→ R(p − 1) and define C^•_{D,R}(X, R(p)) :∼= Cone F^{p′}D^•_{X,C} (X) → π^p_R ′D^•_{X,R(p−1)}(X) [−1],

H^{2p−n}_D (X, R(p)) := H^{−n} ( C^{2p+•}_{D,R} (X, R(p)) ) . We can induce π^p_R : H^{2p−n}_D (X, Z(p)) → H^{2p−n}_D (X, R(p)) by sending (a, b, c) −→ (b, π^p_Rc), and so π^p_R ∘ AJ may be computed by Z −→ ( (−2πi)^{p−n}Ω_Z , π^p_R { (−2πi)^{p−n}(Alt_nR)_Z } ) . = π^Z_{X ∗} π^Z_□^∗ ( π^p_R [(−2πi)^{p−n}Alt_nR^n_□] ) Goncharov’s map r : CH^p(X, n) → H^{2p−n}_D (X, R(p)) is given by setting^4 Alt_n ∑ j≥0 ( n 2j + 1 ) log |z_1| (dlog|z_2| ∧ . . . ∧ dlog|z_{2j+1}|) ∧ (di arg z_{2j+2} ∧ . . . ∧ di arg z_n)

=: r(z_1, . . . , z_n) =: r^n_□ ∈^′D^{n−1}_{R(n−1)}(□^n) and (for Z ∈ Z^p(X, n)) r_Z := π^Z_{X ∗}π^Z_□^∗r^n_□, and simply sending Z −→ r(Z) := (−2πi)^{p−n} (Ω_Z , r_Z ) ∈ C^{2p−n}_{D,R} (X, R(p)). The objective is now to show that for Z any ∂_B-cycle, the difference r(Z) − π^p_R {R(Alt_nZ)} = ( 0, π^Z_{X ∗}π^Z_□^∗ [ (−2πi)^{p−n}r^n_□ − π^p_R { (−2πi)^{p−n}Alt_nR^n_□ }] )

=: Δ^n is a coboundary in the cone complex C^{2p−n}_{D,R} (X, R(p)); it is enough to show that π^Z_{X ∗}π^Z_□^∗Δ^n = d[ · ] on X. In fact, suppose there were an alternating (n−

4this differs from Goncharov’s current by a factor of (2πi)^n.

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 102

2)-current Alt_nS ∈^′D^{n−2}_{R(p−1)}(□^n) with d[Alt_nS] = Δ^n + residues on ∂□^n. The residues must be of the form^5 C = 2πi ∑ ℓ (−1)^ℓQ(z_1, . . . , ^z_ℓ, . . . , z_n) · δ_{(zℓ)} = 2πi ∑ ℓ,e ρ^e_{ℓ ∗}Q^{n−1}_□ for some current Q ∈^′D^{n−3}_{R(p−2)}(□^{n−1}), because Alt_n is idempotent (and commutes with d) =⇒ C is Alt-invariant. So we find d [ π^Z_{X ∗}π^Z_□^∗Alt_nS ] − π^Z_{X ∗}π^Z_□^∗Δ^n = 2πi π^Z_{X ∗}π^Z_□^∗ ∑ i,e ρ^e_{i ∗}Q^{n−1}_□

= 2πi π^{∂B Z}_{X ∗}π^{∂BZ}_□^∗Q^{n−1}_□ = 0 since ∂_BZ = 0 is assumed. Therefore to equate the two real regulators it is sufficient to exhibit Alt_nS with d[Alt_nS] = Δ^n on □^n \ ∂□^n.

Next put ±_n := { i^{n−2}, n even i^{n−1}, n odd and notice that

π^p_R { (−2πi)^{p−n}Alt_nR^n_□ } = (−2πi)^{p−1}ℜ { 1 (−2πi)^{n−1} Alt_nR^n_□ }

= ±_n(−2πi)^{p−1} 1 (−2π)^{n−1} { ℜ, n odd ℑ, n even } Alt_nR^n_□

= ±_n(−2πi)^{p−n}(i^{n−1}) { ℜ ℑ } Alt_nR^n_□ = (−2πi)^{p−n} { ℜ i · ℑ } Alt_nR^n_□ ,

while (with ε_n := { i, n even 1, n odd )

r^n_□ = ε_n · ±_n · ( r^n_□ / i^{n−1} ) = ε_n · ±_nAlt_n ∑ j≥0(−1)^j ( n 2j + 1 ) log |z_1|·

(dlog|z_2| ∧ . . . ∧ dlog|z_{2j+1}|) ∧ (d arg z_{2j+2} ∧ . . . ∧ d arg z_n)

=: ε_n · r̃^n_□.

So we’ve reduced this problem to producing an alternating current S_0 with

d[S_0] = { ℜ, n odd ℑ, n even } Alt_nR^n_□ − r̃^n_□ (on □^n \ ∂□^n).

Working under the Alt sign^6 now, we will use the following notation for real (n − 1)-currents (on □^n): ⟨{ L A } | i | j ⟩ k := { log |z_1| arg z_1 } (dlog|z_1| ∧ . . . ∧ dlog|z_{i+1}|) ∧

5(see §2.4.1 for ∑ ℓ,e) 6Alt is implicitly applied to everything; so these are alternating currents (other wise the lemma would be false!).

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 103 (d arg z_{i+2} ∧ . . . ∧ d arg z_{i+j+1}) · δ_{Tzi+j+2 ∩...∩Tzn} where i + j + k + 1 = n; we will also use (n − 2)-currents

⟨L A | i | j⟩_k := log |z_1| arg z_2 (dlog|z_3| ∧ . . . ∧ dlog|z_{i+2}|) ∧ ( d arg z_{i+3} ∧ . . . ∧ d arg z_{zi+j+2} ) · δ_{Tzi+j+3 ∩...∩Tzn} where i + j + k + 2 = n. We have the following basic^7 Lemma 3.1.1. d [⟨L A | i | j⟩_k] = ⟨L | i | j + 1⟩_k−⟨A | i + 1 | j⟩_k−2π ⟨L | i | j⟩_{k+1}, and it is also easy to see that in this notation ±_n · { ℜ, n odd ℑ, n even } Alt_nR^n_□ = n∑ i=1 ∑ j≥0 (2π)^{i−1}(−1)^j [( n − i 2j ) ⟨L |2j| n − 2j − 1⟩_{i−1} + ( n − i 2j + 1 ) ⟨A |2j + 1| n − 2j − i − 1⟩_{i−1} ]

while

r̃^n_□ = ±_n ∑ j≥0 (−1)^j ( n 2j + 1 ) ⟨L | 2j | n − 2j − 1⟩_0 .

Recalling the “Pascal’s triangle” rule ( n − 1 2j ) − ( n 2j + 1 ) = − ( n − 1 2j + 1 ) , we find that

±_n ( { ℜ ℑ}Alt^nR^{n□} − r̃^{n□} ) = ∑ j≥0 (−1)^j ( n − 1 2j + 1 ) [⟨A|2j + 1|n − 2j − 2⟩_0 − ⟨L|2j|n − 2j − 1⟩_0]

+ n∑ i=2 ∑ j≥0 (2π)^{i−1}(−1)^j [( n − i 2j ) ⟨L|2j|n − 2j − 1⟩_{i−1} + ( n − i 2j + 1 ) ⟨A|2j + 1|n − 2j − i − 1⟩_{i−1} ] (3.1.1)

By the Lemma, d ∑ j≥0 (−1)^j ( n − 1 2j + 1 ) ⟨L A | 2j | n − 2j − 2⟩_0 =

7the important thing to notice in verifying this is that swapping log | · | and arg( · ), i.e. changing log |z1| arg z2 → arg z1 log |z2|, generates a (−1), while swapping the differentials, e.g. dlog|zi+2| ∧ d arg zi+3 → d arg zi+2 ∧ dlog|zi+3|, does not. (The point is always to keep the order of the {zi} intact.)

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 104 − ∑ j≥0 (−1)^j ( n − 1 2j + 1 ) [⟨A | 2j + 1 | n − 2j − 2⟩_0 − ⟨L | 2j | n − 2j − 1⟩_0]

−2π ∑ j≥0 (−1)^j ( n − 1 2j + 1 ) ⟨L | 2j | n − 2j − 2⟩_1 . Adding this coboundary-current to the current of equation (3.1.1) gives ∑ j≥0 2π(−1)^j ( n − 2 2j + 1 ) [⟨A | 2j + 1 | n − 2j − 3⟩_1 − ⟨L | 2j | n − 2j − 2⟩_1]

+ n∑ i=3 ∑ j≥0 [( n − i 2j ) ⟨L | 2j | n − 2j − 1⟩_{i−1} + ( n − i 2j + 1 ) ⟨A | 2j + 1 | n − 2j − i − 1⟩_{i−1} ] , and so on. More generally, the S_0 we are looking for is ±_n times the current in brackets, in the following

Proposition 3.1.2. On □^n \ ∂□^n, ±_n ({ ℜ ℑ } Alt_nR^n_□ − r̃^n_□ ) =

d n−1∑ i=1 ∑ j≥0 (2π)^{i−1}(−1)^j ( n − i 2j + 1 ) ⟨L A | 2j | n − 2j − i − 1⟩_{i−1} ,

and so r and π^p_R ∘ AJ coincide as maps: CH^p(X, n) → H^{2p−n}_D (X, R(p)).

We give some applications in the subsections that follow (as well as §3.2). 3.1.2. Application to CH^m(C , 2m − 1). Using a result of Goncharov we can now prove the conjecture of §2.4.4 (regarding C /Z(m)-lifts of the L_m on ker(δ) ⊂ B_m(C )) in the case n = 2. Writing ρ_m(α) for the linear subvariety of □^{2m−1}

ρ_m(2m − 1)(a) := (−1)^{m−1}Alt_{2m−1} ( 1 − z_1, 1 − z_2 z_1 , . . . , 1 − a z_{m−1} , z_1, . . . , z_{m−1} ) ∈ Z^m(C , 2m − 1) parametrized by P^{m−1}, Theorem 3.6 in [Go1] translates^8 to

8One needs to use the fact that (since r(f1, . . . , f2n−1 ) is alternating multilinear in its entries) r(z1, . . . zn−1, 1 − z1, z1 − z2, . . . , zm−2 − zm−1, zm−1 − a) = r(1 − z1, 1 − z2 z1 , . . . , 1 − zm−1 zm−2 , 1 − a zm−1 , z1, . . . , zm−1) , together with the (2πi)^{2m−1} difference between the r^{2m−1}_□ here and the version in [Go]. Incidentally note that using these properties of r one can easily extend his computation to other linear subvarieties, e.g. Lm(α1 · . . . · αm) = 1 (2πi)^{m−1} ∫ Pn−1 r(1 − α1z1, 1 − α2 z1 z2 , . . . , 1 − αm−1 zm−1 zm−2 , 1 − αn zn−1 , z1, . . . , zm−1).

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 105

Lemma 3.1.3. [Goncharov] For any a ∈ C , ε_m · (−2πi)^{m−1}L_m(a) = ∫ ρ_m(a) r^{2m−1} □ ( = r_{ρm(a)} ) . Remark 3.1.4. Obviously this holds for an “unalternated” version of ρ_m(a) since r^{2m−1}_□ is itself alternated. (In particular we may use any permutation, with the corresponding sign.)

Another way of putting the Lemma is r(ρ_m(a)) = (0, ε_m · L_m(a)) ∈ C^1_{D,R}(SpecC [= pt.], R(m)). Since the only coboundary 0-current is 0, if ρ_m(a) were a ∂_B-cycle then Proposition 3.1.2 =⇒ π^m_R 1 (−2πi)^{m−1} R_{ρm(a)} = 1 (−2πi)^{m−1} r_{ρm(a)} (= ε_m · L_m(a)) .

But this is not so; even if one replaces ρ_m(a) [given some ξ = ∑ m_j{a_j }_m ∈ ker(δ) ⊂ B_m(C )] by ρ̄_m(ξ) := ∑ m_j ρ_m(a_j ), this still has to be completed to a ∂_B-cycle by the addition of W ∈ A^m(C , 2m − 1) using Beilinson-Soulé. This is how we obtained the map from ker(δ) → CH^m(C , 2m − 1) in §2.4.4 (conjecturally for m ≥ 3).

Now specialize to m = 2 and recall that A^2(C , 3) = C^1(C , 1) ∧ C^1(C , 2), so that one of z_1, z_2, z_3 is constant on each component of W. Thus one can use [Go1] Theorem 3.3 or the following simple argument to ahow that ∫ W r^3_□ = ∫ W r(z_1, z_2, z_3) = 0.

Since W is a sum of curves,

dlogz_k ∧ dlogz_ℓ = 0 =⇒ d arg z_k ∧ d arg z_ℓ = dlog|z_k| ∧ dlog|z_ℓ| on W, and so ι^∗_W r(z_1, z_2, z_3) = ι^∗_W Alt_3 {−3 log |z_1|d arg z_2 ∧ d arg z_3 + log |z_1|dlog|z_2| ∧ dlog|z_3|}

= −2 i^∗_W Alt_3 {log |z_1|dlog|z_2| ∧ dlog|z_3|} .

On a component W_0 on which, say, z_1 = c, the problem reduces to showing log |c| ∫ W_0

dlog|z_2| ∧ dlog|z_3| = 0. But this is clear because d[log |z_2|dlog|z_3|] = dlog|z_2| ∧ dlog|z_3| (there are no residues).

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 106

Therefore ∫ W r^3_□ = 0, and on Z_ξ = ρ̄_2(ξ) + W = ∑ m_jρ_2(a_j ) + W we have (using Lemma 3.1.3) − 1 2πi ∫ Z_ξ r^3_□ = − 1 2πi ∫ ∑ m_j ρ_2(a_j )

r^3_□ = i ∑ m_j L_2(a_j ) =: iL_2(ξ).

But Z_ξ is a ∂_B-cycle and so − 1 2πi ∫ Z_ξ r^3_□ = π^2_R { − 1 2πi ∫ Z_ξ r^3_□ } = π^2_R { R_{Zξ} } ; and since π^2_R = i · ℑ, we have exactly ℑ { R_{Zξ} } = L_2(ξ),

which was the claim of §2.4.4.

3.1.3. Real Milnor regulator currents and CH^n(X, n). Associated with the case n = p, X = (n − 1)-dimensional projective variety, one has the following objects and maps: { Steinberg relations } ∂^BZ^n(η^X , n + 1)

⊗^nZ [ P^1_{C(X)} \ 0, ∞ ]

∩

γ (graph)

Z^n(η_X , n))

∩

K^M_n (C (X)) γ̄ ∼= CH^n(η_X , n) R = R^′ H^{n−1}(η_X , C /Z(n))

K^M_n (X) ∪ γ̄^{−1} CH n(X, n) ȷ^∗_{ηX} R = AJ H^{n−1}(X, C /Z(n)) ȷ^∗_{ηX}

where K^M_n (X) is by definition γ̄^{−1} {im(CH^n(X, n))}, and R^′ and AJ were constructed in §2.2 and §2.4. If f = ∑ m_αf_{1α}⊗. . .⊗f_{nα} ∈ ⊗^nZ [ P^1_{C (X)} \ {0, ∞} ] is such that {f} ∈ K^M_n (X), then there exists Γ ∈ Z^n(X, n), ∂_B-closed and “completing” γ_f to a higher Chow cycle (γ_f = ȷ^∗_{ηX} Γ). Writing R_f = R_{γf} = ∑ m_αR(f_{1α}, . . . , f_{nα}), we have also that R_f = ȷ^∗_{ηX} R_Γ, and these currents have respective d-closed lifts to η_X and X: R^′_f = R_f +(2πi)^n∂^{−1}_{(X,Vf )}T_f, R^′_Γ = R_Γ + (2πi)^n∂^{−1}_X T_Γ. From §2.2.2, R_f − Alt_nR_f is a d-coboundary on η_X , as is (using the beginning of §3.1.1) R_Γ − (Alt_nR)_Γ on X, possibly modulo (2πi)^nT_0 for some topological cycle T_0 ∈ Z_{n−1}(X, Q).

3.1. REAL REGULATORS AND GONCHAROV’S CONSTRUCTION 107

We slightly change π^n_R (by a factor of ε_n) so that now π^n_R = { ℜ (n odd) ℑ (n even) : C → R; clearly this induces also a map C /Q (n) → R of coefficients. Applying π^n_R kills (2πi)^nT_0, (2πi)^n∂^{−1}T_f, (2πi)^n∂^{−1}T_Γ; in particular note that π^n_RR^′_f [= π^n_RR_f] is closed without a membrane term. Applying π^n_R to the above coboundaries on η_X and X, and combining this with the Proposition we find that π^n_RR^′_f − r̃_f and π^n_RR^′_Γ − r̃_Γ are also d[ · ] (on η_X , X respectively). We can “see” this in a diagram: H^{n−1}(X, C /Q (n)) γ^∗ H^{n−1}(η_X , C /Q (n)) [R^′_Γ] [R^′_f]

H^{n−1}(X, R) π^n_R γ_∗ H^{n−1}(η_X , R) π^n_R [r̃_Γ]

[r̃_f]

Referring to §4.5.6, suppose X is a very general type [A] complete intersection on P^{n+r} (of codimension r + 1). Then according to the vanishing theorem stated there (and proved in Chapter 4), [R^′_f] = 0; so [r̃_f] = 0 and

[r̃_Γ ] ∈ ker { ȷ^∗_{ηX} : H^{n−1}(X, R) → H^{n−1}(η_X , R) } . Now Ω_Γ = 0 and so r̃_Γ completely describes r(Γ) = (0, ε_n · r̃_Γ); moreover, any Γ ∈ Z^n(X, n) with ∂_BΓ = 0 gives rise to f ∈ K^M_n (X), and so [r̃_Γ] ∈ ker(ȷ^∗_{ηX} ) for all [Γ] ∈ CH^n(X, n)! Furthermore by Proposition 4.5.5, for n even ker(ȷ^∗_{ηX} ) = 0, and for n = 2n − 1 odd ker(ȷ^∗_{ηX} ) = imH^{n−1}(P^{n+r}, R). In the latter case we can completely describe r(Γ) by integrating against the appropriate power [H]^{m−1} of the hyperplane class, or equivalently over X ∩ { P^{m+r} ⊂ P^{2m+r−1} } (where 2m + r − 1 = n + r), since im H^{n−1}(P^{n+r}) ι^∗_X → H^{n−1}(X) ∼= −→ coim H^{n−1}(X) ι^X_∗ → H^{2r+n+1}(P^{n+r}) . Writing Γ·[H]^{m−1} for the intersection of Γ ⊂ X ×□^{2m−1} ⊂ P^{2m+r−1} ×□^{2m−1} with P^{m+r} × □^{2m−1}, this becomes ∫ X∩P^{m+r} r̃_Γ = ∫ X∩P^{m+r} π^Γ_{X ∗}π^Γ_□^∗r̃^{2m−1}_□ = ∫ Γ·[H]^{m−1} π^Γ_□^∗r̃^{2m−1}_□ = ∫ π_□(Γ·[H]^{m−1}) r̃^{2m−1} □ , where one can think of π_□ ∘ {·[H]^{m−1}} as giving a map CH^{2m−1}(X, 2m − 1) ·[H]^{m−1} −→ CH^m(X ∩ P^{m+r}, 2m − 1) π_□ −→ CH^m(C 2m − 1) and the integral as computing the Goncharov regulator on the image. According to Lemma 3.1.3, this is computed by L_m for special linear cycles; more generally he calls it the Chow m-logarithm and conjectures that it can be computed in terms of the L_m. Since r̃_Γ gives a class in H^{n−1}(X, R), the value of ∫ X∩P^{m+r} r̃Γ is independent of the particular linear subspace

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 108

P^{m+r} ⊂ P^{2m+r−1} chosen, so we get a family of cycles in CH^m(C , 2m − 1) with constant Chow m-logarithm.

Now any Γ ∈ Z^n(X, n) is of the form Γ = γ^0 + ∑ i≥1 γ^i where supp(π_X γ^i) has codimension i in X, and we write V_Γ := π_X ( ∑ i≥1 γ^i). With this in mind we summarize the above discussion:

Proposition 3.1.5. Assume X is a very general (n − 1)-dimensional type [A] complete intersection, and [Γ] ∈ CH^n(X, n). Then for n even, [r(Γ)] ∈ H^n_D(X, R(n)) is zero, while for n odd it is computed by a current r̃_Γ whose periods are (a) a value of Goncharov’s

(_{n+1} 2 ) -logarithm, on π_□ ( [H]^{n−1}2 · Γ ) ∈ Z^{n+1}2 (C , n), (b) zero on all cycles avoiding V_Γ ⊂ X;

and according to Proposition 4.5.5 these two types of cycles span the space H_{n−1}(X, Q). A few remarks are in order here.

First, this illustrates clearly the value of constructing a C /Z(n)-lift of the real regulator as we did in §2.4; to the lift we may apply infinitesimal invariant techniques in Chapter 4, which lead to this vanishing theorem for the real regulator.

Moreover this result is consistent with the Beilinson conjecture, which predicts the nontriviality of [the covolume of] the image of r_{Be} for X defined over a number field (and therefore not general). Provided Gr^0_N H^{2p−n}_D (X, Q(p)) [ = im { H^{2p−n}_D (X, Q(p)) → H^{2p−n}_D (η_X , Q(p)) }] is nonzero, this “guarantees” interesting values for Gr^0_N of r and R for X over a number field. For n = p, the latter of these (Gr^0_N of R) is the holomorphic Milnor regulator which is discussed in Chapter 4, and for which the vanishing theorem is proved for X very general (so definitely not over a number field).

The notion that the image of r_{Be} is a Q-lattice (so that one may speak of its covolume), or at least topologically zero-dimensional, is “explained” by the fact that r_X is constant on continuous families in CH^n(X, n) (for X fixed). This is proved in [Be], using rigidity of deRham classes. For this same reason one can easily show the holomorphic Milnor regulator is also constant on continuous families in K^M_n (X), for X fixed. So in that Chapter we investigate instead the situation when X is allowed to vary (and Proposition 3.1.5 above comes out of this).

3.2. Relative Regulators and Polylogarithms

We get many more opportunities for explicit Milnor regulator computations, if we generalize the maps and definitions of Chapter 2 to the case of a relative variety (X, Y ) and its “generic point” η_{(X,Y )}. (This is obtained

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 109

in the limit by removing divisors intersecting Y properly; such divisors are henceforth written “V ⊂ (X, Y )”). The resulting integrals ∫ C R_f are still periods in the sense of Kontsevich and Zagier [KZ], and we calculate some very basic ones here. However we first put them in their proper context with quite a bit of abstract nonsense; our approach may initially seem rather ad hoc and naive to readers of [B2].

3.2.1. Motivation and definitions. Let C (X, Y ) :=the multiplicative group of all functions ≡ 1 on Y , and assume for simplicity dim X = n − 1. Set

K^M_n (C (X, Y )) := Z[P^1_{C(X,Y )}] ⊗ ( ⊗^{n−1}Z[P^1_{C(X)} \ {0, ∞}] ) {Steinberg relations} ∩ num =: S

= C (X, Y ) ⊗_Z ⋀_{n−1} Z C (X)^∗ ⟨ f ⊗ (1 − f) ∧ g_2 ∧ . . . ∧ g_{n−1}, f ⊗ g_1 ∧ (1 − g_1) ∧ g_3 ∧ . . . g_{n−1} ⟩

where the first function (=f) must be ≡ 1 on Y ; and CH^n(η_{(X,Y )}, n) := lim−→_{V ⊂(X,Y )} CH^n(X \ V , Y ∩ X \ V ; n).

In this situation there are still well-defined^9 (but perhaps not isomorphic) graph maps γ:

9(Well-definedness of γ.) For instance, recall that for n = 3 one has the “Totaro cycles” C_f – which are elements of Z^3(ηX , 4), and ∂B of which hits γ_f – for any f ∈Steinberg relations. The question here is whether, if f ∈ S, the Totaro cycles can be chosen in Z^3(η_{(X,Y )}, 4). If f = f1f2 and f, f1, f2 ≡ 1 on Y , then to the generators of S we can associate such “relative” C_f (with ∂BC_f = γ_f) as follows:

f = f ⊗ g ⊗ h − f1 ⊗ g ⊗ h − f2 ⊗ g ⊗ h C_f = ( z,^{(z−f (x))(z−1)} (z−f1(x))(z−f2(x)) , g(x), h(x) ) f = f ⊗ g1g2 ⊗ h − f ⊗ g1 ⊗ h − f ⊗ g2 ⊗ h C_f = ( f(x),^{(z−g1 (x)g2(x))(z−1)} (z−g1)(z−g2 ) , z, h(x) ) f = f ⊗ g ⊗ h + f ⊗ h ⊗ g C_f = ( f(x),^{(z−g(x))(z−h(x))} (z−g(x)h(x))(z−1) , g(x)h(x) z , z ) f = f ⊗ (1 − f) ⊗ h C_f = ( z,^{z−f (x)}_{z−1} , 1 − z, h(x) ) f = f ⊗ g ⊗ (1 − g) C_f = ( f(x),^{z−g(x)}_{z−1} , z, 1 − z )

where each C_f is parametrized by z ∈ P^1 and x ∈ X, and has one coordinate≡ 1 always when x ∈ Y (and so C_f ∈ Z^3(η_{(X,Y )}, 4)).

Notice that if, in the fourth C_f, we put only f or 1 − f ≡ 1 on each component of Y , i.e. allow some “sharing of responsibility” between the functions, then on some Yi we get z−0 z−1 rather than^{z−1}_{z−1} ≡ 1, which is a problem. (Hopefully this gives some insight into our otherwise arbitrary-looking definition of the relative Milnor K-groups.)

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 110

K^M_n (C (X, Y )) γ CH^n(η_{(X,Y )}, n)

K^M_n (X, Y ) ∪ CH^n(X, Y ; n), where K^M_n (X, Y ) := γ^{−1}(imCH^n(X, Y ; n)). However, the dotted arrow, which represents the concept of moving^{10} and completing γ_f (trivially possible for {f} ∈ K^M_n (X, Y ), by definition), is not well-defined.^{11} We draw it because its composition with other maps can be.

In particular, recalling that □^n = (P^1\{1})^n, for (X, Y ) = (P^1, {0, ∞})^{n−1} =: ( ¯□^{n−1}, ∂ ¯□^{n−1}) consider CH^n( ¯□^{n−1}, ∂ ¯□^{n−1}; n) → CH^n(□^{n−1}, ∂□^{n−1}; n) → CH^n(C , 2n − 1) R → C /Z(n) where the second map is induced by a map of ∂_B-complexes. We can essentially (modulo some further restrictions on f) show that the resulting composition K^M_n ( ¯□^{n−1}, ∂ ¯□^{n−1}) → C /Z(n) is independent of the choices made along V_f in completing γ_f to Γ. Say Γ = Γ_{Vf} + γ_f, then R(Γ) is computed by 1 (2πi)^{n−1} ∫ γ_f

R^{2n−1}_□ + 1 (2πi)^{n−1} ∫ Γ_{Vf} R^{2n−1}_□ . Now write {w_1, . . . , w_{n−1}; z_1, . . . , z_n} for the coordinates on □^{2n−1}, and set T^{n−1}_w = T_{w1} ∩. . .∩T_{wn−1} ⊂ □^{2n−1}. T^{n−1}_w will also denote its image under the projection to X, π : □^{2n−1} → □^{n−1}, and we can show the second integral vanishes under the assumption^{12} that (on X) V_f ∩ T^{n−1}_w ⊆ ∂ ¯□^{n−1}(= Y ). Namely, in ∫ Γ_{Vf}

R^{2n−1}_□ = {∫ Γ_{Vf}

log w_1dlogw_2 ∧ . . . ∧ dlogw_{n−1} ∧ dlogz_1 ∧ . . . ∧ dlogz_n + . . .

+(2πi)^{n−2} ∫ ΓV ∩Tw1 ∩...∩Twn−2 log w_ndlogz_1 ∧ . . . ∧ dlogz_n }

10Note that in moving γ_f we have the added restriction that it remain a relative cycle ∈ Z^n(η_{(X,Y )}, n); we have not pursued whether a version of the moving lemma still holds.

11(as usual the completion is not unique) 12T^{n−1}_w will play in this section the same role as C at the end of §2.2, namely, the topological cycle for a Milnor-regulator current to be integrated over, which must avoid the divisors V_f. In the present argument, which is motivation for the relative Milnor regulator, T^{n−1}_w appears as a restriction on the function f (rather than vice-versa).

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 111 +(2πi)^{n−1} {∫ Γ_V ∩T^{n−1}_w log z_1dlogz_2 ∧ . . . ∧ dlogz_n + . . .

+(2πi)^{n−1} ∑ ΓV ∩T n−1 w ∩Tz1 ∩...∩Tzn−1 log z_n

the first term is zero by type since dim_C Γ_V = n − 1. The second term vanishes under the above assumption, because Γ_V is a relative higher Chow cycle and so as a cycle Γ_V ∩ π^{−1}(Y ) ( ⊇ Γ_V ∩ T^{n−1}_w ) is zero. Similarly 1 (2πi)^{n−1} ∫ γ_f

R^{2n−1}_□ = {1st n − 1 terms = 0} + {∫ γ_f∩T^{n−1}_w log z_1dlogz_2 ∧ . . . ∧ dlogz_n

2πi ∫ γ_f∩T^{n−1}_w ∩T_{z1} log z_2dlogz_3 ∧ . . . ∧ dlogz_n + . . . + (2πi)^{n−1} ∑ γ_f∩T^{n−1}_w ∩T_{z1} ∩...∩T_{zn−1} log z_n

= (−1)^{n−1} ∫ T^{n−1}_w R_f,

where {z_1, . . . , z_n} have been replaced by f_1, . . . , f_n because we are on γ_f. this is just a Milnor regulator current integrated over a relative cycle [T^{n−1}_w ] ∈ H_{n−1} (¯ □^{n−1} \ V_f, ∂ ¯□^{n−1} ∩ ¯□^{n−1} \ V_f ) . It makes sense to try to turn this into a map on all of K^M_n (C (□^{n−1} , ∂□^{n−1})), where one can choose cycles^{13} that avoid V_f (instead of restricting f), and to show well-definedness directly via coboundary currents as in §2.2.2.

3.2.2. Well-definedness issues. More generally, we start with a map Z[P^1_{C(X,Y )}] ⊗ ( ⊗^{n−1}Z[P^1_{C(X)} \ {0, ∞}] ) −→ lim−→ V ⊂(X,Y ) Hom {H_{n−1}(X \ V_f, Y ∩ X \ V_f; Z), C /Q (n)} = H^{n−1}(η_{(X,Y )}, C /Q (n)) defined by f −→ { C → ∫ C R_f } , where the chains C must avoid V_f but may bound on Y (they do not have to be topological cycles on X). To show that this map descends to K^M_n (C (X, Y )), recall that the regulator currents associated to any Steinberg f are coboundaries on X \ V_f: that is, R^′_f = d[S_f]; or simply R_f ≡ d[S_f] modulo (2πi)^n × {integral chains}. So if ι^∗_Y S_f = 0 then ∫ C R_f ≡ ∫ C d[S_f] = ∫ ∂C⊆Y S_f = 0 mod Z(n)

13e.g., some deformation of T^{n−1}_w for which^′T^{n−1}_w ∩ V_f ⊆ ∂ ¯□^{n−1}.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 112

So we then just write down S_f for every “trivial” relative f (i.e. f ∈ S), and verify that ι^∗_Y S_f = 0.

We will do this for n = 3 on the two interesting such f in that case; it is crucial to remember that for us log always means the branch with −π < arg ≤ π. Let f = f_1f_2and consider f = f ⊗ g ⊗ h − f_1 ⊗ g ⊗ h − f_2 ⊗ g ⊗ h −→ R_f = 2πiΔ_f dlogg ∧ dlogh − 2πi log gdlogh · δ_{∂Δf} + 4π^2 log h · δ_{∂Δf ∩Tg}

where

Δ_f = 1 2πi {log f − log f_1 − log f_2} , ∂Δ_f = T_{f1} + T_{f2} − T_f .

Then d[S_f] = R_f (up to Z(3)×integral chain) for the following

S_f = 2πiΔ_f log gdlogh + 4π^2Δ_f log h · δ_{Tg} .

As for

f = f ⊗ (1 − f) ⊗ h −→ R_f = log fdlog(1 − f) ∧ dlogh + 2πi log(1 − f)dlogh · δ_{Tf}

one has exactly d[S_f] = R_f with

S_f = −Li_2(1 − f)dlogh

where once again, for us Li_2(z) always means the “standard branch” (as a zero-current) with a cut at T_{1−z}. Both these S_f’s clearly have ι^∗_Y S_f = 0, since f = 1 on Y and using our given branches log 1 and Li_2(0) are always exactly zero.^{14}

In the case of (X, Y ) = ( ¯□^{n−1}, ∂ ¯□^{n−1}) it turns out to be easier to compute certain integrals of the form ∫ X R^′_f ∧ω instead of ∫ C R_f,. Indeed we shall use the former to compute the latter (which is what we are interested in). Assuming normal crossings in Y ∪ V_f, we have a well-defined regulator map like that above: K^M_n (C (X, Y )) −→ lim−→_{V ⊂(X,Y )} { H^{n−1}(X \ Y, V_f ∩ X \ Y ; C ) }_∨ imH_{n−1}(X \ Y, V_f ∩ X \ Y ; Q(n)) = H^{n−1}(η_{(X,Y )}, C /Q (n))

f −→ { ω → ∫ R^′_f ∧ ω }

where we may represent H^{n−1}(X \ Y, V_f ∩ X \ Y ; C ) by either forms ω ∈ Γ { Ω^{n−1}_{(X\Vf )∞} (dlogY ) } compactly supported away from V_f, or forms ω ∈ Γ { Ω^{n−1}_X∞ (nullV_f)(dlogY ) } with ι^∗_V ω = 0. In particular, simply by type a

14(In fact half of our work is to preserve branch-accuracy, since we have so many instances of a product of an Li2 or log with something else; and one cannot go modulo, for example, 2πi times any current.)

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 113

form in H^0(Ω^{n−1}_X (dlogY )) is fair game, and for (X, Y ) = ( ¯□^{n−1}, ∂ ¯□^{n−1}) this means

Ω^{n−1}_w := 1 (2πi)^{n−1} ∧^{n−1} dlogw_i

is a candidate for ω.

Let [T^{n−1}_w ] ∈ H^{n−1}( ¯□^{n−1} \ ∂ ¯□^{n−1}, V_f ∩ ¯□^{n−1} \ ∂ ¯□^{n−1}) denote also the topological cycle’s Lefschetz dual class; it can be represented by a form ω_T with support on a tubular neighborhood of T^{n−1}_w and disjoint from V_f. Then [T^{n−1}_w ] ≠ [Ω^{n−1}_w ] but their images in H^{n−1}( ¯□^{n−1} \ ∂ ¯□^{n−1}) are equal, and so ω_T − Ω^{n−1}_w = dα on ¯□^{n−1} \ ∂ ¯□^{n−1}. Since d[R^′_f] = 0 on ¯□^{n−1} \ ∂ ¯□^{n−1}, it seemingly should follow that 0 = ∫ ¯□n−1(\∂ ¯□n−1) R^′_f ∧ dα = ∫ T^{n−1}_w R^′_f − ∫ ¯□n−1 R^′_f ∧ Ω^{n−1}_w ,

but this is not quite right. There is a subtle flaw in the first equality: although by construction dα is nullY (= ∂ ¯□), α itself may not be, and so ∫ d[R^′_f] ∧ α, where d[R^′_f] is supported on V_f, may be a problem. The way to get around this (at least for {f} ∈ K^M_n ( ¯□^{n−1}, ∂ ¯□^{n−1})) is to appeal to §2.3.3, which works out a map K^M_n (X) −→ lim−→_{Vf⊂X} ( coim { H^{n−1}(X, V_f; C ) → H^{n−1}(X, C ) })_∨ imH_{n−1}(X, Q(n)) defined by f −→ { ω → ∫ X R^{′′}_f ∧ ω } , where (in the language of §2.4) R^{′′}_f = ȷ^∗_{X\Vf} R^′_Γ for Γ a completion of γ_f (so that d[R^′_Γ] = 0 on all of X). That is, we have to choose our membrane ∂^{−1}_{(X,Vf)}T_f more “precisely” than usual: just any R^′_f = R_f + (2πi)^n∂^{−1}_{(X,Vf)}T_f is off by R^′_f − R^{′′}_f = (2πi)^nζ, for some ζ ∈ H_{n−1}(X, V_f; Z). This is the only way to ensure that, for ω compactly supported away from V_f, and ω = dα (where α may have support on all of X), ∫ X R^{′′}_f ∧ ω = ∫ X R^′_Γ ∧ ω ↑ ω c.s. on X \ V_f R^′_Γ = R^{′′}_f + R_V

= ∫ X R^′_Γ ∧ dα = ± ∫ X d[R^′_Γ] ∧ α = 0 .

One extends this in an obvious way to get K^M_n (X, Y ) −→ lim−→_{Vf⊂X} ( coim { H^{n−1}(X \ Y, V_f ∩ X \ Y ; C ) → H^{n−1}(X \ Y, C ) })_∨ imH_{n−1}(X \ Y, Q(n)) by sending f −→ { ω → ∫ X R^{′′}_f ∧ ω }

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 114

where R^{′′}_f (= ȷ^∗_{X\Vf} R^′_Γ) = R^′_f + (2πi)^nζ for ζ ∈ H_{n−1}(X \ Y, V_f ∩ X \ Y ; Q), is consistent with the notion that ι^∗_Y R^{′′}_f = ι^∗_Y R^′_Γ = 0 (since ζ avoids Y ).

Now returning to (X, Y ) = ( ¯□^{n−1}, ∂ ¯□^{n−1}), we have [T^{n−1}_w ] = [Ω^{n−1}_w ] on ¯□^{n−1} \ ∂ ¯□^{n−1}; and this is reflected by the fact that on ¯□^{n−1}

d[R^{n−1}_w ] = d[ 1 (2πi)^{n−1} R(w_1, . . . , w_n)] = Ω^{n−1}_w − T^{n−1}_w + Res(R^{n−1})

where the residues are supported on ∂ ¯□^{n−1}. If {f} ∈ K^M_n ( ¯□^{n−1}, ∂ ¯□^{n−1}) so that Γ = γ_f + Γ_V completes γ_f, and R^′_Γ = R^{′′}_f + R_V where R_V is supported on V_f, then^{15}

0 = ± ∫ ¯□n−1 d[R^′_Γ] ∧ R^{n−1}_w = ∫ ¯□ R^′_Γ ∧ d[R^{n−1}_w ]

= ∫ (R_V + R^{′′}_f ) ∧ (Ω^{n−1}_w − T^{n−1}_w ) + ∫ R^′_Γ ∧ Res(R^{n−1}_w );

the last integral here is zero because ι^∗_Y R^′_Γ = 0 while the residues are supported on Y = ∂ ¯□^{n−1}. So we have ∫ R_V ∧ Ω^{n−1}_w − ∫ T^{n−1}_w R_V + ∫ R^{′′}_f ∧ Ω^{n−1}_w − ∫ T^{n−1}_w R^{′′}_f and the two leading terms in this are zero: the first because R_V is supported on V and Ω^{n−1}_w is nullV , the second since T^{n−1}_w ∩ V ⊂ ∂ ¯□^{n−1} = Y and ι^∗_Y R_V = 0 (since Γ_V is relative). Therefore this reduces to ∫ ¯□n−1 R^{′′}_f ∧ Ω^{n−1}_w − ∫ T^{n−1}_w R_f (≡ 0 mod Z(n)).

We are interested in the latter integral, in particular its π^n_R-part. We have justified the following idea: in order to get an idea of what this should be, at least for {f} ∈ K^M_n ( ¯□^{n−1}, ∂ ¯□^{n−1}), we can try to compute the former integral.

3.2.3. Linear factorization and classical polylogarithms. We will in fact compute a modified version of this integral. To illustrate the idea we turn to n = 2, where ( ¯□^1, ∂ ¯□^1) = (P^1, {0, ∞}). Any f [= ∑ ℓ_αf_α ⊗ g_α] involves functions f_α, g_α ∈ C (P^1 ) which split into linear factors; however, breaking {f} up into the resulting “linear” symbols is not allowed in K^M_2 (C (P^1 , {0, ∞})), because the linear factors of f_α do not = 1 at {0} and {∞}. But this kind of symbol-factpring is necessary to do any computations. So we slightly change the definition of K^M_2 so that f_α and g_α need

15The boxed equailty is not automatic; it amounts to saying that if Tϵ is an ϵ-tube about ∂ ¯□^{n−1} as in §1.3, then ∫ Tϵ R_f ∧ R^{n−1}_w → 0 with ϵ → 0. We will justify this carefully for n = 2 below.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 115

only “cover {0} and {∞} between them”, and define a regulator on it. Let

′K^M_2 (C (P^1 , {0, ∞})) := { subgroup of ⊗^2 Z[P^1_{C(P1)} \ {0, ∞}] generated by

f ⊗ g with (1 − f)(1 − g) = 0 on {0, ∞} }

{Steinberg relations} ∩ num =:^′S . The γ defined in the beginning of the section is not well-defined;^{16} however it is defined on the numerator, and so the notion that a symbol {f} ∈ ′K^M_2 (C (P^1 , {0, ∞})) has a representative f whose associated graph cycle γ_f (modulo im∂_B) is completable to a relative higher Chow cycle in Z^2((P^1, {0, ∞}), 2), is a well-defined one. So we have a^′K^M_2 (P^1, {0, ∞}), and this contains any symbols represented by f = ∑ ℓ_αf_α ⊗ g_α, |(f_α)| ∩ |(g_α)| = ∅ for each α, in ker(Tame),^{17} essentially by the construction in Chapter 1 (or see Example 1.3.1(b)). Such f will be called “nice”. For example,

f_α(w) = ∏ i ( 1 − a^α_i w )_mα_i , g_α(w) = ∏ j ( 1 − w b^α_j )_nα_j (*) give an element of^′K^M_2 (C (P^1 , {0, ∞})); if {f} = ∏ {f_α, g_α}^{ℓα} ∈ ker(Tame), and for each fixed α the set of {a^α_i } and {b^α_j } are disjoint, then f is nice and γ_f may be completed to a relative higher Chow cycle (by adding curves over points in V_f).

To simplify notation we will usually work with elements of the form {f} = { f = ∏ ( 1 − a_i w )_{mi} , g = ∏ ( 1 − w b_j )_{nj} } , so that {f} ∈ ker(Tame) means for us ∏ i ( 1 −^{ai}_{bj} )_{minj} = 1 for each j and ∏ j ( 1 −^{ai}_{bj} )_{minj} = 1 for each fixed i. The proofs for {f_α, g_α}^{ℓα} are then trivial generalizations of the ones we give here (with more complicated notation).

There is a regulator map R :^′K^M_2 (C (P^1 , {0, ∞})) → lim−→_{V ⊂C ∗} Hom ( H_1(P^1 \ V, {0, ∞}; Z), C /Q (2) )

= H^1(η_{(P}1_{,{0,∞})}, C /Q (2))

defined a priori on the generating elements f by f → { C → ∫ C R_f } . There are three^{18} interesting “coboundary currents” to check here (in order to prove

16This is just the n = 2 analogue of the problem mentioned (for n = 3) at the end of the long footnote there; γ does not kill the^′K^M_2 -relation: f ⊗ (1 − f) if f = 0 at {0}, 1 at {∞}. 17In this case this means: for any p ∈ P^1, ∏ α (_f α(p) νp(gα ) gα (p) νp(fα ) )_{ℓα} = 1.

18The third is, for f1f2 ⊗ g, f1 ⊗ g, and f2 ⊗ g all in the numerator of the definition of^′K^M_2 , R_{f1f2⊗g−f1 ⊗g−f2⊗g} = (log f1f2 − log f1 − log f2)dlogg − 2πi log g · δ_{(Tf1 f2 −Tf1 −Tf2 )}

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 116

this is well-defined):

R_{f⊗g+g⊗f} = d[log f log g] and R_{f⊗(1−f)} = d[−Li_2(1 − f)];

ideally we want to show the quantities in brackets are 0 at {0, ∞}. Since either f or g is 1 at {0} and at {∞}, and always log 1 =exactly zero for us, the former is easy. However the latter can be −Li_2(0) = 0 or −Li_2(1) = π^2/6. In this case, say if f = 0 at {0} and 1 at {∞}, one has for C = T_w − ∫ T_w R_{f⊗(1−f)} = ∫_∞ 0 d[−Li_2(f)] = Li_2(f(0)) − Li_2(f(∞)) = π^2/6 ∈ Q(2),

which for a regulator modulo torsion is considered trivial. So the map is well-defined on cycles bounding on {0, ∞}.

It is also well-defined on 1-forms with dlog-poles at {0, ∞}. The fact which we must check, is that for nice f (∈ ker(Tame) and without corners, so that γ_f completes) ∫ T^1_w

R_f ≡ ∫ P^1

R^{′′}_f ∧ Ω^1_w mod Q(2)

where T^1_w is the path from ∞ to 0 along R^− , Ω^1_w =^1_{2πi} dlogw, and we are assuming V_f ∩ R^− = ∅. First note that R_V = 0 so R^{′′}_f = R^′_Γ, i.e. d[R^{′′}_f ] = 0 (on P^1); then

0 = − ∫ P^1

d[R^{′′}_f ] ∧ 1 2πi log w = ∫ P^1

R^{′′}_f ∧ d[ 1 2πi log w]

= ∫ P^1 R^{′′}_f ∧ ( 1 2πi dlogw − δ_T 1_w ) ≡ 1 2πi ∫ R^{′′}_f ∧ dlogw − ∫ T^1_w

R_f mod Q(2)

provided the boxed equality holds: this is the same as saying, for C_ϵ a circle about {0} (or {∞}),

0 = lim_{ϵ→0} ∫ C_ϵ

log w · R_f = lim_{ϵ→0} ∫ C_ϵ

log w log fdlogg − 2πi ∑ C_ϵ∩T_f

log w log g . The worst-case scenarios (at {0}) are:

(i) f = 0, g = 1 =⇒ ϵ log^2 ϵ → 0 limit bounds first term second term → 0 as ϵ log ϵ

= 2πi(Δ_f dlogg + log g · δ_{∂Δf} ) ≡ d[2πiΔ_f log g] = d[S]

modulo the Z(2)-valued current 4π^2Δ_f · δT_g (Δ_f takes only integral values). We must check that S = 0 at {0} and {∞}. For example if g = 1 at 0 and f1, f2 = 1 at ∞ then (S =)2πiΔ_f log g is 0 at {0} (here our policy of log having imaginary part between −πi and +πi is obviously important) while one has to show Δ_f is zero in a neighborhood of {∞}. But this is clear: log f1f2 = log f1 = log f2 = 0 at {∞}. (What we have to worry about is something like (e^{2πi/3})^3 = 1, not 1 · 1 = 1 – this does not generate a branch change.)

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 117

(ii) f = 1, g = 0 =⇒ ϵ log ϵ bounds first term C_ϵ ∩ T_f = ∅ in second and so the above equality (mod Q(2)) does hold for any nice f.

Now if f = ∏ ( 1 −^{ai}_w )_{mi} ⊗ ∏ ( 1 −^w_{bj} )_{nj} is nice then so is f^∏ = ∑ m_in_j ( 1 −^{ai}_w ) ⊗ ( 1 −^w_{bj} ) , and since f − f^∏ ∈^′S, we have (mod Q(2)) that ∫ T^1_w

R_f ≡ ∫ T^1_w R_f∏ ≡ 1 2πi ∫ P^1

R^{′′}_f∏ ∧ dlogw = 1 2πi ∫ P^1

R_f∏ ∧ dlogw + 2πi ∫ ξ dlogw

where ξ ∈ H_1(C^∗ , ⋃ {a_i} ∪ {b_j }) because [T_f ≠] T_f∏ = ∑ m_in_jT(_{1−} ai_w ) ∩ T^(_{1− w} bj ) = ∅, since no a_i = b_j (∀i, j), and so there is no membrane. The sec-

ond (= ∫ ξ) term is a mysterious correction to residues of R_f∏ on V_f involving 2πi log a_i, 2πi log b_j. The first is ∑ m_in_j 1 2πi ∫ P^1

log(1 − a_i w )dlog(1 − w b_j ) ∧ dlogw − ∫ T(1−^{ai}_w ) log ( 1 − w b_j ) dlogw

= − ∑ m_in_j ∫_{ai} 0 log ( 1 − w b_j ) dlogw = − ∑ m_in_j ∫^ai_{bj} 0 log(1 − u)dlogu

= ∑ m_in_jLi_2( a_i b_j ) =: Li_2(N_{f,g}), where N_{f,g} := ∑ m_in_j ( a_i b_j ) ∈ Z[C^∗ ]. (This is even the standard branch of Li_2, as any branch-changes have apparently been pushed into the “mysterious” second term above.) So more generally, we have for f = ∑ ℓ_αf_α ⊗ g_α nice, − ∫_∞ 0 R_f ≡ ∑ α ℓ_αLi_2(N_{fα,gα} ) + 2πi ∑ p∈V_f N(p) log p N some Z-valued function on V_f

=: Li_2(N_f) + {2πi log terms} mod Q(2),

a minor result just as nice as f (and out of a whole lot of abstract nonsense).

Can we do something similar for n ≥ 3? First of all, ( ¯□^2, ∂ ¯□^2) = (P^1 × P^1, #) so Y has four components. While we can define^′K^M_3 (C ( ¯□^2 , ∂ ¯□^2)),^{19} it will not contain relative function triples {f, g, h} factoring linearly in^′K^M_3 . If we switch to (P^2, ∪^2_{i=0} {x_i = 0}) =: (P^2, ∂P^2) so that Y has three components, the situation is partially repaired (see the triples below^{20}). However, in order to get a well-defined regulator map we cannot quotient by some of the relations, e.g. f ⊗ (1 − f) ⊗ h since its regulator current is d of

19(in terms of generators f ⊗ g ⊗ h such that (1 − f)(1 − g)(1 − h) = 0 on each component of ∂ ¯□^2)

20Still, it seems strange to restrict to functions in C (P^2 ) with linear factors; even though not all elements of^′K^M_2 (C (P^1 , {0, ∞})) factor linearly it seems more natural there since all functions do.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 118

S_{f⊗(1−f)⊗h} = −Li_2(1 − f)dlogh; and if 1 − f = 1 on a component of ∂P^2 then S_f = −^{π2}_6 dlogh there, which is unacceptable. Now above in the case n = 2 we had use only for the branch-change relations f − f^∏ (and no use for triviality of f ⊗ (1 − f)), so perhaps this is no matter.

The more serious problem is the existence of linearizable elements of ′K^M_3 (P^2, ∂P^2), that is, for which γ_f is completable to a higher relative Chow cycle. Say f = ∑ ℓ_αf_α ⊗ g_α ⊗ h_α is a sum of terms of the form f ⊗ g ⊗ h = ∏ ( 1 − a_i w_1 )_{mi} ⊗ ∏ ( 1 − b_j w_1 w_2 )_{nj} ⊗ ∏ ( 1 − w_2 c_k )_{pk} ; and even suppose that it is in ker(Tame): e.g. for one term, this means that on {w_2 = b_j w_1} ≃ (P^1, {0, ∞}), f ⊗h ∈^′S. The trouble is that, for the same reason that γ was not well-defined on^′K^M_2 (P^1, {0, ∞}), we cannot always complete such a γ_f: suppose h = 1 − f, and h and f share the responsibility of being 1 on {0, ∞} between them – then this is not completable by a relative cycle. One can remedy this extra discrepancy between ker(Tame) and^′K^M_3 (P^2, ∂P^2) by not including Steinbergs of the form f ⊗ (1 − f) in^′S (and thereby making it harder to be in ker(Tame)).

As for producing linear elements of^′K^M_3 (P^2, ∂P^2), which seems hard, we expect there is a connection with B_3(C ); we will write one down in the example below. In the meantime, assuming their existence, we can replicate the situation on P^1 : ∫ T^2_w

R_f ≡ − 1 4π^2 ∫ P^2

R_f∏ ∧ dlogw_1 ∧ dlogw_2 + 2πi ∫ ξ dlogw_1 ∧ dlogw_2,

with ξ ∈ H_2((C^∗ )^2, V_f ∩ (C^∗ )^2). The ∫ P^2 is easily computable (as is its

analogue for all n): ∑ m_in_jp_k − 1 4π^2 ∫ P^2

log(1 − a_i w_1

)dlog(1 − b_j w_1 w_2

) ∧ dlog(1 − w_2 c_k ) ∧ dlogw_1 ∧ dlogw_2 [ = 0 by type] + 1 2πi ∫ T_{1−} a_{iw} 1 log(1 − b_j w_1 w_2

)dlog(1 − w_2 c_k ) ∧ dlogw_1 ∧ dlogw_2 [= 0 by type]

+ ∫ T_{(1−} a_{iw} 1 )∩ T_{(1− bj w1} w2 )

log(1 − w_2 c_k )dlogw_1 ∧ dlogw_2 + more trivial terms, since we may assume that T_{(1− aiw1 )} ∩ T_{(1− bj w1w} 2 ) ∩ T_{(1− w2ck )} = ∅

= − ∑ m_in_jp_k ∫_{ai} 0 ∫_{bj w1} 0 log(1 − w_2 c_k )dlogw_2 ∧ dlogw_1

= ∑ m_in_j p_k ∫_{ai} 0 − ∫^bj^w1_{ck} 0 log(1 − u)dlogu dlogw_1

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 119

= ∑ m_in_jp_k ∫^bj^ai_{ck} 0 Li_2(v)dlogv = ∑ m_in_jp_kLi_3( b_j a_i c_k ) =: Li_3(N_{f,g,h}) =: Li_3(N_f).

(This computation of the ∫ P^2 term generalizes to a result of the form “ ∫ P^n R ′ f∧ Ω^{n−1}_w = Li_n(N_f)”.)

Example 3.2.1. Consider

f = 8 f ⊗ g ⊗ h := 8 ( 1 −^i_{w1} 1 +^i_{w1} ) ⊗ ( 1 − i^{w1}_{w2} 1 + i^{w1}_{w2} ) ⊗ ( 1 − w_1 1 + w_2 )

where (1 − f)(1 − g)(1 − h) = 0 on ∂P^2. Noting that { · } denotes going modulo fewer relations than usual, we have that {f} = { 1 −^i_{w1} 1 +^i_{w1} , 1 − i^{w1}_{w2} 1 + i^{w1}_{w2} , 1 − w_2 1 + w_2

}_8 ∈ ker(Tame) ⊆^′K^M_3 (C (P^2 , ∂P^2)),

where ker(Tame) denotes the more restrictive sense mentioned above; and since f has no corners, γ_f is an admissible element of Z^3(P^2, ∂P^2; 3). Therefore it should be completable to a relative higher Chow (∂_B-)cycle, so that (by definition) {f} ∈^′K^M_3 (P^2, ∂P^2). We will show how to complete it (by adding a relative cycle) along just one component of V_f, namely V_1 = {w_2 = 1}, and leave the rest to the reader. Writing w = w_1 and f(w) :=^{1− iw}_{1+ iw} , the component of Tame(f) there, by a simple calculation, is simply 8 f(w) ⊗ (−^1_{f(w)} ), which one may express as a sum of Steinbergs not of the form ξ ⊗ (1 − ξ). Alternately, the component of ∂_Bγ_f with support over (V_1, V_1 ∩ ∂P^2) ≃ (P^1_w, {w = 0, ∞}) is 8(f(w), −^1_{f(w)} ). This is ∂_B of

−Γ_{V1} := 4 ( f, (z +^1_f )^2 (z −^1_{f 2} )(z − 1) , z ) + 2 ( z, (z − f)^2 (z − f^2)(z − 1) , 1 f^2 )

+ 2 ( f^2,

(z − f^2)(z −^1_{f 2} ) (z − 1)^2 , z ) − ( z, (z − f^2)^2 (z − f^4)(z − 1) , f^4 z ) ∈ Z^2((P^1_w, {0, ∞}), 3)

which is parametrized by z ∈ an auxiliary P^1 and w = w_1 on V_1 = P^1_w (through f = f(w)). It is easy to check that Γ_{V1} is “relative”: one coordinate in each component of Γ_{V1} is 1 whenever w = 0, ∞ (since f(0) = 1 and f(∞) = −1).

So the above computation applies, and noting that N_f = 32({−1} − {1}) ∈ Z[C^∗ ] and the known values Li_3(−1) = −^3_4 ζ(3), Li_3(1) = ζ(3), we have apparently ∫ T^2_w

R_f ≡ −56 ζ(3) + "lower-weight" terms.

This checks with what one would expect from a Beilinson-type conjecture for relative varieties. We do not pursue this here.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 120

3.2.4. Relative real regulators and Bloch-Wigner. Now we return to the n = 2 case and reinstate the f ⊗ (1 − f) Steinbergs. One wonders if the 2πi log terms added to Li_2(N_f) are, like the integrals over elements of { C^1(C , 1) ∧ C^1(C , 2) = S^2(C , 3) } in §2.4.4, are corrections in order to make the ℑ part exactly L_2 of something? In fact, the overall idea we want to suggest here is that the relative Milnor regulator on^′K^M_n (C (P^n , ∂P^n)) applied to Ω^{n−1}_w , does give classical n-logarithms; and that on^′K^M_n (P^n, ∂P^n) applied to T^{n−1}_w (followed by π^n_R), should give modified Bloch-Wigner nlogarithms. So for these [relatively] completable linearly-factoring f’s with “generalized Abelian symbol” N_f, one should get a C /Q (n)-lift of L_n(N_f); the connection with §2.4.4 is that the N_f of such functions, projected from Z[C^∗ ] to B_n(C ), should give elements of ker(δ). What we do now, is prove it all for n = 2, starting with the last statement.

First recall that {f} “nice” =⇒

{f} ∈^′K^M_2 (P^1, {0, ∞}) ⊆ ker(Tame) ⊆^′K^M_2 (C (P^1 , {0, ∞})).

Lemma 3.2.2. Given f = ∑ ℓ_αf_α(w) ⊗ g_α(w) nice, with f_α and g_α of the form (*); then as an element of B_2(C ), N̄_f = ∑ ℓ_αm^α_i n^α_j {_{aαi} b^α_j } 2 ∈ ker(st).

Proof. If

f = f ⊗ g = ∏ i (1 − a_i w )^{mi} ⊗ ∏ j (1 − w b_j )^{nj} so that f nice =⇒ {a_i} and {b_j } are disjoint and ∏ i(1 −^{ai}_{bj} )^{minj} = ∏ j (1 − a_i b_j ) m_in_j = 1, so that

st(N̄_{f,g}) = ∑ i,j m_in_j · a_i b_j ∧ (1 − a_i b_j )

= ∑ i a_i ∧ ∏ j (1 − a_i b_j )^{minj} − ∑ j b_j ∧ ∏ i (1 − a_i b_j )^{minj} = 0. More generally, since {f} ∈ ker(Tame) and {a^α_i }, {b^α_j } are disjoint for each α, st(N̄_f) = ∑ α,i,j ℓ_αm^α_i n^α_j · a^α_i b^α_j ∧ (1 − a^α_i b^α_j ) = ∑ α ℓ_α ∑ i m^α_i · a^α_i ∧ g_α(a^α_i ) − ∑ j n^α_j · b^α_j ∧ f_α(b^α_j )

= ∑ α ℓ_α ∑ p∈C^∗ p ∧ g_α(p)^{νp(fα)} − ∑ p∈C^∗ p ∧ f_α(p)^{νp(gα)} = ∑ ρ^e_i ∈C^∗ p ∧ ∏ α ( g_α(p)^{νp(fα)} f_α(p)^{νp(gα)} )_{ℓα}

= 0.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 121

We will retain the above conditions on f in the following, and^{21} also assume that none of the {a^α_i , b^α_j } are in^{22} R^− = T^1_w. Again assume f = f ⊗ g to simplify notation. From the beginning of the section recall that − ∫ T_w R_f = − ∫ T_w log fdlogg + 2πi ∑ Tf ∩Tw log g

= 1 2πi ∫ P^1

log wdlogf ∧ dlogg − ∫ T_w log fdlogg − 2πi ∑ Tw ∩Tf log g = 1 2πi ∫ γ_f

R^3_□.

Since the regulator sends branch changes f − f^∏ to 0, and this last computation applies equally well to f^∏, ∫ T_w R_f ≡ ∫ T_w R_f∏ = −1 2πi ∫ γ_f∏

R^3_□.

Now γ_f∏ is completable (by the same additions as γ_f) since f is nice, and one has (with V = ⋃ {a_i} ∪ {b_j }) Γ^∏ = Γ_V + γ_f∏ , ∂_BΓ^∏ = 0, Γ^∏ ∩ ( {0, ∞} × □^2 ) ⊆ {0, ∞} × I^2 (so that Γ^∏ is a relative higher Chow cycle). Moreover ∫ Γ_V R 3 □ = 0 as V ∩ T_w = ∅ and Γ_V consists of curves ⊂ □^2 over points ∈ V . So ∫ T_w R_f = −1 2πi ∫ Γ^∏

R^3_□,

and by the last section (and because ∂_BΓ^∏ = 0) ℑ ∫ T_w R_f = 1 2π ∫ Γ^∏ ℜ { R^3_□ } = 1 2π ∫ Γ^∏

r^3_□. Now ∫ Γ_V r 3 □ = 0 also (again, see §3.1.2) because one coordinate in □^3 is constant, and

γ_f∏ = ∑ m_in_j ( w, 1 − a_i w , 1 − w b_j ) = ↑ u =^w_{bj}

∑ m_in_j ( u, 1 − a_i b_j u , 1 − u ) .

Since r^3_□ is alternating, ∫ Γ^∏

r^3_□ = ∫ Alt(Γ^∏) r^3_□ = ↑ discard Γ_V

∫ Alt(γ_{f∏} ) r^3_□ = ∑ m_in_j ∫ Alt(w, 1−^{ai/bj}_w ,1−w) r^3_□

= ∑ m_in_j ∫ ρ_2(a_i/b_j )

r^3_□ = ∑ m_in_j · 2πL_2(a_i/b_j ) = 2πL_2(N_{f,g}),

21though one may avoid it easily; as we will see in the computation at the end of the section._{22} note: ∫ T 1w = − ∫_∞ 0

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 122

where we have used Lemma 3.1.3 for n = 2, L_2(a) = ∫ ρ_2(a) r 3 □. Therefore we have proved that ℑ ∫ T_w R_f = L_2(N_{f,g}).

Now we “test” our machinery by doing instead a comparatively “direct” computation, to the same effect, not using the Goncharov lemma (our 3.1.3).

Again the first key is to observe that (mod Z(2)) ∫ T_w R_f ≡ ∫ T_w R_f∏ = ∑ i,j m_in_j ∫ T_w log f_idlogg_j − 2πi ∑ Tw ∩Tf i log g_j

= ∑ i,j m_in_j ∫ T_w log f_idlogg_i , where f_i = (1 − a_i w ), g_j = (1 − w b_j ) and the sum inside the brackets vanished because T_w ∩ V ⊆ {0, ∞}. On P^1_ϵ (= P^1 \ N_ϵ{0, ∞}), since dlogf_i ∧ dlogg_j = dlogw ∧ dlogg_j = 0 by type, d [ 1 2πi log w log f_idlogg_j − log g_j log w · δ_{Tfi} ] = ( log wdlogg_j · δ_{Tfi} + log f_idlogg_j · δ_{Tw} + log w log f_i · δ_{(gj )} ) − ( log g_j dlogw · δ_{Tfi} + log wdlogg_j · δ_{Tfi} + 2πi log g_j · δ_{Tfi ∩Tw} + 2πi log w · δ_{Tfi ∩Tgj} + log g_j log w · δ_{(fi)} )

= log f_idlogg_j · δ_{Tw} − log g_jdlogw · δ_{Tfi} + log w log f_i · δ_{(gj )} − log w log g_j · δ_{(fi)}, where log g_j = 0 on T_{fi} ∩ T_w ⊆ {0}, and T_{fi} ∩ T_{gj} = ∅ because {a_i} and {b_j } are disjoint; this is one thing we have gained by switching to product branches.^{23} Integrating the result on P^1_ϵ (and taking a limit) we have^{24} ∫ T_w log f_idlogg_j = ∫ T_{fi} log g_j dlogw + ∑ w∈(fi)∩C∗ log w log g_j (w) − ∑ w∈(gj )∩C∗ log w log f_i(w)

23T_{fi} = f^{−1}_i (R^− ), Tg_j = g^{−1}_j (R^− ). We have to make perhaps the stronger assumption here that {arg ai} and {arg bj } are disjoint, for the argument to go through with no extra work._{24}

in greater detail: if S :=^1_{2πi} log w log fidloggj −log gj log w·δT_f , we computed above d[S] on P^1_ϵ, and claim that “we have” limϵ→0 ∫ P1ϵ d[S] = 0, while a priori this only equals limϵ→0 ∫ ∂P1ϵ S. Therefore, if Cϵ(0) is a circle around {0} [and similarly with {∞}], we must

show the following tends to 0 with ϵ:

lim_{ϵ→0} ∫ Cϵ(0) 1 2πi log w log(1 − ai w )dlog(1 − w bj ) + ∑ Cϵ (0)∩T (1− ai w ) log(1 − w bj ) log w

where T_{(1−} ai_{w )} is a path from 0 to ai. if we approximate log(1 −^{ai}_w ) by log w, dlog(1 −^w_{bj} ) by dw and the circumference of Cϵ(0) by 2πiϵ, then the integral is bounded by essentially ϵ log^2 ϵ and the sum by ϵ log ϵ, which is enough.

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 123 = ∫_{ai} 0 log(1 − w b_j )dlogw + log a_i log(1 − a_i b_j ) − log b_j log(1 − a_i b_j ). Adding all of these together, we have shown that − ∫_∞ 0 R_f = − ∑ m_in_jLi_2( a_i b_j ) + ∑ m_in_j {log a_i − log b_j} log(1 − a_i b_j ). We cannot write log a_i − log b_j = log^{ai}_{bj} , because this would not be the standard branch of log^{ai}_{bj} . However if we take the imaginary part of the second term, we obtain ∑ i,j m_in_j log | | | a_i b_j | | | arg(1 − a_i b_j ) + ∑ i,j m_in_j arg a_i log | | |1 − a_i b_j | | | − ∑ i,j m_in_j arg b_j log | | |1 − a_i b_j | | |

= log |w| arg(1 − w) | |_{Nf,g} + ∑ i arg a_i log | | | | ∏ j (1 − a_i b_j )^{minj} | | | | − ∑ j arg b_j log | | | | ∏ i (1 − a_i b_j )^{minj} | | | | where the second and third terms are zero since {f} ∈ ker(Tame). This is beautiful: we have exactly the right branches of everything (Li_2, arg) involved and can state the conclusion, recalling that L_2(w) = −ℑ{Li_2(w)} + arg(1 − w) log |w| (where Li_2, arg are assumed in the standard branches): ℑ ∫ T_w R_f = ∑ i,j m_in_j L_2 ( a_i b_j ) =: L_2(N_{f,g}).

More generally for nice f ℑ ∫ T_w R_f = ∑ α,i,j ℓ_αm_in_jL_2 ( a^α_i b^α_j ) =: L_2(N_f).

We can make some progress towards a comparable result for n = 3 (the computation in this spirit is much more lengthy), but have trouble believing it until the following difficulty is resolved. In the argument using the Goncharov lemma for n = 2, we used that r^3_□ integrated over an element of S^2(C , 3) is zero; we would need for n = 3 that r^5_□ integrates to zero over elements of S^3(C , 5). Is this true?

3.2.5. The easiest nontrivial regulator computation. Finally for n = 2 we give a simple example where we can compute the entire C /Q (2) regulator value, exhibiting the Catalan constant G (a famous transcendental number) as a period. Consider the functions f = 1 −^i_w 1 +^i_w , g = 1 − w 1 + w

and begin with the element {f} = {f^2, g^2} ∈ ker(Tame) ⊆ K^M_2 (C (P^1 , {0, ∞})). Let γ_ϵ be the path along R^− from {0} to {∞}, perturbed by e^{−iϵ} to avoid {1} ∈ |(g)|. It gives a generator of H_1(P^1, {0, ∞}).

3.2. RELATIVE REGULATORS AND POLYLOGARITHMS 124

We want to evaluate ∫ γ_ϵ R_f = ∫ γ_ϵ log f^2dlogg^2 − ∑ γ_ϵ∩T_{f 2} 2πi log g^2

but do not want to deal with the branch log f^2 or [the point] γ_ϵ ∩ T_f 2 . (Here T_f 2 is the preimage of R^− under f^2, which in this case is the unit circle; log g blows up very near the intersection.) In order to change to a more convenient (but equivalent)^′f, we enlarge our available generating elements (i.e., use a larger subset of ⊗^2Z[C (P^1 )^∗]) by working in^′K^M_2 (C (P^1 , {0, ∞})). If we set^′f = 4 · f ⊗ g, then^′f − f = 4 · f ⊗ g − f^2 ⊗ g^2 ∈^′ S and so {^′f} = {f, g}^4 = {f^2, g^2} = {f} in^′K^M_2 ; therefore the above integral is identical (mod Q(2)) to ∫ γ_ϵ R′_f = 4 ∫ γ_ϵ log fdlogg

(where the second term is not written because γ_ϵ ∩ T_f = {0} and log g = 0 there). One can see even more directly that ∫ γ_ϵ R^′f ≡ ∫ γ_ϵ Rf by noticing that

up to Z(2)-valued currents [=integral chains × 4π^2] one has on P^1 (or just on γ_ϵ) R′_f −R_f = d[2πiΔ^2_f log g^2], where the 0-current Δ^2_f :=^1_{2πi} (2 log f −log f^2) and d[Δ^2_f ] = T_f 2 − 2T_f .

Now we make a rare exception, and use the slightly altered branch of log z corresponding to the cut −γ_ϵ; we also perturb T_f and T_g (and the accompanying branches of log f and log g) slightly so they avoid {0}, {∞}, and γ_ϵ, and reason that one gets the same answer in the limit as this perturbation→ 0. The following computation mimics what we did on P^1_ϵ above:

0 = ∫ P^1 d [ − 1 2πi log z log fdlogg + log z log g|_{Tf} ]

= ∫ P^1 { log fdlogg|_{γϵ} − log zdlogg|_{Tf} + log zdlogg|_{Tf} + log gdlogz|_{Tf}

− log z log f|_{(g)} + log z log g|_{(f)} + 2πi log z|_{Tf ∩Tg} − 2πi log g|_{Tf ∩γϵ} }

= ∫ γ_ϵ log fdlogg + ∫ T_f log gdlogz − ∑ (g) log z log f + ∑ (f) log z log g,

since the two intersections are empty. Multiplying by 4, the last two terms are Z(2). Now log g = log(1 − z) − log(1 + z) exactly (i.e., not mod Z(1)), and so ∫ γ_ϵ log fdlogg = − ∫ T_f log(1 − z)dlogz + ∫ T_f log(1 + z)dlogz.

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 125

Since the dilogarithm has no monodromy about 0, this = −2 ∫ T_f log(1 − z)dlogz = 2 (Li(i) − Li(−i))

= 2 (_∞ ∑ k=1 i^k k^2 − ∞∑ k=1 (−i)^k k^2 ) = 4i ∞∑ k=0 (−1)^k (2k + 1)^2 , and 4 times this is the final result, 16i · G.

3.3. Comparison to the Milnor-Sheaf Regulator In this section we define a regulator on the Milnor sheaf^{25} compatible with the cup product in Deligne cohomology; it can be shown its real part thus necessarily agrees with Beilinson’s regulator. Thus comparing our Milnor regulator to this one would give an alternative method for proving its compatibility with Beilinson (if we did not have Goncharov around), and is interesting in itself.

Let K^M_{n,X} and H^n_D(n), respectively, be the sheaves on X associated to the presheaves U → K^M_n (Γ(U, O^∗_X )), U → H^n_D(U, Z(n)) ; an alternative definition for the Milnor sheaf is K^M_{n,X} := O^∗_X ⊗ . . . ⊗ O^∗_X S (*) where S is the subsheaf of the tensor product generated by the Steinberg relations. Modulo torsion it is resolved by the Gersten sequence 0 → K^M_{n,X} → ∐ x∈X^0 ι^x_∗ K^M_n (C (x))^{Tame}→ ∐ x∈X^1 ι^x_∗ K^M_{n−1}(C (x)) → . . .

→ ∐ x∈X^{n−1} ι^x_∗ C (x)^∗ → ∐ x∈X^n ι^x_∗ Z → 0 so that in particular K^M_{n,X} ≃ im K^M_{n,X} → ∐ x∈X^0 K^M_n (C (x))

= ker ∐ x∈X^0 K^M_n (C (x)) → ∐ x∈X^1 K^M_{n−1}(C (x)) , and taking sections H^0(X, K^M_{n,X} ) ∼=_{⊗Q} ker(Tame) ⊆ K^M_n (C (X)), (**)

H^0(η_X , K^M_{n,X} ) ∼=_{⊗Q} K^M_n (C (X)).

25(which has appeared for example in [Es])

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 126

For a proof of the Gersten sequence (and more details) the reader may consult [So].

Remark 3.3.1. It is interesting to observe that, starting with an element {f} ∈ ker(Tame), (*) + (**) means that one may choose a cover {U_ξ} of X and f_ξ ∈ H^0(U_ξ, O^∗_X ⊗. . .⊗O^∗_X ) so that f−f_ξ ∈ H^0(U_ξ, S) is a “local Steinberg relation.” Thus, while it is possible (according to the moving lemma) globally to remove “corners” from any element of K^M_n (C (X)) via a Steinberg, one may also locally remove all singularities from an element of ker(Tame).

Using local-global spectral sequences as in §1.2, one may show modulo torsion for n ≥ 2

K^M_n (X)^⊂ ∼

= forn = 2, 3 ker(Tame) ⊂ K^M_n (C (X))

CH^n(X, n)

∼= forn = 2

∼= (n = 2) ↠ (n = 3) H^0(X, K^M_{n,X} ) ∼=_{⊗Q}

We will sketch how to construct a map of sheaves^{26} K^M_{n,X} → H^n_D(n) so that the induced regulator on sections fits into our picture as follows (mod torsion):

CH^n(X, n) K^M_n (X)^⊂ H^0(X, K^M_{n,X} )^⊂ K^m_n (C (X))

H^n_D(X, Z(n)) im{H^n_D(X, Z(n)) → H^n_D(η_X , Z(n))} ⊂ H^0(X, H^n_D(n)) ⊂ H^n_D(η_X , C /Z(n))

where H^0(X, H^n_D(n)) is essentially ker(Res^1). What we will actually prove below, is that this “sheaf regulator” agrees with our Milnor regulator over the generic point.

3.3.1. Formula for the regulator on K^M_{n,X} . Given an element {f} ∈ H^0(X, K^M_{n,X} ) we can again find a cover by Zariski open sets {U_ξ } and f_ξ ∈ H^0(U_ξ, O^∗_X ) ⊗ . . . ⊗ H^0(U_ξ, O^∗_X ) whose images {f_ξ} ∈ H^0(U_ξ, K^M_{n,X} ) agree with the restictions of {f}. Set

Z(1)^•_{D,X} := Z(1) → O_X , H^∗_D(U_ξ, Z(1)) := H^∗ (U_ξ, Z(1)^•_{D,X}),

26The map ⋀_n dlog : K^M_{n,X} → Ω^n_X induced by sending {f1, . . . , fn} ∈ K^M_n (Γ(U, O^∗_X )) to dlogf1 ∧ . . . ∧ dlogfn ∈ Ω^n_X (U), which is familiar to readers of [EP] or [Gr4], factors through this map.

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 127

and map

H^0(U_ξ, O^∗_X ) θ → H^1_D(U_ξ, Z(1))

by sending functions^{27}

f −→ {Log_αf , Log_αf − Log_βf} =: θ(f) ∈ {ˇ C^0(U_ξ, O_X ) , Č^1(U_ξ, Z(1)) } to cocycles in the double complex

E^{p,q}_0 (1) := Č^p(U_ξ, Z(1)^q_{D,X})

of Cech cochains. (Here α, β reflect a real analytic refinement of U_ξ by a collection {W_{αβ} }; Č^0 is given by sections over each W_{αβ}, Č^1 by sections over W_{αβ} ∩W_{βγ} , and so on.) So f_ξ maps to ⊗^nH^1_D(U_ξ, Z(1)); we may now employ the cup-product on Deligne cohomology (see below) to reach H^n_D(U_ξ , Z(n)). Provided the composite kills Steinbergs H^0(U_ξ, S), H^0(U_ξ ∩ U_η, S) locally we wind up with a well-defined section in H^0(X, H^n_D(n)).

To simplify notation we pass to the generic point η_X and give explicit formulas for this regulator, in terms of Cech cochains (again using a system of analytic neighborhoods {W_α} on η_X ). To begin with, define Z(n)^•_{D,X} := Z(n) → O_X d → Ω^1_X d → . . . d → Ω^{n−1}_X → 0 [ = Cone { Z(n) → Ω^{•<n}_X } [−1] ] (with Z(n) placed in degree 0) and

H^∗_D(η_X , Z(n)) := H^∗ (η_X , Z(n)^•_{D,X})

where the hypercohomology map be computed by means of the double complex (either as a total complex or as a spectral sequence)

E^{p,q}_0 (n) := Č^p(η_X , Z(n)^q_{D,X}) with total differential D = d + (−1)^{n−q}δ.

According to [EV], there is a well-defined cup-product H^p_D(η_X , Z(ℓ)) ∧ H^q_D(η_X , Z(m)) ∪ → H^{p+q}_D (η_X , Z(ℓ + m)), induced by the map of sheaves ∪ : Z(ℓ)^a_{D,X} ⊗ Z(m)^b_{D,X} → Z(ℓ + m)^{a+b}_{D,X} taking x ⊗ y −→ x · y a = 0 x ∧ dy a > 0, b = m 0 a > 0, b ≠ m =: x ∪ y.

27we write Logα for these branches of log, which are chosen so as to be continuous (and single-valued) on each Wα, instead of log_α, reserving the lower-case log-notation for our preferred branch with argument between π and −π.

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 128

(In particular, it takes cocycles to cocyles because the product obeys a Leibniz rule under both differentials.) For example, for f, g ∈ C (X)^∗ consider the two cocycles

θ(f) = {Log_αf, Log_αf − Log_βf} , θ(g) = {Log_αg, Log_αg − Log_β g} ∈ {ˇ C^0(η_X , O_X = Z(1)^1_{D,X} , Č^1(η_X , Z(1) = Z(1)^0_{D,X} } in the double complex defining elements of H^1_D(η_X , Z(1)). Then θ(f)∪θ(g) = {Log_αf dlogg , (Log_αf − Log_βf) · Log_β g , (Log_αf − Log_βf) · (Log_βg − Log_γ g)} ∈ {ˇ C^0(η_X , Ω^1_X = Z(2)^2_{D,X}) , Č^1(η_X , O_X = Z(2)^1_{D,X}) , Č^2(η_X , Z(2)^0_{D,X}) } defines an element of H^2 (η_X , Z(2)^•_{D X} ) = H^2_D(X, Z(2)); the reader may wish to check that this element is closed in the double complex (under D).

To state the generalization we introduce the notation Logf := Log_αf ∈ Č^0(η_X , Z(1)) , ΔLogf := Log_αf − Log_βf ∈ Č^1(η_X , Z(1)) (the latter defined on intersections W_{αβ} := W_α ∩ W_β ⊂ η_X ), and

ΔLogf ΔLogg := (Log_αf − Log_βf) · (Log_β g − Log_γ g) ∈ Č^2(η_X , Z(2)) for Cech cup-products, and so on. Then θ(f_1) ∪ . . . ∪ θ(f_n) = {log f_1dlogf_2 ∧ . . . ∧ dlogf_n , ΔLogf_1Logf_2dlogf_3 ∧ . . . ∧ dlogf_n , . . . , ΔLogf_1ΔLogf_2 · . . . · ΔLogf_{n−1}Logf_n , ΔLogf_1 · . . . · ΔLogf_n} is a cocycle in (E^{∗,∗}_0 (n), D) defining an element of H^n (η_X , Z(n)^•_{D,X}). The check that this map from ⊗^nZ[P^1_{C(X)} \ {0, ∞}] → H^n_D(η_X , Z(n)) factors through H^0(η_X , K^M_{n,X} ) ∼= K^M_n (C (X)), uses monodromy of Li_2 (not Li_n) for all n. This will also follow from the comparison with our regulator on which we now embark.

3.3.2. Comparison with Milnor regulator currents. We will need rules for differentiating in the double complex, beginning with the obvious Leibniz rule δ{K ∪ K^′} = δK ∪ K^′ + (−1)^{deg K} K ∪ δK^′ for Cech cochains (where deg K is Cech degree). We will enlarge our complex to include currents: the 0-current log f (whose imaginary part is always ∈ (−π, π]), the 1-current [=codimension-1 chain] δ_{Tf} , and

D Logf := Logf − log f := Log_αf − log f ∈ Č^0(η_X ,^′D^0_X ) (a strange Cech-current amalgam). We then have the rules δ log f = δ(δ_{Tf} ) = 0 , δ(ΔLogf) = 0 , δLogf = δ(D log f) = −ΔLogf ; and

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 129

d[log f] = dlogf − 2πiδ_{Tf} , d[Logf] = dlogf (on W_α, Log_αf is continuous) d[D Logf] = dlogf − (dlogf − 2πiδ_{Tf} ) = 2πiδ_{Tf} ,

d[ΔLogf] = 0 ( on W_{αβ} where ΔLogf gives a constant value ) . There are no residues on η_X so d[dlogf] = d[δ_{Tf} ] = 0.

Recall that the cohomological complex^{28} C(n)^•_{D,X} := Cone { C^X_{2d−•}(Z(n)) ⊕ F^{n′}D^•_X →^′D^•_X } [−1] = C^X_{2d−•}(Z(n)) ⊕ F^{n′}D^•_X ⊕^′D^{•−1}_X with differential d(a, b, c) = (−∂a, −d[b], d[c] − b + a) computes Deligne (co)homology: H^∗ (η_X , C(n)^•_{D,X} ) ∼= H^∗_D(η_X , Z(n)). Moreover all its terms are acyclic, i.e. H^∗(η_X , C(n)^q_{D,X} ) = 0 for ∗ > 0 (for each q), and so

H^∗ (η_X , C(n)^•_{D,X} ) ∼= H^∗(C(n)^•_{D,X} (η_X )) = cohomology of Cone { C_{2d−•}(η_X , Z(n)) ⊕ F^{n′}D^•_X (η_X ) →^′D^•_X (η_X ) } [−1] (which is familiar from §2.4). Now we can map Z(n)^•_{D,X} → C(n)^•_{D,X} as complexes, as follows:

(deg 0) (deg 1) (deg 2) 0 Z(n) O_X d Ω^1_X . . .

0 C^X_{2d}(Z(n))

C^X_{2d−1}(Z(n)) ⊕^′D^0_X

C^X_{2d−2}(Z(n)) ⊕^′D^1_X . . .

Δ (−∂Δ, Δ) (C, f) (−∂C, d[f] + C) 28Here C^X_∗ (Z(n)) is the sheaf of germs of ∗-dimensional real-analytic chains with coefficients in Z(n).

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 130

(deg n − 1) (deg n) (deg n + 1) . . . Ω^{n−2}_X d Ω^{n−1}_X 0

. . . C^X_{2d−n+1}(Z(n)) ⊕^′D^{n−2}_X C^X_{2d−n}(Z(n)) ⊕ F^{n′}D^n_X ⊕^′D^{n−1}_X (*) C^X_{2d−n+1}(Z(n)) ⊕ F^{n′}D^{n+1}_X ⊕^′D^n_X . . .

(C, S) (−∂C, 0, d[S] + C) (C, Ω, R) (−∂C, −d[Ω], d[R] − Ω + C) where we have left out the (2πi)^n’s multiplying Δ and the C’s, and (in order that the diagram commute) (*) is given by sending ω → (0, dω, ω). (Apart from that, Z(n) → C^X_{2d}(Z(n)) while O_X →^′D^0_X , Ω^1_X →^′D^1_X , and so on.) We now have a composite ⊗^nZ[P^1_{C(X)} \ {0, ∞}] −→ H^n (η_X , Z(n)^•_{D,X}) ∼= −→ H^n (η_X , C(n)^•_{D,X} )

f = f_1 ⊗ . . . ⊗ f_n −→ θ(f_1) ∪ . . . ∪ θ(f_n) D-cycle in E^{∗,∗}_0 (n)

−→ D-cycle in^′E^{p,q}_0 (n) := Č^p(η_X , C(n)^q_{D,X} ) computed by a D-cycle in a new double complex, namely { (0, Ω^n_f , S^n_f ), (0, S^{n−1}_f ), . . . , (0, S^1_f ) , S^0_f } := {(0 , dlogf_1 ∧ . . . ∧ dlogf_n , Logf_1dlogf_2 ∧ . . . ∧ dlogf_n) , (0 , ΔLogf_1Logf_2dlogf_3 ∧ . . . ∧ dlogf_n) , . . . , ΔLogf_1 · . . . · ΔLogf_n} ∈ {_′ E^{0,n}_0 (n),^′E^{1,n−1}_0 (n), . . . ,^′E^{n,0}_0 (n) } , where we note the peculiarity that S^0_f ∈ Č^n(η_X , C^X_{2d}(Z(n))) while the remaining S^i_f ∈ Č^{n−i}(η_X ,^′D^{i−1}_X ). We compose with one more (isomorphic) map H^n (η_X , C(n)^•_{D,X} ) → H^n(C(n)^•_{D,X} (η_X )) [∼= H^n_D(η_X , Z(n))] by using acyclicity of C(n)^q_{D,X} to pull the whole D-cocycle (by adding Dcoboundaries) up to a d_{Cone}- and δ_{Cech}- closed element of^′E^{0,n}_0 (n). (This is abstractly possible, by an easy diagram chase.)

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 131

The picture we would like to have is the following:

(0, Ω^n_f , S^n_f )

(C^{n−1}_f , Q^{n−1}_f ) (−1)^{n−1} δ

(0_{, S}^{n−1}_{f )}

(C^{n−2}_f , Q^{n−2}_f ) (−1)^{n−2} δ

.^..

(C^2_f , Q^2_f )

(−1)^2δ

(0_{, S}^2_{f )}

(C^1_f , Q^1_f ) (−∂C, d[Q] + C)

−δ (0_{, S}^1_{f )}

C^0_f (−∂C, C)

δ S^0_f

where all arrows but the dotted one represent two quantities summing to give another (or δC^0_f = ±S^0_f ). The “answer” (after subtracting the D-coboundary from the D-cocycle S, so that all other entries are zero) is then just ( ∂C^{n−1}_f , Ω_f , S^n_f − d[Q^{n−1}_f ] − C^{n−1}_f ) ∈^′E^{0,n}_0 (n)

in the upper left-hand entry, and it had better equal ((2πi)^nT_f , Ω_f , R_f) in order to agree with R. More precisely we want C^i_f ∈ Č^{n−i−1} ( η_X , C^X_{2d−i}(Z(n)) ) , Q^i_f ∈ Č^{n−i−1} ( η_X ,^′D^{i−1}_X ) , i.e. ( C^i_f , Q^i_f ) ∈^′E^{n−i−1, i} 0 (n) ,

such that:

(−1)^nδC^0_f = S^0_f , C^0_f + (−1)^{n−1}δQ^1_f = S^1_f ,

−∂C^{i−1}_f + (−1)^{n−i}δC^i_f = 0 for 1 ≤ i ≤ n − 1 ,

d[Q^{i−1}_f ] + C^{i−1}_f + (−1)^{n−i}δQ^i_f = S^i_f for 2 ≤ i ≤ n − 1 ,

∂C^{n−1}_f = (2πi)^nT_f , S^n_f − d[Q^{n−1}_f ] − C^{n−1}_f = R_f.

Very explicitly now, the terms of the D-cocycle which we are modifying by a coboundary are

S^i_f = ΔLogf_1 · . . . · ΔLogf_{n−i}Logf_{n−i+1}dlogf_{n−i+2} ∧ . . . ∧ dlogf_n.

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 132

The fact that the {S^i_f } comprise a double-cocycle is expressed by the relations 0 = d[S^{i−1}_f ] + (−1)^{n−i}δS^i_f and ∂S^0_f = 0.

Also, recall the notation

R(f) = log f , R(f, g) = log fdlogg − 2πi log g · δ_{Tf} , etc.; the properties of these currents we shall use are that d[R(f_1, . . . , f_m)] = Ω(f_1, . . . , f_m) − (2πi)^mδ_{Tf1 ∩...∩Tfm} and (somewhat less obviously)

R(f_1, . . . , f_m) = log f_1dlogf_2 ∧ . . . ∧ dlogf_m − 2πiδ_{Tf1} · R(f_2, . . . , f_m). We find that

C^i_f := (2π √ −1)^iΔLogf_1 · . . . · ΔLogf_{n−i−1}D Logf_{n−i} · δ_{Tfn−i+1 ∩...∩Tfn} Q^i_f := ΔLogf_1 · . . . · ΔLogf_{n−i−1}D Logf_{n−i} · R(f_{n−i+1}, . . . , f_n) do the job. Absolutely crucial here is the fact that the C^i_f as we have defined them are real analytic chains with Z(n)-coefficients (and D Log is important in this connection). We state our conclusion:

Proposition 3.3.2. There is a well-defined homomorphism of sheaves K^M_{n,X} → H^n_D(n). On η_X it induces a map

K^M_n (C (X)) ∼= H^0(η_X , K^M_{n,X} ) −→ H^0(η_X , H^n_D(n)) ∼= H^n_D(η_X , Z(n)) which coincides with that induced by the Milnor regulator currents, namely the assignment f → ((2πi)^nT_f, Ω_f, R_f).

3.3.3. A note on product structure. If f = ∑ α k_αf_{1α} ⊗ . . . ⊗ f_{nα} ∈ ⊗^nZ[P^1_{C(X)} \ {0, ∞},

g = ∑ β ℓ_βg_{1β} ⊗ . . . ⊗ g_{mβ} ∈ ⊗^mZ[P^1_{C(X)} \ {0, ∞}] set f ⊗ g := ∑ α,β k_αℓ_βf_{1α} ⊗ . . . ⊗ f_{nα} ⊗ g_{1β} ⊗ . . . ⊗ g_{mβ} ∈ ⊗^{n+m}Z[P^1_{C(X)} \ {0, ∞}]. This induces a “tensor product” K^M_n (C (X)) ⊗ K^M_m (C (X)) → K^M_{n+m}(C (X)) on Milnor K-theory by sending {f} ⊗ {g} → {f ⊗ g}. It is obviously well-defined; if f or g is a Steinberg then so is f ⊗ g.

By construction, the sheaf homomorphism is compatible with the product structure on Zariski stalks; therefore the map in the Proposition sends

3.3. COMPARISON TO THE MILNOR-SHEAF REGULATOR 133

products to products. Namely, we have (as a corollary of the Proposition) that

((2πi)^nT_f, Ω_f, R_f) ∪ ((2πi)^mT_g, Ω_g, R_g) = ( (2πi)^{n+m}T_{f⊗g}, Ω_{f⊗g}, R_{f⊗g} ) in H^{n+m}_D (η_X , Z(n+m)). We expect similar product formulas hold for all the maps of §2.4.

CHAPTER 4

Rigidity and Vanishing

4.1. Gauss-Manin Connection (How to Differentiate Periods)

4.1.1. Why a “Vanishing” Result? Let E_t be a family of smooth elliptic curves parametrized by a Zariski-open subset of H^0(P^2, O_P2(3)). Collino [C1] has demonstrated the existence^1 of a “continuous family” of holomorphic symbols

{f_t} = ∏ α {f_α(t), g_α(t)}^{mα} ∈ ker(Tame) = K^M_2 (E_t) ⊆ K^{[M]}_2 (C (E_t ))

with nontorsion regulator image

[R_{ft} ] ∈ im { H^1(E_t, C /Z(2)) → H^1(η_{Et} , C /Z(2)) } ∼ = H^1(Et, C /Z(2)) for general t, as well as nontrivial infinitesimal invariant. The family of symbols is constructed geometrically,^2 by starting with a family of hyperelliptic curves C_t of genus 3, which produce Ceresa cycles C^+_t − C^−_t in the corresponding (hyperelliptic) Jacobians; degenerating these Jacobians twice then yields (from the Ceresa cycles) the desired family of symbols.

This is very much in the same (geometric) spirit as the work of Müller- Stach, Lewis, and Collino ([MS1], [AM], [C1], [C2], [GL], etc.) on constructing indecomposable elements of CH^2(X, 1) for X a general K3 surface.^3 On the other hand, Collino’s construction is the only case of an interesting holomorphic Milnor-regulator image on a general curve: if we replace H^0(P^2, O_P2(3)) by H^0(P^2, O_P2(D ≠ 3)) (Collino, [C1]) or by the universal family of curves of genus g (Griffiths-Green, [GG1]), such an {f_t} as above cannot exist. So why not try higher dimension?

The aim of the project represented in this chapter, was to start with a family X_t of smooth complete intersections parametrized by a Zariski open subset of H^0(P^{n+r}, O_P(D_0) ⊕ . . . ⊕ O_P(D_k)), and produce geometrically a family of holomorphic symbols

{f_t} ∈ K^M_n (X_t) ⊆ K^M_n (C (X_t )) ( =⇒ Ω_{ft} = 0)

with interesting regulator image

1(really on a cover of this family) 2as opposed to arithmetically for special t 3The above amounts to an interesting element of CH^2(E, 2) for general E; the work on CH^2(X, 1) also involves computing regulator images.

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 135

[R_{ft} ] ∈ im{H^{n−1}(X_t, C /Q (n)) → H^{n−1}(η_X , C /Q (n))} (4.1.1)

for general t.^4 We always take dim X_t = n − 1 in order that H^{n−1}(X_t) be interesting; it follows that the target space (4.1.1)[∼= H^{n−1}_{pr} (X_t) for very general t] is too.

Instead we wound up proving that this situation is impossible unless n = 2 and X_t is an elliptic curve. Otherwise, nontrivial images (in H^{n−1}(η_X , C /Q (n))) are possible (for general t) only for symbols with nontrivial residue, i.e. not in K^M_n (X_t). For n ≥ 4, {f_t} ∈ ker(Tame) is a less restrictive assumption but already “rigidifies” the image, i.e. makes it flat with respect to the integral structure. (See the Theorem at the end of §4.5 for a formal statement of the results.) Nontrivial “geometric” images – i.e. the cohomology classes – probably always have residues (for X ≠ E).

The main idea behind the proof is a computation of the “infinitesimal invariant” (of [R_{ft} ]), which is a sort of derivative of a family of cohomology classes. This boils down to the differentiation of their periods on (n − 1)- cycles (on X_t), since these cycles give a “rigid” integral or rational structure that one can differentiate against. So in the following we establish precisely, the sense in which such a derivation (or “Gauss-Manin” connection) is possible. Much of what follows (in this section) owes something to Chapter 3 of [Gr3].

4.1.2. Setup and Notation. Gauss-Manin globally (from Leray spectral sequence). Let Y be smooth projective and E [the sheaf of sections of] a vector bundle on Y ; the families we study will always be of the form X → S, X and S smooth quasi-projective and π smooth, where S is Zariski open in [a cover of] a complete linear system S̄ = PH^0(Y, E). All X_s := π^{−1}(s ∈ S) are smooth projective.

Let 0 ∈ S be a base point and D ⊂ S be a 1-parameter^5 disk containing 0 (and parametrized by t). We fix a homeomorphism

F : X_0 × D → π^{−1}(D) = X_D

auch that the restriction to X_0 × {t} maps it to X_t; this induces a map

F^∗_t : H^∗(X_t, C ) → H^∗(X_0, C ) (F^∗_0 = id)

by pulling back forms, which does not respect Hodge type. However this gives a way of recording the periods we want to differentiate in a fixed space.^6 In a diagram:

4or equivalently to produce an interesting regulator image on Xt, t very general. 5(S is not 1-dimensional) 6One can also see F^∗_t as recording the (varying) Hodge structures on H^∗(X0, C ) as a vector space.

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 136

X̄ ⊃_X ⊃_π^{−1}_{(D)} _{F X0 × D}

p S̄ ⊃_S π ⊃_D A choice of F (= choice of local product structure) carries with it a choice of horizontal vectors F_∗(∂/∂t) =: ~∂/∂t and vertical forms^7 (annihilating these) on X_D. Gauss-Manin (and Kodaira-Spencer) is independent of this choice, so F will not become relevant until we seek to realize explicitly the abstract/invariant version we now start with.

On all of X (without F ) we can define vertical forms as a quotient, via

0 → π^∗Ω^1_S → Ω^1_X → Ω^1_{X /S} → 0, Ω^ℓ_{X /S} := ℓ⋀ Ω^1_{X /S} , or 0 → im{π^∗Ω^1_S ⊗ Ω^{ℓ−1}_X → Ω^ℓ_X } → Ω^ℓ_X → Ω^ℓ_{X /S} → 0.

(4.1.2) Consider a Leray filtration on the complex Ω^•_X by

L^pΩ^•_X := im { π^∗Ω^p_S ⊗ Ω^{•−p}_X → Ω^•_X } → Gr^p_LΩ^•_X = π^∗Ω^p_S ⊗ Ω^{•−p}_{X /S} , which gives rise to a spectral sequence

E^{p,q}_1 = R^{p+q}_{π∗} (Gr^p_LΩ^•_X ) = Ω^p_S ⊗ R^{p+q}_{π∗} Ω^{•−p}_{X /S} = Ω^p_S ⊗ R^q_{π∗} Ω^•_{X /S}

computing E^{p,q}_∞ = Gr^p_LR^{p+q}_{π∗} Ω^•_X . We shall sometimes write H^q_{Xs} for R^q_{π∗} Ω^•_{X /S} = R^q_{π∗} C ⊗ O_S , F^kH^q_{Xs} for R^q_{π∗} Ω^{•≥k}_{X /S} , H^{k,q−k}_{Xs} for R^q_{π∗} Ω^k_{X /S} [−k] = R^{q−k}_{π∗} Ω^k_{X /S} ; though in the latter case one must often specify whether one is thinking of H^{k,q−k} X_s as a subspace of H q X_s or as the quotient F k/F^{k−1}. Pasting together the long exact sequences arising from

L^{p+1} → L^p → Gr^p_L , L^{p+2} → L^{p+1} → Gr^{p+1}_L , etc. we have from → R^{p+q}_{π∗} Gr^p_LΩ^•_X δ R^{p+q+1} π_∗ L p+1Ω^•_X R^{p+q+1}_{π∗} L^pΩ^•_X

R^{p+q+1} π_∗ L p+1Ω^•_X d_1 =: ∇ R^{p+q+1} π_∗ Gr p+1 L Ω^•_X δ R^{p+q+2} π_∗ L p+2Ω^•_X

R^{p+q+2} π_∗ L p+2Ω^•_X → ∇

7(vertical vectors and horizontal forms on X were well-defined to begin with)

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 137

our first definition of the Gauss-Manin connection ∇ : Ω^p_S ⊗ H^q_{Xs} → Ω^{p+1}_S ⊗ H^q_{Xs} in such a way that ∇ ∘ ∇ = 0 is obvious.

In the same way, a Leray filtration on Ω^{•≥k+p}_X (instead of Ω^•_X ) leads to Hodge-filtered pieces of Gauss-Manin ∇ : Ω^p_S ⊗ F^kH^q_{Xs} → Ω^{p+1}_S ⊗ F^{k−1}H^q_{Xs} while taking instead Ω^{k+p}_X [−(k + p)] leads to maps ∇^{(0,1)} : Ω^p_S ⊗ H^{k,q−k}_{Xs} → Ω^{p+1}_S ⊗ H^{k−1,q−k+1}_{Xs} which may be viewed as graded pieces ¯∇ : Ω^p_S ⊗ Gr^k_F H^q_{Xs} → Ω^{p+1}_S ⊗ Gr^{k−1}_F H^q_{Xs} of ∇. In particular ¯∇ ∘ ¯∇ = 0 is again immediate.

Remark 4.1.1. We emphasize that ∇ itself does not take a section of Ω^p_S ⊗ H^{k,q−k}_{Xs} ⊆ Ω^p_S ⊗ H^q_{Xs} to Ω^{p+1}_S ⊗ H^{k−1,q−k+1}_{Xs} ⊆ Ω^{p+1}_S ⊗ H^q_{Xs} ! The map “∇^{(0,1)}” is to ∇ what ¯∂ is to d on C^∞ differential forms; they coincide on Hodge-graded pieces (i.e., in a quotient).

4.1.3. Gauss-Manin locally (with 1 parameter). In §4.1.4 we will “compute” ∇ explicitly (for p = 0) on D, where (4.1.2) reduces to^8 0 → π^∗Ω^1_D ⊗ Ω^{ℓ−1}_{X /D} → Ω^ℓ_X → Ω^ℓ_{X /D} → 0 , or 0 → π^∗Ω^1_D ⊗ Ω^•_{X /D}[−1] → Ω^•_X → Ω^•_{X /D} → 0.

(4.1.3) This gives a long-exact sequence with connecting homomorphism R^q_{π∗} Ω^•_{X /D} → R^{q+1}_{π∗} ( π^∗Ω^1_D ⊗ Ω^•_{X /D}[−1] ) = Ω^1_D ⊗ R^q_{π∗} Ω^•_{X /D} which is of course ∇ : H^q_{Xt} → Ω^1_D ⊗ H^q_{Xt} ; we will show this differentiates the periods. For ν_t ∈ H^0(D, H^q_{Xt} ) we write ∇ν_t =: dt ⊗ ∇_{∂/∂t}ν_t ; replacing D by an open ball in S and t by {t_i}^{dim S}_{i=1} would just give ∇ν_t = ∑ i dt_i ⊗ ∇_{∂/∂ti} ν_t. Briefly, the filtered and graded pieces go as follows: 0 → π^∗Ω^1_D ⊗ Ω^{•≥ℓ−1}_{X /D} [−1] → Ω^{•≥ℓ}_X → Ω^{•≥ℓ}_{X /D} → 0 induces ∇ : R^q_{π∗} Ω^{•≥ℓ}_{X /D} → Ω^1_D ⊗ R^q_{π∗} Ω^{•≥ℓ−1}_{X /D} ; and 0 → π^∗Ω^1_D ⊗ Ω^{ℓ−1}_{X /D}[−ℓ] → Ω^ℓ_X [−ℓ] → Ω^ℓ_{X /D}[−ℓ] → 0

(4.1.4)

8where we continue writing X for XD (and F , X0 × D do not yet enter)

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 138

gives rise to ¯∇ : Gr^ℓ_F H^q_{Xt} → Ω^1_D ⊗ Gr^{ℓ−1}_F H^q_{Xt} via the connecting homomorphism

R^q_{π∗} Ω^ℓ_{X /D}[−ℓ] → Ω^1_D ⊗ R^{q+1}_{π∗} Ω^{ℓ−1}_{X /D}[−ℓ] = Ω^1_D ⊗ R^{q−ℓ+1}_{π∗} Ω^{ℓ−1}_{X /D}.

This connecting homomorphism must be given by cup-product with the extension class of (4.1.4), and so ¯∇ is just ∪ with

ϵ ∈ R^1_{π∗} Hom { Ω^ℓ_{X /D}, π^∗Ω^1_D ⊗ Ω^{ℓ−1}_{X /D} } = Ω^1_D ⊗ R^1_{π∗} Hom ( Ω^ℓ_{X /D}, Ω^{ℓ−1}_{X /D} )

(the [−ℓ] shifts make no difference). On the other hand the Kodaira-Spencer class is the extension class

e ∈ R^1_{π∗} Hom ( π^∗θ^1_D, θ^1_{X /D} ) = Ω^1_D ⊗ R^1_{π∗} θ^1_{X /D} of 0 → θ^1_{X /D} → θ^1_X → π^∗θ^1_D → 0 .

Dualizing this sequence and tensoring with Ω^{ℓ−1}_{X /D} (which doesn’t change e) gives the bottom row in

π^∗Ω^1_D ⊗ Ω^{ℓ−1}_{X /D} Ω^ℓ_X Ω^ℓ_{X /D}

Hom(π^∗θ^1_D, Ω^{ℓ−1}_{X /D})

Hom(θ^1_X , Ω^{ℓ−1}_{X /D}) ω → ι^∗_{X /D} < ω, · >_X Hom(θ^1_{X /D}, Ω^{ℓ−1}_{X /D}), ω → < ω, · >_{X /D}

which shows that e naturally pulls up to ϵ, or “ ¯∇ = ∪ē”. An immediate consequence is that (unlike ∇) ¯∇ is O_D-linear;^9 we sometimes call it the O_D-linear [graded] piece of ∇. That is , the value at t = 0 of a section ν̄_t of Gr^ℓ_F H^q_{Xt} is enough to compute the value at t = 0 of ¯∇_{∂/∂t}ν̄_t ∈ Gr^{ℓ−1}_F H^q_{Xt} . Of course one needs to know the local behavior of the family X_t (as encoded in ē), but not that of the section.^{10} We’ll pursue the computation of ¯∇ further in §4.2.

4.1.4. ∇ is computed by the Cartan formula. Returning to ∇ and (4.1.3), we now obtain the connecting homomorphism explicitly, on forms representing sections of the hyperderived sheaves. To this end we need to resolve the complexes of holomorphic sheaves by complexes of acyclic C^∞

9of course ¯∇ on S is OS -linear 10though one should note that νt is implicitly restricted by having to be a (holomorphic) section of the holomorphic sheaf R^{q−ℓ}_{π∗} Ω^ℓ_{X /D} .

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 139

sheaves, e.g. (Ω^•_X , ∂) → (Ω^•_X ∞ , d) so that an abstract section of R^q_{π∗} Ω^•_X (∼= R^q_{π∗} Ω^•_X ∞ ) over D can be represented by a form in (the numerator of)

H^0(D, R^q_{π∗} Ω^•_X ∞ ) ∼= ker { d : Γ(X_D, Ω^q_{X ∞)} → Γ(X_D, Ω^{q+1}_X ∞ ) } im { Γ(X_D, Ω^{q−1}_X ∞ ) → Γ(X_D, Ω^q_X ∞ ) } .

However we run into the difficulty that (unlike Ω^•_X ∞ ≃ Ω^•_X ≃ C ) Ω^•_{(X /D)∞} ≃ π^∗O_D∞ ⊗ C is not quasi-isomorphic to (and so does not resolve) Ω^•_{X /D} ≃ π^∗O_D ⊗ C . Here is how to get around this: from

π^∗Ω^1_D ⊗ Ω^{•−1}_{X /D} ∼= ker(Ω^•_X → Ω^•_{X /D}) Ω^•_X Ω^•_{X /D} ( · , ∂)

(∗) π^∗Ω^1_D∞ ⊗ Ω^{•−1}_{(X /D)∞} ≃ ker(Ω^•_{X ∞} → Ω^•_{(X /D)∞} ) Ω^•_{X ∞} ≃ Ω^•_{(X /D)∞} ( · , d)

one has a commuting diagram

O_D ⊗ R^q_{π∗} C ∼= R^q_{π∗} Ω^•_{X /D} R^{q+1}_{π∗} ker(Ω^•_X → Ω^•_{X /D}) ∼= Ω^1_D ⊗ R^q_{π∗} Ω^•_{X /D} ∼= Ω^1_D ⊗ R^q_{π∗} C (∗∗) O_D∞ ⊗ R^q_{π∗} C ∼= R^q_{π∗} Ω^•_{(X /D)}∞

∩

δ R^{q+1}_{π∗} ker(Ω^•_X ∞ → Ω^•_{(X /D)}∞ ) ∼= Ω^1_D∞ ⊗ R^q_{π∗} Ω^•_{(X /D)}∞ ∼= Ω^1_D∞ ⊗ R^q_{π∗} C .

∩

So for our purposes, given a section ν_t ∈ H^0(D, O_D ⊗ R^q_{π∗} C ), it will suffice to compute ∇^∞ν_t and throw away the dt̄-part (to get ∇ν_t).

Recall that our choice of F induces a (local) notion of vertical forms and horizontal vectors (as subspaces rather than quotients); in particular we have a “preferred” ~∂/∂t on X_D, and also for any section α ∈ H^0(X_D, Ω^q_{(X /D)∞} ) a

lift α̃ ∈ Ω^q_X ∞ (X_D) with ⟨ ~ ∂/∂t, α̃ ⟩ = 0. It is easy to see that on the image of R^q_{π∗} Ω^•_{X /D}, ∇^∞ is given by composing δ with the projection dt ⊗ ι^∗_{X /D} ⟨ ~ ∂/∂t, · ⟩ X . This will land in im { Ω^1_D ⊗ R^q_{π∗} Ω^•_{X /D} → Ω^1_D∞ ⊗ R^q_{π∗} Ω^•_{(X /D)}∞ }

and yield a representative for ∇ν_t. To compute δ(ν_t) we snake through the bottom row of (∗), first turning the image of ν_t in R^q_{π∗} Ω^•_{(X /D)∞} into a d_{X /D}- closed C^∞ q-form α on X /D (or a family of q-forms α_t on X_t), then taking

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 140

a “vertical” (non-closed) lift α̃, then differentiating to get dα̃ ∈ ker(Ω^{q+1}_X ∞ → Ω^{q+1}_{(X /D)∞} ). Composing with the projection we have a formula which we write ∇α_t = dt ⊗ ι^∗_{XT} ⟨ ~ ∂/∂t, dα̃ ⟩ X in terms of the representative forms. On the other hand, if we let α̃^′ be any lift then we can “verticalize” it with respect to ~∂/∂t with

α̃ = α̃^′ − (π^∗dt) ∧ ⟨ ~ ∂/∂t, α̃^′ ⟩ ( =⇒ ⟨ ~ ∂/∂t, α̃ ⟩ = 0)

so that ⟨ ~ ∂/∂t, dα̃ ⟩ = ⟨ ~ ∂/∂t , dα̃^′ + (π^∗dt) ∧ d ⟨ ~ ∂/∂t, α̃^′ ⟩⟩

= ⟨ ~ ∂/∂t, dα̃^′ ⟩ + d ⟨ ~ ∂/∂t, α̃^′ ⟩ which is the Cartan formula for the Lie derivative. This also shows that the cohomology class of ι^∗_{Xt} ⟨ ~ ∂/∂t, dα̃^′ ⟩ is independent of the choice of lift of α.

(Changing ~∂/∂t by a section of θ^1_{X /D} wouldn’t even change the form, since

dα̃^′ ∈ ker(Ω^{q+1}_X ∞ → Ω^{q+1}_{(X /D)∞} ).) Of course, for cohomology only the first term of Cartan is important.

4.1.5. The Cartan formula differentiates periods. Although our goal was merely to differentiate periods of α_t on a continuous family^{11} of cycles {C_t}_{t∈D}, with the choice of (F, ~∂/∂t, α̃) we can do “more”. For an arbitrary q-chain Q on X_0 set Q̃_t := F_t(Q × {t}) on X_D and on X_0 × D, Γ_ϵ := Q × P_ϵ for P_ϵ = [0, ϵ] a (short) path in D so that ∂Γ_ϵ = ∂Q × P_ϵ ± (Q × {ϵ} − Q × {0}). Note that ι^∗_{X0×{t}}F^∗α̃^{(′)} = F^∗_t α_t. We define a functional (L_{~∂/∂t}α_t)_{t=0} on all such Q, and compute a form representing it, by ∫ Q (L_{~∂/∂t}α_t)_{t=0} := [ ∂ ∂t ∫ Q̃_t α_t ] t=0 = [ ∂ ∂t ∫ Q×{t} F^∗_t α_t ]

= lim_{ϵ→0} 1 ϵ [∫ Q F^∗_t α_t − ∫ Q F^∗_0 α_0 ] = lim_{ϵ→0} 1 ϵ [∫ Q×{ϵ} F^∗α̃^′ − ∫ Q×{0} F^∗α̃^′ ]

= lim_{ϵ→0} 1 ϵ [∫ Q×P_ϵ d(F^∗α̃^′) + ∫ ∂Q×P_ϵ F^∗α̃^′ ]

= ∫ Q ⟨ ∂/∂t, d(F^∗α̃^′) ⟩ t=0 + ∫ ∂Q ⟨ ∂/∂t, F^∗α̃^′ ⟩

11This might be given by Ft(C0) for C0 a fixed cycle on X0, but for (closed) cycles this is purely cosmetic; on the other hand “how” we vary a non-closed chain Q0 makes a difference.

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 141 = ∫ Q {⟨ ∂/∂t, d(F^∗α̃^′) ⟩ + d ⟨ ∂/∂t, F^∗α̃^′ ⟩}

= ∫ Q ⟨ ~ ∂/∂t, dα̃^′ ⟩ + d ⟨ ~ ∂/∂t, α̃^′ ⟩ = ∫ Q ⟨ ~ ∂/∂t, dα̃ ⟩ . We state our conclusion that this version of the Lie derivative is given by the Cartan formula: (L_{~∂/∂t}α_t)_{t=0} = ι^∗_{X0} ⟨ ~ ∂/∂t, dα̃ ⟩ = ι^∗_{X0} {⟨ ~ ∂/∂t, dα̃^′ ⟩ + d ⟨ ~ ∂/∂t, α̃^′ ⟩} where as before α̃ is an F -vertical lift and α̃^′ an arbitrary lift of α_t. Of course if we take Q = C a (closed) q-cycle such distinctions don’t matter, as ∫ C d < ~∂/∂t, α̃^′ >= 0; combining the above computation with our prior unraveling of ∇, [ ∂ ∂t ∫ C_t α_t ] t=0 = ∫ C ι^∗_{X0} ⟨ ~ ∂/∂t, dα̃^{(′ )} ⟩ = ∫ C (∇_{∂/∂t}α_t)_{t=0} and so ∇_{∂/∂t} “differentiates the periods”, i.e. yields a form with periods equal to the derivatives of α_t’s periods in the ∂/∂t-direction.

4.1.6. ∇ on a family of elliptic curves. Here is the easiest nontrivial example we could cook up. Let X_D be be the family X_t = C /{Z ⊕ (t + i)Z} , t ∈ D[∋ 0] ⊂ C of elliptic curves; we use z ∈ C as coordinate on each X_t (of course identifying z = 0 with z ∈ Z + (t + i)Z) and take simply α_t = dz (on each X_t) as [the representative of] our section of H^1_{Xt} . Define F_t : X_0 × {t} → X_t

by the “linear” map^{12} z(t, w) = 1 2 {(2 − it)w + itw̄} and pull the X /D-forms α_t back to “X_0 × D/D”-forms

F^∗_t α_t = F^∗_t dz = 1 2 {(2 − it)dw + itdw̄} which can also be thought of (using the product structure) as a vertical form ~ F^∗_t α_t on X_0 × D. Then (F^{−1})^∗( ~F^∗_t α_t) is the desired “F -vertical” lift α̃ of

12Of course this also defines F : X0 × D → XD.

4.1. GAUSS-MANIN CONNECTION (HOW TO DIFFERENTIATE PERIODS) 142

α_t = dz [from X /D] to X_D (simply taking dz on X_D isn’t what we want^{13}). So in fact the above is a formula for F^∗α̃, that is

F^∗α̃ = 1 2 {(2 − it)dw + itdw̄} . In order to compute ∇_{∂/∂t}α_t = ι^∗_{Xt} ⟨ ~ ∂/∂t, dα̃ ⟩ for the local family (not just at t = 0) we write ⟨∂/∂t, dF^∗α̃⟩ = F^∗ ⟨ ~ ∂/∂t, dα̃ ⟩ so that ι^∗_{X0×{t}} ⟨∂/∂t, dF^∗α̃⟩ = ι^∗_{X0×{t}}F^∗ ⟨ ~ ∂/∂t, dα̃ ⟩ = F^∗_t ι^∗_{Xt} ⟨ ~ ∂/∂t, dα̃ ⟩ and ι^∗_{Xt} ⟨ ~ ∂/∂t, dα̃ ⟩ = (F^{−1}_t )^∗ι^∗_{X0×{t}} ⟨∂/∂t, dF^∗α̃⟩

= (F^{−1}_t )^∗ ι^∗_{X0×{t}} ⟨ ∂/∂t, dt ∧ ( dw − dw̄ 2i )⟩

= (F^{−1}_t )^∗ 1 2i (dw − dw̄). The inverse to z(t, w) is w(t, z) = (2 + it̄)z − itz̄ 2 + it̄ − it −→ w̄(t, z) = (2 − it)z̄ + it̄z 2 + it̄ − it so 1 2i (w − w̄) = z − z̄ 2i + t − t̄ and ι^∗_{Xt} ⟨ ~ ∂/∂t, dα̃ ⟩ = dz − dz̄ 2i + t − t̄ . If on X_t we let α be the path from (z =)0 to 1 and β be the path from 0 to t + i, the periods of dz are ∫ α dz = 1 (constant) and ∫ β dz = t + i , where the derivative of the latter by ∂/∂t is 1. And indeed ∫ α dz − dz̄ 2i + t − t̄ = 1 − 1 2i + t − t̄ = 0 while ∫ β dz − dz̄ 2i + t − t̄ = (t + i) − (t̄ − i) 2i + t − t̄ = 1 as promised.

Another phenomenon (mentioned abstractly at the beginning of the section) worth pointing out, is that (in this example) α_t → ∇_{∂/∂t}α_t drops from

13What we want is ⟨ ~ ∂/∂t, α̃ ⟩ = 0, of course; the actual expression is messy (we have worked around it here).

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 143

F^1 to F^0. In fact for ν_t ∈ F^kH^q_{Xt} we can always choose α̃ in F^kΩ^q_X ∞ (X_D) so that dα̃ ∈ ker { F^kΩ^{q+1}_X ∞ → Ω^{q+1}_{(X /D)∞} } (X_D), this is essentially because Ω^{•≥k}_X can be resolved by C^∞ (p, q)-forms with p ≥ k. Any confusion as to how one can have α̃ ∈ F^k, ⟨ ~ ∂/∂t, α̃ ⟩ = 0 and ∇_{∂/∂t}α_t /∈ F^k can also be resolved, by this local “example”: if ~∂/∂t looks like ∂/∂t − z̄∂/∂z and α̃ like dz + z̄dt, then < ~∂/∂t, α̃ >= 0, dα̃ = dz̄ ∧ dt and ⟨ ~ ∂/∂t, dz̄ ∧ dt ⟩ = −dz̄.

4.2. Cohomology of a Smooth Hypersurface X ⊂ P^n 4.2.1. Meromorphic forms and homogeneous polynomials. We consider a smooth X ⊂ P^n (n ≥ 2, dim X = n − 1) cut out by F ∈ S^D homogeneous of degree D. Let π : U = C^{n+1} \ {0} ↠ P^n be the quotient by the action t · (z_0, . . . , z_n) = (tz_0 , . . . , tz_n) of C^∗ ; this is infinitesimally generated by ⃗e = n∑ i=0 z_i ∂ ∂z_i . Set A^m_0 = H^0(C^{n+1} , Ω^m_C n+1 ), A^m = rational m-forms on C^{n+1} ,

A^m_k = A^m_k (X) := rational m-forms on P^n with poles of order ≤ k along X, (and no other poles)

A^m = A^m(X) := ⋃ k A^m_k . By Chow’s theorem/GAGA, meromorphic forms are rational: A^m_k = H^0(Ω^m_Pn(kX)), A^m = H^0(Ω^m_Pn(∗X));

in particular, for m = n A^n_k = H^0(K_Pn ⊗ O(kD)) ∼= S^{kD−n−1}. We realize this ∼= as follows: if ω ∈ A^m_k , then (by definition of a rational form) it lifts to

π^∗ω =: Ψ = 1 F^k ∑ I, |I|=m A_I (z)dz_I ∈ A^m

where A_I (z) are polynomials. We characterize those Ψ ∈ A^m that descend to P^n (i.e. arise in this fashion). Let i_{⃗e}(·) = ⟨⃗e, ·⟩ be interior product and for a monomial Ψ define its degree as an eigenvalue: deg(Ψ) · Ψ := [d, i_{⃗e}]Ψ := ⟨⃗e, dΨ⟩ + d ⟨⃗e, Ψ⟩ .

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 144

For example, deg(dz_{i1} ∧ . . . ∧ dz_{ik} ) = k; the definition extends to sums of monomials of the same degree. If deg(Ψ) = 0 then Ψ is invariant; an invariant Ψ descends (= π^∗ω) iff it is horizontal with respect to π, i.e. ⟨⃗e, Ψ⟩ = 0. For m = n, set

dz = dz_0 ∧ . . . ∧ dz_n ∈ A^{n+1}_0 , Ω := ⟨⃗e, dz⟩ ∈ A^n_0 and compute deg(Ω) · Ω = d ⟨⃗e, ⟨⃗e, dz⟩⟩ + ⟨⃗e, d ⟨⃗e, dz⟩⟩ = 0 + deg(dz) ⟨⃗e, dz⟩ − ⟨⃗e, ⟨⃗e, d(dz)⟩⟩ = (n + 1)Ω. One also finds deg(α∧β) = deg(α)+deg(β) (where α, β are forms or functions of well-defined degree), and so if P ∈ S^a is a homogeneous polynomial them deg ( P Ω F^k ) = a − kD + (n + 1) and ⟨ ⃗e, P Ω F^k ⟩ = P F^k ⟨⃗e, Ω⟩ = 0 so that (P Ω/F^k) = π^∗ω if a = kD − n − 1.

In fact all Ψ ∈ A^n which descend to A^n_k take this form: that is, assuming Ψ = Ψ_0/F^k for Ψ_0 ∈ A^n_0 , and ⟨⃗e, Ψ⟩ = 0 = ⟨⃗e, dΨ⟩ , we have ⟨⃗e, Ψ_0⟩ = 0 and (using this together with ⟨⃗e, dF ⟩ = deg(F ) · F ) 0 = F^{k+1} ⟨⃗e, dΨ⟩ = ⟨⃗e, F dΨ_0 − kdF ∧ Ψ_0⟩ = F ⟨⃗e, dΨ_0⟩ − k ⟨⃗e, dF ∧ Ψ_0⟩ = F ⟨⃗e, dΨ_0⟩ − k ⟨⃗e, dF ⟩ ∧ Ψ_0 = F · deg(Ψ_0) · Ψ_0 − kD · F · Ψ_0 so that deg(Ψ_0) = kD and Ψ_0 = ⟨ ⃗e,^1_{kD} dΨ_0 ⟩ = ⟨⃗e, φ⟩ for φ ∈ A^{n+1}_0 . The only option for such a φ is P dz, so that Ψ_0 = P Ω and kD = (deg(Ψ_0) =) deg P + deg Ω = deg P + (n + 1).

We note that the inclusion A^n_{k−1} → A^n_k corresponds to F · S^{(k−1)D−n−1} ⊆ S^{kD−n−1} via^{P Ω}_{F k−1} =^{(P F )Ω}_{F k} .

4.2.2. Meromorphic forms and cohomology of X. Now viewing G^kH^0(Ω^m_Pn(∗X)) := A^m_k (X) as a filtration by order of pole on meremorphic forms, the corresponding graded pieces

Gr^k_G H^0(Ω^m_Pn(∗X)) = H^0(Ω^m_Pn(kX)) / H^0(Ω^m_Pn((k − 1)X)) may be shown to coincide with those derived from the standard spectralsequence procedure for m=n, n-1 (the cases we shall use).^{14} Namely, set P^kΩ^m_Pn(∗X) = Ω^m_Pn(kX) for k ≥ 0 (and P^{−1} := 0)

14with the sole exception in the case m = n − 1, n = 2 (which doesn’t matter) ( Gr^1_G H^0 =

H^0(Ω^1_P2(X)) H^0(Ω^1_{P2}) = 0 ) → Gr^1_P H^0(Ω^1_P2(∗X)) → H^1(Ω^1_P2)[≠ 0].

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 145

and use

E^{p,q}_1 = H^{p+q}(Gr^p_P Ω^m_Pn(∗X)) =⇒ E^{p,q}_∞ =: Gr^p_P H^{p+q}(Ω^m_Pn(∗X)) with p+q = 0; then the assertion is that (for m = n, n−1) Gr^p_P H^0(Ω^m_Pn(∗X)) = Gr^p_G H^0(Ω^m_Pn(∗X)).

Griffiths [G1] considered the “rational de Rham cohomology” groups

H^n(X) := A^n(X) dA^{n−1}(X) with filtration G_kH^n(X) :=

A^n_k (X) dA^{n−1} ∩ {num} , and graded pieces

Gr^k_G H^n(X) =

G_kH^n(X) G_{k−1}H^n(X) = A^n_k A^n_{k−1} + dA^{n−1} ∩ {num} . Clearly G_0H^n(X) = H^0(Ω^n_Pn) = 0. We will quote the following results:

Lemma 4.2.1. (Griffiths) (i) G_nH^n(X) = H^n(X). (ii) Gr^k_G H^n(X) = A^n_k /( A^n_{k−1} + dA^{n−1}_{k−1} ) . It follows easily from (ii) that G_kH^n(X) = A^n_k (X)/dA^{n−1}_{k−1} (X).

The following simple argument suggests that to understand the interesting part of H^∗(X) we sould study the Gr^k_G H^n(X). First of all (working with

coefficients in Q or C ), by the Lefschetz hyperplane theorem H^ℓ(X) ∼= ← ι^∗_X H^ℓ(P^n)

for ℓ < n − 1 and dually H^ℓ(X) ∼= → Gy H^{ℓ+2}(P^n) for^{15} ℓ > n − 1. Define

H^{n−1}_{var} (X) := coker { H^{n−1}(P^n) → H^{n−1}(X) } and

H^{n−1}_{pr} (X) := ker H^{n−1}(X) → ∪D[H] H^{n+1}(X)

= ker H^{n−1}(X) → Gy H^{n+1}(P^n) , noting that since the composition H^{n−1}(P^n) → H^{n−1}(X) → H^{n+1}(P^n) is ∪D[H] and is therefore an isomorphism (over Q), the natural map H^{n−1}_{pr} (X) → H^{n−1}_{var} (X) is also an isomorphism. From H^{n−2}(X) Gy → ∼= H^n(P^n) → H^n(P^n − X) Res → H^{n−1}(X) Gy ↠ H^{n+1}(P^n)

15In fact both maps are isomorphisms for all ℓ ≠ n−1 (except for ι^∗_X at ℓ = 2n, 2n−1), by factoring ∪D[H] : H^ℓ(P^n) → H^{ℓ+2}(P^n) through H^ℓ(X).

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 146

we have H^n(P^n−X) Res → ∼= H^{n−1}_{pr} (X), which is the “interesting part” of H^∗(X),

and similarly

H^q(Ω^{p+1}_Pn (dlogX)) Res → ∼= H^q(Ω^p_X )_{pr} = ker { H^q(Ω^p_X ) → H^{q+1}(Ω^{p+1}_Pn ) }

for p + q = n − 1.

Now here is the main point. Recall that “Bott vanishing” (see [Gr3]) says that H^i(Ω^j_Pn(kX)) = 0 for i, k > 0 (and j ≥ 0). There is a long exact sequence of sheaves (see [L1])

0 → Ω^{p+1}_Pn (dlogX) → Ω^{p+1}_Pn (X) d → Gr^2_P Ω^{p+2}_Pn (∗X) d → . . . d → Gr^{n−p}_P Ω^n_Pn(∗X) → 0; in fact (using Bott^{16}) all terms but the first have trivial H^i, i > 0. So we have an acyclic resolution of the dlog forms, and

H^{n−p−1}(Ω^{p+1}_Pn (dlogX)) ∼= H^0(Gr^{n−p}_P Ω^n_Pn(∗X)) dH^0(Gr^{n−p−1}_P Ω^{n−1}_Pn (∗X))

∼= H^0(P^{n−p}Ω^{nPn}(∗X)) / H^0(P^{n−p−1}Ω^n_Pn(∗X)) d { H^0(P^{n−p−1}Ω^{n−1}_Pn (∗X)) / H^0(P^{n−p−2}Ω^{n−2}_Pn (∗X)) }

= H^0(Ω^n_Pn((n − p)X) H^0(Ω^n_Pn((n − p − 1)X)) + dH^0(Ω^{n−1}_Pn ((n − p − 1)X)) = Gr^{n−p}_G H^n(X) (where the second ∼= again uses Bott to ensure H^1(P^{n−p−1}Ω^n_Pn(∗X)) = 0). So we obtain H^{n−p−1}(Ω^p_X )_{pr} ∼= Gr^{n−p}_G H^n(X), but this (efficient) incarnation of the proof does not lend itself to studying how periods change^{17} (as X varies), as easily as Griffiths’ original argument does. This does everything explicitly on forms.

16together with the long exact sequences associated to P^{k−1} → P^k → Gr^k_P . A more formal way of proceeding than the above, is a spectral sequence argument taking Fa, 0 ≤ a ≤ n−p, to be the sheaves of the long exact sequence and E^{a,b}_1 := H^b(P^n, Fa) =⇒ 0 = E∞. (This is because the spectral sequence computes H^∗ (F•), and F• ≃ 0 since it is exact; see [GH]) Then the first ∼= above is given by dn−p : E^{0,n−p−1}_1 → E^{n−p,0}_2 , because by Bott vanishing all E^{a,b}_1 are 0 except for a = 0 or b = 0.

17It can be made to yield up this information, basically by using the spectral sequence version in the above footnote and tracing through dn−p (and this is exactly how we will do it for complete intersections in §4.5).

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 147

4.2.3. Griffiths’ approach revisited; Jacobi rings. There are inclusions of sheaves

Ω^•_Pn(∗X) → ȷ_∗Ω^•_{(P}n_{\X)}∞ ← Ω^•_{(P}n_)∞ (dlogX)

in particular for • = n, n − 1; we denote sections by H^0 and closed sections by Z^0. The inclusions induce maps on cohomology

H^n(X)

H^0(Ω^n_{Pn}(∗X)) dH^0(Ω^{n−1}_{Pn} (∗X))

−→ H^n(P^n − X, C ) ¨ Z^0(Ω^n_{(Pn\X)∞} ) dH^0(Ω^{n−1}_{(Pn\X)∞} )

←− "H^n(P^n(dlogX))" ¨ Z^0(Ω^n_{(Pn)∞} (dlogX)) dH^0(Ω^{n−1}_{(Pn)∞} (dlogX))

which are in fact both isomorphisms. If we define a filtration

F^{p+1}H^n(P^n(dlogX)) :=

Z^0(F^{p+1}Ω^n_{(Pn)∞} (dlogX)) { dH^0(Ω^{n−1}_{(Pn)∞} (dlogX)) } ∩ num = Z^0(F^{p+1}Ω^n_{(Pn)∞} (dlogX))

dH^0(F^pΩ^{n−1}_{(Pn)∞} (dlogX)) ,

Griffiths proved that the (isomorphic) images in H^n(P^n − X, C ) of the two filtrations

im {G_{n−p}H^n(X)} = im { F^{p+1}H^n(P^n(dlogX)) } coincide. Even if we take graded pieces here, this is more than the previous result (out of the long exact sequence), because it tells us the representatives differ by a coboundary on P^n − X (while the previous approach just gives “an” isomorphism), so that their periods coincide. Taking residues on the right hand side, we get Griffiths’ map G_{n−p}H^n(X)^{∼=} F^pH^{n−1}(X) ∩ H^{n−1}_{pr} (X). (4.2.1)

In the following we shall always identify k = n − p (this simplifies notation). We briefly explain how to change a rational form ω ∈ A^n_k = H^0(Ω^n_Pn(kX)) by a C^∞ coboundary on P^n−X to get β ∈ Z^0(F^{p+1}Ω^n_{(Pn)∞} (dlogX)). The key is that one can always reduce the pole locally by adding a holomorphic coboundary (which is not always possible globally). For instance, taking U_0 := P^n \ {z_0 = 0} ⊂ P^n, if U_α ⊆ U_0 is a small enough neighborhood of any point on X ∩ U_0, there is a j(α) for which ∂F/∂z_{j(α)} ≠ 0 on U_α (because X is smooth). On U_0, Ω = dz_1 ∧ . . . ∧ dz_n (by taking z_0 = 1); and so on U_α, using dF = ∑_n i=1 ∂F ∂z_i dzi, we have ω = P Ω F^k = P dz_1 ∧ . . . ∧ dz_n F^k = P dz_1 ∧ . . . ∧ dF ∧ . . . ∧ dz_n ∂F/∂z_{j(α)} · F^k =: dF ∧ θ_α F^k where

θ_α := ±P dz_1 ∧ . . . ∧ ^dz_{j(α)} ∧ . . . ∧ dz_n ∂F/∂z_{j(α)}

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 148

is holomorphic on U_α. So

dη_α := d ( θ_α (k − 1)F^{k−1} ) = dθ_α (k − 1)F^{k−1} − dF ∧ θ_α F^k =: τ_α − ω ;

repeating this procedure on a system of neighborhoods U_α covering X (and doing nothing^{18} on a U_0 with U_0 ∩ X = ∅, U_0 ∪_α U_α = P^n) we piece the result together with a partition of unity {ρ_α}:

dη := d ∑ 0,α ρ_αη_α = ∑ (dρ_α ∧ η_α + ρ_ατ_α) − ω =: τ − ω

where (because of the {dρ_α}) τ may have a dz̄ part: τ ∈ Z^0(F^{n−1}Ω^n_{(Pn)∞} ((k− 1)X)). In fact we can always say something slightly stricter about the poles of τ: the “last” pole is dlogF , so that repeating the procedure eventually lands us in Z^0(F^{n−k+1}Ω^n_{(Pn)∞} (dlogX)) rather than H^0(F^{n−k+1}Ω^n_{(Pn)∞} (X)). See [G1] for details.

If, for some j, P has a factor of ∂F/∂z_j , one can “globally” (at least on U_0) holomorphically reduce the pole (no dz̄’s come into play): if P = P_0∂F/∂z_j then

θ := P dz_1 ∧ . . . ∧ ^dz_j ∧ . . . ∧ dz_n ∂F/∂z_j = P_0dz_1 ∧ . . . ∧ ^dz_j ∧ . . . ∧ dz_n is holomorphic on all of U_0.

To do this correctly on all of P^n we again employ C^∗ -invariant forms on U = C^{n+1} \ {0}. More precisely, we would like to show that ω =^{P Ω}_{F k} ∈ A^n_{k−1} + dA^{n−1}_{[k−1]} ⊆ A^n_k if P is in the Jacobi ideal J^{kD−n−1} F := ( ∂F ∂z_0 , . . . , ∂F ∂z_n ) ⊆ S^{kD−n−1} (and the converse as well). For η ∈ A^{n−1}_{k−1} , π^∗η =: Ψ =^{Ψ0}_{F k−1} with Ψ_0 ∈ A^{n−1}_0 ; exactly as before we use ⟨⃗e, Ψ⟩ = ⟨⃗e, dΨ⟩ = 0 to show Ψ_0 = ⟨ ⃗e,^1_{(k−1)D} dΨ_0 ⟩ =: ⟨⃗e, φ⟩ , where φ ∈ A^n_0 has degree (k − 1)D (deg(dΨ_0) = deg(Ψ_0) is easily shown). So deg (_φ F^{k−1} ) = 0 and

dΨ = d ( ⟨⃗e, φ⟩ F^{k−1} ) = d ⟨ ⃗e, φ F^{k−1} ⟩ = deg ( φ F^{k−1} ) φ F^{k−1} − ⟨ ⃗e, d ( φ F^{k−1} )⟩

= ⟨⃗e, (k − 1)dF ∧ φ − F dφ⟩ F^k . Now the only options for φ (= holomorphic n-form on C^{n+1} of degree (k − 1)D) are to take dz^{(i)} = dz_0 ∧ . . . ∧ ^dz_i ∧ . . . ∧ dz_n and any R_i ∈ S^{(k−1)D−n}

18i.e., taking ηα = a primitive of ω on U0.

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 149

and write φ = n∑ i=0 (−1)^iR_idz^{(i)} so that

dφ = n∑ i=0 ∂R_i ∂z_i dz , dF ∧ φ = n∑ i=0 R_i ∂F ∂z_i dz,

(π^∗dη =) dΨ = ⟨ ⃗e, ∑ ( (k − 1)R_i^{∂F}_{∂zi} − F^{∂R}_{∂zi} ) dz ⟩ F^k = {∑ i ( (k − 1)R_i^{∂F}_{∂zi} − F^{∂R}_{∂zi} )} Ω F^k ∈ A^n_k , where the homogeneous polynomial in brackets is ∈ J^{kD−n−1}. Conversely, given any P ∈ J, say P = ∑ (k − 1)R_i^{∂F}_{dzi} , clearly [subtracting] the above dΨ ∈ dA^{n−1}_{k−1} will “reduce the poles” of P Ω/F^k to ( ∑_{∂R} ∂z_i )Ω/F k−1 ∈ A^n_{k−1}. What we have shown is that the map (4.2.1) has graded pieces (identifying k = n − p) R^{kD−n−1} F := S^{kD−n−1} J_F ∼= −→ Gr^k_G H^n(X)^{∼=}−→ H^{n−k,k−1}(X)_{pr}, where the first isomorphism is induced by sending P →^{P Ω}_{F k} =: ω, and the second by modifying ω by a coboundary on P^n − X and taking Res_X . We emphasize that the H^{n−k,k−1}(X)_{pr} are not to be thought of as subspaces of H^{n−1}_{pr} (X), but as quotients Gr^{n−k}_F H^{n−1}_{pr} (X).

To put this all in perspective, suppose now we want to compute ∫ C α for [C] ∈ H_{n−1}(X, Z), [α] ∈ F^pH^{n−1}_{pr} (X, C ). Then up to coboundary on X, α ≡^1_{2πi} Res(β) for β ∈ Z^0(F^{p+1}Ω^n_{(Pn)∞} (dlogX)), and up to coboundary on P^n − X, β ≡ ω ∈ H^0(Ω^n_Pn(kX)) = A^n_k . Consequently by Stokes’ theorem ∫ C α = 1 2πi ∫ Tube(C) β = 1 2πi ∫ Tube(C) P Ω F^k for some P ∈ S^{kD−n−1}. 4.2.4. Computation of ¯∇. Now take a local 1-parameter family of smooth hypersurfaces X = X_D ⊂ P^n × D , X = ⋃ t∈D {X_t} and consider the sheaves on D F^{n−k}H^{n−1}_{Xt,pr} → R^{n−1}_{π∗} Ω^{•≥n−k}_{X /D} ↠ F^{n−k}H^{n−1}_{Xt,var} (this is not an exact sequence!); we would like to “differentiate” sections of the “var” sheaf. The Gauss-Manin connection ∇_{∂/∂t} on the middle sheaf induces such a derivative; the periods of the derivative in R^{n−1}_{π∗} Ω^{•≥n−k−1}_{X /D} give derivatives of the periods. We can think of H_{pr} and H_{var} as functionals H^{n−1}_{pr} (X_t) = Hom (coker {H_{n+1}(P^n, Q) → H_{n−1}(X_t, Q)} , C )

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 150

H^{n−1}_{var} (X_t) = Hom (ker {H_{n−1}(X_t, Q) → H_{n−1}(P^n, Q)} , C ) ,

so that (for n odd) H_{var} ignores periods on cycles outside a (large) subgroup and H_{pr} consists of functionals zero on im {H_{n+1}(P^n, Z) → H_{n−1}(X_t, Z)} . The fact that they are isomorphic indicates that we can always lift a section of H^{n−1}_{Xt,var} to H^{n−1}_{Xt,pr}, by subtracting the pullback of a smooth form on P^n ×D.

So it suffices to differentiate a section α_t of F^{n−k}H^{n−1}_{Xt,pr}, which begets a family of β_t’s [in Z^0(F^{p+1}Ω^n_{(Pn)∞} (dlogX_t)), satisfying^1_{2πi} Res_{Xt} β_t = α_t] and ω_t’s [dξ_t + β_t = ω_t =^{PtΩ}_{F kt} ∈ H^0(Ω^n_Pn(kX))]. Consider a vertically closed lift ω̃ ∈ H^0(Ω^n_Pn_{×D}(kX )) and differentiate periods using Stokes’ theorem 2πi ∂ ∂t ∫ C_t α_t = ∂ ∂t ∫ Tube(C_t)

ω_t = lim_{ϵ→0} 1 ϵ ∫ ( ⋃ t∈[0,ϵ] Tube(C_t) ) ω̃ = ∫ Tube(C_0 ) ⟨∂/∂t, dω̃⟩_{t=0}

where C_t and Tube(C_t) are continuous families of (n − 1)- and n-cycles, respectively. Suppose

ω̃ = P (t)Ω ( F −^t_k G )_k , P (t) ∈ S^{kD−n−1}[t], G ∈ S^D where { F_t = F −^t_k G = 0 } cuts out X_t; this is completely general since F_t is varying in H^0(P^n, O(D)), and

θ^1_D ∼= T H^0(P^n, O(D)) ∼= S^D.

Then

dω̃ =

(F −^t_k G)^{∂P}_{∂t} dt ∧ Ω + P (t)Gdt ∧ Ω ( F −^t_k G )_{k+1} =⇒ ⟨∂/∂t, dω̃⟩_{t=0} = P (0)GΩ F^{k+1} + ∂P ∂t (0)Ω F^k , and 2πi ∫ C_0 ( ∇_{∂/∂t}α_t ) = ∫ Tube(C0) ( P (0)GΩ F^{k+1} + ∂P ∂t (0)Ω F^k ) . This is useful if we work modulo periods of F^{n−k (=p)} forms on X_t, or equivalently modulo periods of forms in A^n_k (X_t) on P^n − X_t. For we have proved the following statement about equality of periods vectors in the corresponding quotient spaces of functionals: namely, if {C^i_0} are a basis for ker {H_{n−1}(X) → H_{n−1}(P^n)} , ⟨∫ C^i_0 ( ∇_{∂/∂t}α_t ) t=0 ⟩ in Gr^{n−k+1} F H^{n−1}_{pr} (X) ≡ ⟨∫ Tube(C^i_0)

(_{P (0)GΩ}

F^{k+1} = G F ·^{P (0)Ω}_{F k} )⟩ in Gr^{k+1}_G H^n(X)

In a commutative diagram,

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 151

P → P Ω F^k R^{kD−n−1} F ∼= Gr^k_G H^n(X) ∼= Gr^{n−k}_F H^{n−1}_{pr} (X)

R^{(k+1)D−n−1} F

×G ∼ = Gr^{k+1}_G H^n(X) ( ¯∇_{∂/∂t}) ∼ = Gr^{n−(k+1)} F H^{n−1}_{pr} (X).

¯∇_{∂/∂t}

Q → QΩ F^{k+1} 4.2.5. First application. We refine this a bit for a family X −→ S ⊂ Zar. op. PH^0(P^n, O(D)) of smooth {X_t}. First, note that for each t ∈ S

θ^1_{S,t} ∼= S^D/(F_t) where (F_t) = (∑ z_j ∂F ∂z_j ) ⊆ J^{(≥D)}_F , and so we have the slightly more informative commuting diagram (with μ =multiplication)

S^D/(F_t) ⊗ R^{kD−n−1} F_t μ R^{(k+1)D−n−1} F_t

θ^1_{S,t} ⊗ Gr^{n−k}_F H^{n−1}_{pr} (X_t)

∼= Gr^{n−k−1} F H^{n−1}_{pr} (X_t).

∼=

One easily sheafifies primitive and variable cohomology (and the graded pieces thereof); e.g. we could define H^{n−1}_{Xt,var} via 0 → R^{n−1}_{π∗} Ω^•_Pn_{×S/S} → R^{n−1}_{π∗} Ω^•_{X /S} → H^{n−1}_{Xt,var} → 0. With this is mind the bottom map becomes a map of sheaves on S which dualizes to^{19} the Gauss-Manin connection Gr^k_F H^{n−1}_{Xt,var} ¯∇_{(k)} −→ Ω^1_S ⊗ Gr^{k−1}_F H^{n−1}_{Xt,var}. 19As the reader can check, this assertion reduces to the fact that, for αt and βt sections of F^k H^{n−1}_{Xt} and F^{n−k} H^{n−1}_{Xt} (so that αt ∧ βt = 0), 0 = ∫ X0 ∇_{∂/∂t}(αt ∧ βt)_{t=0} = ∫ X0 (∇_{∂/∂t}αt)_{t=0} ∧ β0 + ∫ X0 αt ∧ (∇_{∂/∂t}βt)_{t=0}

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 152

Noting that μ is obviously surjective for kD − n − 1 ≥ 0 (so that S^{kD−n−1} is not zero), we conclude that ¯∇_{(k)} is injective for 1 ≤ k ≤ n − 1 provided D ≥ n + 1, or equivalently K_{Xt} ≥ 0 (or H^0(Ω^{n−1}_{Xt} ) ≠ 0). This result will be applied in the next section to show that for t ∈ S “very general” the image of Gy : H^{n−3}(V̂_t) → H^{n−1}(X_t) is just [the span of] the hyperplane class.

4.2.6. Second application and Donagi-Green. Similarly the reader may easily verify that the map

R^{kD−n−1} F_t ⊗ 2⋀ S^D/(F_t) μ^2_{(k)} −→ R^{(k+1)D−n−1} F_t ⊗ S D/(F_t) P̄ ⊗ (Ḡ_1 ∧ Ḡ_2) −→ P G_1 ⊗ Ḡ_2 − P G_2 ⊗ Ḡ_1

is isomorphic to the dual of the G-M connection

Ω^1_S ⊗ Gr^k_F H^{n−1}_{Xt,var} ¯∇2_{(k)} −→ Ω^2_S ⊗ Gr^{k−1}_F H^{n−1}_{Xt,var} induced locally by ∑ i dt_i ⊗ α_i −→ ∑ i,j (dt_i ∧ dt_j ) ⊗ ¯∇_{∂/∂tj} α_i.

In the next section we will want to use injectivity of ¯∇^2_{(n−1)} (it’s the crux of the argument), so we compute here the range of D for which μ^2_{(n−1)} is surjective. We include this in a more general problem by observing that, for k = n − 1, R^{(k+2)D−n−1} F_0 = R (n+1)D−n−1 F_0 = Gr n+1 G H^n(X) = 0, so that it is enough to prove exactness at the middle term of the bottom (trivially =⇒ top) row of

R^{b−D}_F ⊗ 2⋀ S^D/(F ) μ^2 R^b_F ⊗ S^D/(F ) μ R^{b+D}_F

R^{b−D}_F ⊗ 2⋀ S^D μ^2 R^b_F ⊗ S^D μ R^{b+D}_F for b = (k + 1)D − n − 1 = nD − n − 1. (That R^{b+D}_F = 0 for this b in no way simplifies the proof, so we will ignore it.) That is, we prove vanishing of a certain “Koszul cohomology” group (for certain b and D).

For b ≥ D − 1, J^b_F contains all the generators ∂F/∂z_i and so μ : J^b_F ⊗ S^D → J^{b+D}_F is surjective. Considering the diagram with exact columns

4.2. COHOMOLOGY OF A SMOOTH HYPERSURFACE X ⊂ P^n 153

J^{b−D}_F ⊗ 2⋀ S^D J^b_F ⊗ S^D J^{b+D}_F

S^{b−D} ⊗ 2⋀ S^D

∩

S^b ⊗ S^D

∩

S^{b+D}

∩

R^{b−D}_F ⊗ 2⋀ S^D R^b_F ⊗ S^D R^{b+D}_F , it is enough to prove exactness of the middle row (at its middle term). More generally by a lemma of Donagi and Green, 2⋀ S^a ⊗ S^{b−a} μ^2 −→ S^a ⊗ S^b μ −→ S^{b+a} is exact at the middle term for b > a, and so our result (that ¯∇^2_{(n−1)} is injective) is proved for b[= nD − n − 1] ≥ D + 1, or (n − 1)(D − 1) ≥ 3.

For completeness we include a proof of Donagi-Green, namely that ker(μ) ⊆ im(μ^2). Following [DG], let I and J be multi-indices and ∑ |I| = a |J| = b c_{I,J} z_I ⊗ z_J ∈ ker(μ)

be an element of the kernel; then ∑ I+J=K cI,J = 0 for all fixed multi-indices

K (with |K| = a + b). Now by definition

im(μ^2) = { z_I ⊗ z_I′_{+L} − z_I′ ⊗ z_{I+L} | ||I| = |I_′| = a, |L| = b − a > 0 } ; if we can show the following

Claim. im(μ^2) contains all elements of the form { z_I ⊗ z_{K−I} − z_I′ ⊗ z_{K−I}′ | |I| = |I^′| = a, |K| = a + b, K ≥ I, I^′ } , then all z_I ⊗ z_J with I + J = K are equivalent modulo im(μ^2) and so from ∑ I+J=K c_{I,J} = 0 follows ∑ I+J=K c_{I,J} z_I ⊗ z_J ≡ 0 mod im(μ^2)

4.3. THE VANISHING THEOREM IN CODIMENSION 1 154

follows ∑ |I| = a |J| = b c_{I,J} z_I ⊗ z_J = ∑ |K|=a+b ∑ I+J=K c_{I,J} z_I ⊗ z_J ≡ 0 mod im(μ^2).

But this is the same as saying our (arbitrary) element of ker(μ) is in the image of μ^2.

To prove the claim it is enough to show that

im(μ^2) ∋ z_I ⊗ z_{K−I} − z_I′ ⊗ z_{K−I}′ for I and I^′ differing by one index

(and the same conditions on I, I^′, K as in the claim). So for I − I^′ = (0, . . . , 0, 1 i , 0, . . . , 0, −1 j , 0, . . . , 0) =: δ_i − δ_j we will show, working modulo im(μ^2), that z_I ⊗ z_{K−I} ≡ z_I′ ⊗ z_{K−I}′ .

More generally for any I, I^′, K (satisfying the claim’s conditions) for which there are multi-indices J and I^{′′} with |J| = b, J − I ≥ 0, J − I^′ ≥ 0, I^{′′} + J = K, we have z_I ⊗ z_{K−I} ≡ z_I′′ ⊗ z_J ≡ z_I′ ⊗ z_{K−I}′ (using the definition of im(μ^2), e.g. for the first ≡ replacing the L and I^′ of the definition by J − I and I^{′′}). Since we only care about the end terms we can forget I^{′′} and replace the condition I^{′′} + J = K by J ≤ K.

What’s left is to show we can choose such a J for I − I^′ = δ_i − δ_j . Since b > a, there exists J ≥ δ_j + I with |J| = b; we than have immediately J − I ≥ δ_j ≥ 0 and J − I^′ = (J − I) + (I − I^′) ≥ δ_j + δ_i − δ_j = δ_i ≥ 0. Now K ≥ I, I^′ =⇒ K ≥ δ_j + I = δ_i + I^′, and so it is possible to choose this J both ≥ δ_j + I and ≤ K.

4.3. The Vanishing Theorem in Codimension 1

4.3.1. Spreading an element of the Tame kernel. We would now like to study the Milnor regulator on a smooth degree D hypersurface X ⊆ P^n (d = dim X = n − 1); the family of all such X is written X π −→ S := PH^0(P^n, O(D)) \ Δ where Δ starts out as the discriminant locus (of singular fibers) and grows by a finite number of Zariski-closed subsets during the course of the discussion below. In fact we shall begin by throwing into it the hyperplane at ∞ (in S) so that we may parametrize S by the coordinates t_1, . . . , t_N which generate

4.3. THE VANISHING THEOREM IN CODIMENSION 1 155

its meromorphic function field. If {σ_j(z) = σ_j (z_0, . . . , z_n)}^N_{j=0} ∈ S^D is a monomial basis then X ⊆ P^n × S is cut out by

0 = σ_0(z) + N∑ j=1 t_jσ_j (z) ;

if we write (β^s_1, . . . , β^s_N ) for the coordinates of s ∈ S, then

X_s =

0 = σ_0(z) + N∑ j=1 β^s_j σ_j(z) . Since the only interesting cohomology of X is in dimension (n − 1), we will look at the regulator (mod torsion)

R : K^M_n (C (X)) → H^{n−1}(η_X , C /Q (n)) := lim−→ V ⊂ X Hom {H_{n−1}(X − V, Q), C /Q (n)} in the version given by integrating R_f over closed cycles.^{20} In particular, we will study how this behaves in the family, if the “rigidity condition” that {f_s} ∈ ker(Tame) or K^M_n (X_s) is imposed. Except when X_s is an elliptic curve (the case n = 2, D = 3), we will show that for the weaker (= ker(Tame)) rigidity condition the infinitesimal invariant (=“∇[R_{fs} ]”) is zero, while the stronger criterion^{21} =⇒ the regulator image is actually zero.

We can use this latter result about the family to show that the image of the regulator^{22}

R : K^M_n (X_0) → im { H^{n−1}(X_0, C /Q (n)) → H^{n−1}(η_X , C /Q (n)) } is zero for a very general X_0 (again excepting elliptic curves). That is, the base point^{23} 0 ∈ S must be chosen in the compliment of countably many Zariski-closed (proper) subsets.^{24} This essentially means that X_0 is of no arithmetic interest; indeed to prove our result it is sufficient to assume that β^0_1 , . . . , β^0_N are algebraically independent (over Q).

Consider on a very general X_0 a fixed element

{f_0} ∈ ∏ α {f^0_{1α}, . . . , f^0_{nα}}^{mα} ∈ ker(Tame^{[1]}) ⊆ K^M_n (C (X_0 )).

Passing if necessary to a finite cover

20which gives the same result as integrating R^′_f (mod Q(n)). 21For a definition of K^M_n (X) see §1.2.3.

22see §2.4.2; note that it makes sense to want to look at this part of the Milnor regulator – it is the part that has nothing to do with residues (and so “more” to do with the cohomology of X). While it’s not obvious, we will show below that im { H^{n−1}(X) → H^{n−1}(ηX ) } is generally large enough for the map to be interesting.

230 does not mean t1 = . . . = tN = 0.

24“general” means 0 ∈the compliment of finitely many Zariski closed subsets (which is just a Zariski open set). Though we start with 0 very general, our “spread” shall be defined on a general member of the family.

4.3. THE VANISHING THEOREM IN CODIMENSION 1 156

X ×_S S̃ ====== X̃ π ~ S

X ρ π S ρ

after removing (finitely many) more Zariski-closed subsets of S into Δ (including the branch locus of this cover), we may “spread” {f_0} to an element {F} = ∏ α {F_{1α}, . . . , F_{nα}}^{mα} ∈ ker(Tame) ⊆ K^M_n (C (X̃ )).

This engenders a whole family {f_s} ∈ ker(Tame), for all s ∈ S̃, by restriction; and there is an s_0 ∈ ρ^{−1}(0) (which we shall henceforth call 0) such that {f_{s0} } = {f_0} on^{25} X_{s0} . We caution that the extension of {F} to the entire branched cover ~X̄ would not be in ker(Tame); the functions F_{iα} may be badly behaved over certain points of ~S̄ (including, but not limited to, the discriminant and branch loci).

Here is how the spread, and cover, arise if β^0_1 , . . . , β^0_N are algebraically independent. First lift {f^0_{iα}} ∈ C (X_0 ) to the rational functions {f̃^0_{iα}} in C (P^n ) = C (Z_1 , . . . , Z_n) [here Z_i := z_i/z_0] they come from, and collect together all the coefficients involved in these functions into the finite set C_0 ⊂ C . Pick out a maximal subset C^{tr} = {γ_1, . . . , γ_M } algebraically independent over Q(β^0_1 , . . . , β^0_N ) and name the remainder C^{alg}, so that (writing β^0 for {β^0_1 , . . . , β^0_N })

Q(β^0; C_0) = Q(β^0, C^{tr})(C^{alg}_0 ) / Q(β^0; C^{tr})

is an algebraic (finite) field extension, and the functions we started with live in Q(β^0; C_0)(X_0), with corresponding rational functions

{f̃^0_{iα}} ∈ Q(β^0; C_0)(Z_1, . . . , Z_n).

Now write

Q(β^0; C_0) ⊆ Q(C^{tr} )(β^0)(C^{alg}_0 ) =: k(β^0)(C^{alg}_0 ) =: ℓ_0,

so that now [ℓ_0 : k(β^0)] is finite and will in fact be the order of our cover.

In particular, there is a cover S̃ ρ −→ S completing the diagram

25ρ^{−1}(0) is just several copies of X0.

4.3. THE VANISHING THEOREM IN CODIMENSION 1 157

k(S) ∼ = k(t_1, . . . , t_N ) t_j → β^0_j evaluation ∼= k(β^0)

k(S̃) ρ^∗ ∩

e_0 ∼= ℓ_0

∩

where k(S̃) is just k(t_1, . . . , t_N ) with some algebraic functions of the {t_j } (e.g.,^3 √ t_1 − t^2_3) adjoined. (This also explains the necessity of the cover, to

make these functions well-defined.) In fact evaluation maps k(S̃) e_s −→ C are possible for every s ∈ S̃, simply by taking t_j → β^s_j and choosing appropriate branches for the algebraic functions. Denote the image by ℓ_s; it is isomorphic for s very general (and obviously for s = 0 ), as is e_s in the following diagram:

C (S̃ )(Z_1, . . . , Z_n) ^⊃ k(S̃)(Z_1, . . . , Z_n) e_s ℓ_s(Z_1, . . . , Z_n)^⊂ C (P^n )

C (X̃ ) ⊃ k(X̃ ) e_s ℓ_s(X_s) ⊂ C (X_s ). Given the original rational functions {f̃^0_{iα}} ∈ ℓ_0(Z_1, . . . , Z_n) it is now clear that the isomorphism e_0 yields {F_{iα}} ∈ k(X̃ ) → C (X̃ ) as desired. However these functions may have “vertical” zeroes and poles due to the behavior of “coefficients”∈ k(S̃) (including the above functions of {t_j }), and so the bottom e_0 is not functorial as far as the tame symbol is concerned, until we omit the (finitely many) Zariski-closed subsets of S̃ over which this happens. The result is still denoted by X̃ → S̃.

4.3.2. Development of the infinitesimal invariant ∇R_{fs} . We now consider established the existence of {F} ∈ ker(Tame) on this new X̃ , giving by fiberwise restriction {f_s} ∈ ker(Tame) ⊆ K^M_n (C (X_s )). There are corresponding regulator currents R_F ∈ Γ(^′D^{n−1}_{X̃} ) generating by fiberwise pullback ι^∗_{Xs} R_F = R_{fs} ∈ Γ(^′D^{n−1}_{Xs} ). Writing Ṽ = V_F ⊂ X̃ and V_s = V_{fs} = Ṽ ∩ X_s, we want to differentiate the periods of R_{fs} on cycles C_s ⊂ X_s \ V_s. Note that R_{fs} is not even d-closed on X_s \ V_s (i.e. as a current in the complex ′D^•_{(Xs\Vs)∞} ), but can be made so without chaging the periods ∈ C /Q (n) as follows: trivially by dimension Ω_{fs} = ⋀_n dlogf_s = 0, so there exists (as in §2.2.1) R^′_{fs} = R_{fs} + (2πi)^n∂^{−1}_{(Xs,Vs)}T_{fs} . This is what we must lift to differentiate periods, to some kind of R^′_F. While this is impossible globally on X̃

4.3. THE VANISHING THEOREM IN CODIMENSION 1 158

(see below), it is possible to construct R^′_F on π^{−1}(U) =: X_U ⊂ X̃ for U ⊂ S̃ a small acyclic neighborhood of 0.

Indeed for U sufficiently small there is a relative homeomorphism (X_U , V_U ) ≃ (X_0 × U, V_0 × U) under which the image of T_F ∩ X_U is homologous to T_{f0} × U (which is homologous to zero) mod (X_0 ×∂U)∪(V_0 ×U); and so T_F ∩X_U ∼ 0 mod X_{∂U} ∪ V_U . Alternatively one could consider Ω_F = ⋀_n dlogF on X_U \ V_U as a closed (holomorphic) n-form with^{26} ι^∗_0Ω_F = Ω_{f0} = 0 and note that [ι^∗_0] factors (ignoring Hodge type)

H^n(X_U \ V_U ) ∼= H^n((X_0 \ V_0) × U) ∼= H^n(X_0 \ V_0) × H^0(U) ∼= −→ H^n(X_0 \ V_0);

therefore [Ω_F] = 0 as a class in H^n(X_U \ V_U ). (This is a naive use of the rigidity of H^∗_{DR}.) Since on X_U \V_U (in fact on X̃ \Ṽ ) d[R_F] = Ω_F −(2πi)^nT_F, we see that [T_F] = 0 in H_∗(X_U , V_U ∪ X_{∂U} ).

Either way we have a chain ∂^{−1}T_F whose boundary is T_F, plus stuff on V_U ∪ X_{∂U} ; and writing R^′_F := R_F + (2πi)^n∂^{−1}T_F we have an (n − 1)-current on X_U which on X_U \ V_U has coboundary d[R^′_F] = Ω_F.

Now let {C_s}_{s∈U} be a continuous family of (n − 1)-cycles on X_s \ V_s and

[0 ∈]U_i := U ∩ { t_j = β^0_j |∀j ≠ i } ⊆ U be “disks” with holomorphic tangent vectors {∂/∂t_i}. Noting that for s ∈ U ∫ C_s R_{fs} ≡ ∫ C_s R^′_{fs} = ∫ C_s [ι^∗_s]R^′_F mod Z(n)

and denoting by [0, ϵ]_i (with endpoint ϵ_i) a simple path in U_i from t_i = β^0_i to β^0_i + ϵ, we may differentiate periods ( ∇_{∂/∂ti} R_{fs} ) s=0 (C_0) := ( ∂ ∂t_i ∫ C_s R_{fs} ) s=0 = lim_{ϵ→0} 1 ϵ (∫ C_{ϵi} R^′_F − ∫ C_0

R^′_F )

= lim_{ϵ→0} 1 ϵ ∫ C_{[0,ϵ]i} d[R^′_F] = lim_{ϵ→0} 1 ϵ ∫ C_{[0,ϵ]i} Ω_F = ∫ C_0 ι^∗_{X0} ⟨ ~ ∂/∂t_i, n⋀ dlogF ⟩ , where the interior product with ~∂/∂t_i is being taken away from V_U . We ask: in what sense is it valid to write

∇R_{fs} = ∑ dt_i ⊗ ι^∗_{X̃ /S̃} ⟨ ~ ∂/∂t_i, n⋀ dlogF ⟩

– in particular, where does the ι^∗_{X̃ /S̃} -part live? We can do better than the cohomology of X_s \ V_s.

Up to this point we have not used the fact that {F ∈ ker(Tame) on X̃ . Recall that the map KM_n (C (X̃ )) → Γ(F n′Dn_{X̃} ) given by sending {F} →

26It’s worth emphsizing the difference between the pullback ι^∗_s Ω_F ∈ H^0(Ω^n_{Xs} ) (which must be zero as dim Xs = n − 1) and the restriction Ω_F | |_{Xs} ∈ H^0(Ω^n_X ⊗ O_{Xs} ) which is not zero.

4.3. THE VANISHING THEOREM IN CODIMENSION 1 159

Ω_{{F}}(:= Ω_F for any representative F) is well-defined, and also that d[Ω_{{F}}] = Ω_{Tame{F}} which in this case is zero on X̃ . So Ω_F = ⋀_n dlogF is a d-closed current on X̃ , and in fact using an argument like that in §1.3.3 one can show it is a holomorphic n-form there. However, the extension of {F} to ~X̄ is not in ker(Tame) and so the current Ω_F is not closed on the compact ~X̄ ; therefore the corresponding holomorphic form on X̃ may have residues along the “bad” fibers and the line of reasoning in §1.3.3 does not show ⋀_n dlogF = 0. The reason ker(Tame^{[1]}) is enough to work with here, is that Ω_F has no higher codimension residues (unlike R_F). Now ι^∗_{Xs} ⟨ ~ ∂/∂t_i, ⋀_n dlogF ⟩ gives a section of R^0_{π∗} Ω^{n−1}_{X̃ /S̃} if ⋀_n dlogF is

holomorphic on X̃ ; alternately one could use closedness of Ω_F to prove directly the weaker statement, that ι^∗_{Xs} ⟨ ~ ∂/∂t_i, Ω_F ⟩ can be replaced by a holomorphic (n − 1)-form on X_s as far as its periods on C_s ⊂ X_s \ V_s (indeed on any cycle on X_t) are concerned. This is done simply by checking that it is a d-closed element of Γ(F^{n−1′}D^{n−1}_{Xs} ), by integrating against dα (for α ∈ Γ(Ω^{n−1}_{(Xs)∞} )) and α_1 ∈ Z^0(F^1Ω^{n−2}_{(Xs)∞} ) [i.e., dα_1 = 0]: ∫ X_0 α ∧ d [⟨ ~ ∂/∂t_i, Ω_F ⟩] := ∫ X_0 dα ∧ ⟨ ~ ∂/∂t_i, Ω_F ⟩ = lim_{ϵ→0} 1 ϵ ∫ X_{[0,ϵ]i} dα̃ ∧ Ω_F

= lim_{ϵ→0} 1 ϵ (∫ X_{[0,ϵ]i} α̃ ∧ d[Ω_F] + ∫ X_ϵ α_ϵ ∧ Ω_{fs} − ∫ X_0

α_0 ∧ Ω_{f0} )

which is 0 (d[Ω_F] = 0, Ω_{fs} = Ω_{f0} = 0) and ∫ X_0

α_1 ∧ ⟨ ~ ∂/∂t_i, n⋀ dlogF ⟩ = lim_{ϵ→0} 1 ϵ ∫ X[0,ϵ] i ⊆XU i α̃_1 ∧ n⋀ dlogF = 0

because X_{Ui} can only support n dz’s.

So differentiating the periods ∫ C_s Rf^s gives rise to a section ∑ dt_i ⊗ ι^∗_{Xs} ⟨ ~ ∂/∂t_i, Ω_F ⟩ of Ω^1_{S̃} ⊗ R^0_{π∗} Ω^{n−1}_{X̃ /S̃} → Ω^1_{S̃} ⊗ R^{n−1}_{π∗} C ,

and it is fair to ask whether this goes to zero under the map

Ω^1_{S̃} ⊗ R^{n−1}_{π∗} C −→ Ω^2_{S̃} ⊗ R^{n−1}_{π∗} C .

This is what we will prove; the weaker statement that it goes to zero under the map of graded pieces

Ω^1_{S̃} ⊗ R^0_{π∗} Ω^{n−1}_{X̃ /S̃}

¯∇2_{(n−1)}

−→ Ω^2_{S̃} ⊗ R^1_{π∗} Ω^{n−2}_{X̃ /S̃}

then follows automatically.

4.3. THE VANISHING THEOREM IN CODIMENSION 1 160

4.3.3. Killing the infinitesimal invariant. (Rigidity). The present situation is summarized by the diagram (over U)

ν_s := ∑ dt_i ⊗ ι^∗_{Xs} < ~∂/∂t_i, n⋀ dlogF > −→ ? Ω^1_{S̃} ⊗ F^{n−1}H^{n−1}_{Xs} ∇ Ω^2_{S̃} ⊗ H^{n−1}_{Xs}

H^{n−1}_{Xs\Vs} Ω^1_S ⊗ H^{n−1}_{Xs\Vs} Ω^2_S ⊗ H^{n−1}_{Xs\Vs}

R^′_{fs} −→ "∇R^′_{fs} " −→ 0

where the question arises from the fact that ν_s (which is mapping vertically to ∇R^′_{fs} ) is not given by differentiating periods of something on X_s. The question would be resolved if we could show that the right-hand vertical map is “almost injective” in the sense that

K_s := ker { H^{n−1}(X_s, C ) → H^{n−1}(X_s \ V_s, C ) } = im { H^{n−1}_{Vs} (X_s, C ) → H^{n−1}(X_s, C ) } is just im { H^{n−1}(P^n, C ) → H^{n−1}(X_s, C ) } . Then since^{27} ν_s ∈ Ω^1_{S̃} ⊗ H^{n−1}_{Xs,pr}, and ∇ν_s ∈ Ω^2_{S̃} ⊗ K_s (by the diagram),

∇ν_s ∈ Ω^2_{S̃} ⊗ H^{n−1}_{Xs,pr} ∼= −→ Ω^2_{S̃} ⊗ H^{n−1}_{Xs,var} = Ω^2_{S̃} ⊗ H^{n−1}_{Xs} /K_s must be zero.^{28} Note that the statement about K_s is equivalent to the statement regarding cycles that the natural injection im {H_{n−1}(X_s \ V_s, Q) → H_{n−1}(X_s, Q)} → ker {H_{n−1}(X_s, Q) → H_{n−1}(P^n, Q)} 27Assuming n odd (so there’s an issue), a form gives a class in H^{n−1}_{pr} (Xs, C ) if it integrates to zero on cycles in the (1-dimensional) image of Hn+1(P^n, Q) → Hn−1(Xs, Q). Since this image is spanned by the cycle Xs∩P^{n+12} , trivially by Hodge theory a holomorphic form ωs (like ι^∗_{Xs} ⟨ ~ ∂/∂t_i, ⋀_n dlogF ⟩ ) must be “primitive”. The new cohomology class

[∇_{∂/∂tj} ωs] ∈ F^{n−2}H^{n−1}(Xs, C ) obtained by differentiating its periods is also primitive, since ∫ X∩P n+1 2 ∇_{∂/∂tj} ωs = ∂ ∂tj ∫ X∩P n+1 2 ωs = ∂ ∂tj (0) = 0.

28This is also clear in principle from the fact that ⋀_n dlogF is closed (as a current on X̃ ). We have chosen this kind of argument because we have to deal with K_s in any case!

4.3. THE VANISHING THEOREM IN CODIMENSION 1 161

is an equality. In words: for a very general hypersurface in P^n (of sufficiently high degree, as we shall see), one can still “get” all the “interesting” cycles even if they have to avoid an arbitrary configuration of divisors.

So it is left to show that

(K_s =)im { H_{Vs} (X_s, C ) → H^{n−1}(X_s, C ) } ? = im { H^{n−1}(P^n, C ) → H^{n−1}(X_s, C ) } for all s in some Zariski-open subset of S̃ (which as usual we rename S̃). For s very general (say, = 0) we know that we can choose a small analytic neighborhood (say, U) where for all s ∈ U the relative situation (X_s, V_s) is topologically identical to that at s = 0. As the above equality is an “algebraic” matter, if it holds on U then it holds on a Zariski-open set ⊃ U. So we will prove it on U, assuming that K_{X0} ≥ 0 (that is, D ≥ n + 1), in order that H^0(Ω^{n−1}_{X0} ) ∼= H^0(Ω^n_Pn(dlogX)) ∼= H^0(K_Pn(D)) ∼= S^{D−n−1} ≠ {0}. Otherwise already ν_s = 0 ( =⇒ ∇R^′_{fs} = 0) and we don’t need this result.^{29} Now we make two key observations about the left-hand image K_s: the first is that it is generated over Q (one could just change C to Q and tensor by C on the outside), and so one may choose a local basis of rational sections {σ_k} ∈ Γ(U, R^{n−1}_{π∗} Q) for Γ(U, K_s). These are necessarily flat (∇σ_k ∈ Ω^1_U ⊗ R^{n−1}_{π∗} C are zero), essentially by local rigidity of periods ∈ Q. The second observation is that, since V_s ⊂ X_s is codimension 1, its cohomology has image K_s ⊆ F^1H^{n−1}(X_s, C ). Putting these together, we find that the {σ_k} are sections over U of ker F^1H^{n−1}_{Xs} ∇ −→ (F^0)H^{n−1}_{Xs} ⊗ Ω^1_{S̃} . Taking the quotient by im { H^{n−1}(P^n, C ) → H^{n−1}(X_s, C ) } gives sections {σ_{k,var}} of the middle sheaf in the short exact sequence

0 → ker F^2H^{n−1}_{Xs,var} ∇ −→ F^1H^{n−1}_{Xs,var} ⊗ Ω^1_{S̃} → ker F^1H^{n−1}_{Xs,var} ∇ −→ (F^0)H^{n−1}_{Xs,var} ⊗ Ω^1_{S̃}

→ ker Gr^1_F H^{n−1}_{Xs,var} ¯∇_{(1)} −→ Gr^0_F H^{n−1}_{Xs,var} ⊗ Ω^1_{S̃} → 0. Since D ≥ n+1, §4.2.5 applies to show that ¯∇_{(1)} is injective, and the last term is zero (and {σ_{k,var}} pulls up to the first term). Now one simply increases all the F and Gr_F superscripts by 1, writes this out again with {σ_{k,var}} in

29which in fact fails without the degree bound (D ≥ n + 1). For instance, a “general” quadric surface ⊂ P^{3[=n]} is birational to P^1 × P^1, and removing the divisors {0} × P^1 and P^1 × {0} from this eliminates H2 completely.

4.3. THE VANISHING THEOREM IN CODIMENSION 1 162

the middle and repeats the bootstrapping procedure. This continues, using injectivity of ¯∇_{(2)}, ¯∇_{(3)}, etc. until {σ_{k,var}} winds up in F^n2 H^{n−1}_{Xs,pr} ∩ R^{n−1}_{π∗} Q for n even or F^{n+1}2 H^{n−1}_{Xs,var} ∩ R^{n−1}_{π∗} Q for n odd, which are zero. So there is only one σ_k (as they were a basis) and it was in Γ ( U, im { H^{n−1}_Pn → H^{n−1}_{Xs} }) . This completes the proof that ∇ν_s = 0 on S̃ for all degrees D.

So in particular ν_s gives a section of ker { ¯∇^2_{(n−1)} : Ω^1_{S̃} ⊗ F^{n−1}H^{n−1}_{Xs(,var)} → Ω^2_{S̃} ⊗ Gr^{n−2}_F H^{n−1}_{Xs,var} } , which was shown to be zero in the last section for (n−1)(D−1) ≥ 3. Recalling that this argument was valid for D ≥ n+1, and that we had trivially ν_s = 0 for D < n + 1, wee see that it is possible to have ν_s ≠ 0 only if D ≥ n + 1 and (n − 1)(D − 1) ≤ 2. For n ≥ 2 the only solution to these inequalities is n = 2, D = 3, the case of a family of elliptic curves. This establishes the first result promised at the outset: that the infinitesimal invariant ∇R_{fs} = 0 for any section {f_s} ∈ ker(Tame) ⊆ K^M_n (C (X_s )) over [a cover of a Zariski-open subset of] a complete linear family of hypersurfaces ⊂ P^n [elliptic curves in P^2 excepted].^{30} So the regulator image ∫ (·) R_{fs} in H^{n−1}(X_s \ V_s, C /Q (n)) is flat (the periods are constant), but that’s all;^{31} indeed this tells us nothing about the image of the regulator on the {f_0} ∈ ker(Tame) ⊆ K^M_n (C (X_0 )) we started from. So we start over with the stronger criterion on {f_0} and give a very brisk, but at this point much easier, argument.

4.3.4. Vanishing argument for K^M_n (X). Let f_0 be a “good” representative of any class in K^M_n (X_0) ⊆ K^M_n (C (X_0 )) so that γ_{f0} is the generic (=codimension 0) component of a (∂_B-closed) higher Chow cycle Γ_0 ∈ Z^n(X_0, n). The pair (f_0, Γ_0) then spreads to (F, Γ̃) on X̃ → S̃ as before, where Γ̃ ∈ Z^n(X̃ , n) is ∂_B-closed (but its closure on ~X̄ is not). Writing γ^i_s for components of codimension ≥ 1, this gives by restriction a family of higher Chow cycles

Γ_s = γ_{fs} + ∑ i≥1 γ^i_s ( ∑ i supp(π_{Xs} (γ^i_s)) =: V_s )

giving rise to currents

R_{Γs} = R_{fs} + ∑ i≥1 R_γi_s , d[R_{Γs} ] = −(2πi)^nT_{Γs}

(so that one has R^′_{Γs} d-closed) since Ω_{Γs} = 0 by type considerations (on X_s). In fact on X̃ , also by type, the current Ω_{Γ̃} has no codimension ≥ 1 “components”; so Ω_{Γ̃} = Ω_F = ⋀_n dlogF, which is once again holomorphic on

30In this case Collino has constructed a family fs with infinitesimal invariant he shows to be zero by means of thetanulls.

31For a monodromy argument we need [R_{fs} ] ∈ im { H^{n−1}(Xs) → H^{n−1}(Xs \ Vs) } (already true for n = 2, 3 but we are working more generally).

4.3. THE VANISHING THEOREM IN CODIMENSION 1 163

X̃ with possible poles on ~X̄ . It has trivial class locally, e.g. over U, so that on X_U one can write a R^′_{Γ̃} with

ι^∗_{Xs} R^′_{Γ̃} = R^′_{Γs} , d[R^′_{Γ̃}] = n⋀ dlogF

for all s ∈ U.

Lifting f_s to Γ_s has saved us from the headache of working away from V_s. There are actually two lifts going on here: since {f_s} ∈ K^M_n (X_s) ⊆ K^M_n (C (X_s )) the class [R_{fs} ] ∈ im { H^{n−1}(X_s, C /Q (n)) → H^{n−1}(X_s \ V_s, C /Q (n)) } ; [R_{Γs} ] ∈ H^{n−1}(X_s, C /Q (n)) gives a global lift over S̃, of which [R^′_{Γs} ] ∈ H^{n−1}(X_s, C ) is a local lift, e.g. over U. However, it may be analytically continued to a “multivalued section” over all of S̃, and one can look at its monodromy in H^{n−1}(X_s, Q(n)).

Before doing this we show locally that [R^′_{Γs} ] is flat, i.e. ∇R^′_{Γs} = 0. Since d[R^′_{Γ̃}] = ⋀_n dlogF we have as before^{32}

∇R^′_{Γs} = ∑ dt_i ⊗ ⟨ ~ ∂/∂t_i, n⋀ dlogF ⟩ ∈ ker { Ω^1_{S̃} ⊗ F^{n−1}H^{n−1}_{Xs} → Ω^2_{S̃} ⊗ Gr^{n−2}_F H^{n−2}_{Xs,var} } , which is zero except for n = 2, D = 3 by Donagi-Green.

Describing monodromy by the map

ρ : π_1(S̃, 0) → Aut { H^{n−1}(X_0, C ) } , we note the difference of classes

ρ(α)[R^′_{Γ0} ] − [R^′_{Γ0} ] ∈ H^{n−1}(X_0, Q(n))

since they both go to the same [R_{Γ0} ] ∈ H^{n−1}(X_0, C /Q (n)). Now recall that if α goes around a divisor in ~S̄ \ S̃ over which X_s acquires a node ([R_{Γs} ] need not be defined there), we may speak of the vanishing cycle δ ∈ H_{n−1}(X_0, Q) associated to α, whose “flat transport” to the nodal X_s is homologous to zero. It is a fact that such δ span ker {H_{n−1}(X_0, Q) → H_{n−1}(P^n, Q)} ; let {δ_i} be a basis (with associated loops α_i) and {δ̂_i} a dual basis^{33} for H^{n−1}_{var} (X_0, Q), which one easily lifts to H^{n−1}_{pr} (X_0, Q).

Since [R^′_{Γs} ] is flat, the Picard-Lefschetz formula (see [L1] or [GH]) applies to compute

ρ(α_i)[R^′_{Γ0} ] − [R^′_{Γ0} ] = ± (∫ δ_i R^′_{Γo} ) · δ̂_i. Combined with the above this gives immediately ∫ δ R^′_{Γ0} ∈ Q(n), ∀δ ∈ ker {H_{n−1}(X_0, Q) → H_{n−1}(P^n, Q)} , 32In fact this is better than before, as we may skip all the Ks business: ∇RΓ_s is ∇ of something in H^{n−1}_{Xs} .

33that is, ∫ δi δ̂_j = δ_{ij} .

4.4. THE VANISHING THEOREM IN CODIMENSION 2 164

which is to say

[R_{Γ0} ] ∈ im { H^{n−1}(P^n, C /Q (n)) → H^{n−1}(X_0, C /Q (n)) } ; and so (except for n = 2, D = 3)

[R_{f0} ] = 0 ∈ H^{n−1}(X_0 \ V_0, C /Q (n)),

since the composition H^{n−1}(P^n) → H^{n−1}(X_s) → H^{n−1}(X_s \ V_s) is zero.

This proves the vanishing theorem in codimension 1. One striking consequence is that, if {f_0}, {f^′_0} ∈ K^M_n (C (X_0 )) have all the same Res^i then they have the same regulator image in H^{n−1}(X_0 \ V_0, C /Q (n)) (because their difference is in K^M_n (X_0)); so residues determine the image. By the earlier result they are also rigid in the family if Res^1 vanishes. This makes one wonder if there are geometrically constructible examples (on arithmetically uninteresting X_0 at dimension ≥ 3) of regulator currents with interesting [polylogarithmic] higher residues?

4.4. The Vanishing Theorem in Codimension 2

4.4.1. Extending the Koszul complex to capture H^0(Ω^n_Y ). Let Y be a fixed smooth projective hypersurface (of degree D_Y ) in P^{n+1}, and let L = O_Y (D_X ) be very ample.^{34} Consider the family^{35} X → S ⊆ Zar. op. PH^0(Y, L)

of smooth hypersurfaces X_s (with dimension still = n − 1). We will prove the vanishing of the holomorphic regulator image for a very general member of this family provided L ≫ 0. Although X_s is a complete intersection ⊂ P^{n+1} of multidegree (D_Y , D_X ), we do not also vary Y in the family. And so this result does not belong to §4.5, where we consider, say, the family of all complete intersections of multidegree (D_Y , D_X ). Moreover, while we do not produce concrete (lower) degree bounds on D_X (to quantify “L ≫ 0”), one can obtain such bounds and they are quite high. It may be that the methods employed were not optimal, or it could be a result of examining a subfamily of the complete family of §4.5 (doubtful, but it would interesting from the geometric-constructive perspective mentioned on §4.1.1).

In a picture our situation is

34The notation L ≫ 0 (or “for L sufficiently ample”) will always mean simply “for DX sufficiently large”.

35(we no longer differentiate between X̃ → S̃ and X → S.)

4.4. THE VANISHING THEOREM IN CODIMENSION 2 165

X^⊂ ι_X Y = Y × S p_Y Y ⊂ P^{n+1}

π S π

Unlike P^n, Y may have interesting H^{n,0}, and (as we shall see) the right Koszul complex to use for the infinitesimal invariant does not begin with H^{n−1,0} X_s ⊗ Ω 1 S but with H^0(Ω^n_Y ) ⊗ O_S . We begin by introducing the first map ′ ¯∇ in the complex, which links these two sheaves and “precedes” the Gauss- Manin maps, and which corresponds to cupping with a “gradient” instead of the Kodaira-Spencer class. Define^′ ¯∇ as the composition

R^0_{π∗} Ω^n_{Y/S} === O_S ⊗ H^0(Ω^n_Y )

R^0_{π∗} Ω^n_Y p^∗_Y

R^0_{π∗} Ω^n_X ι^∗_X

α R^0_{π∗} Ω^{n−1}_{X /S} ⊗ Ω^1_S

where α is given by considering once again the short exact sequences used in defining the spectral sequence for ¯∇

L^1Ω^n_X → Ω^n_X → 0 , L^2Ω^n_X → L^1Ω^n_X → Ω^{n−1}_{X /S} ⊗ π^∗Ω^1_S ,

L^3Ω^n_X → L^2Ω^n_X → Ω^{n−2}_{X /S} ⊗ π^∗Ω^2_S , and building out of them the standard construction for exact △’s (or as close as we can get)

R^0_{π∗} L^1Ω^n_X ======= R^0_{π∗} Ω^n_X

→ R^0_{π∗} L^1Ω^n_X

R^0_{π∗} Ω^{n−1}_{X /S} ⊗ Ω^1_S R^1_{π∗} L^2Ω^n_X →

→ R^1_{π∗} L^2Ω^n_X

¯∇ R^1_{π∗} Ω^{n−2}_{X /S} ⊗ Ω^2_S →

4.4. THE VANISHING THEOREM IN CODIMENSION 2 166

which both defines α and shows the composition ¯∇ ∘ α = 0, and therefore ¯∇ ∘ ′ ¯∇ = 0. We shall often omit p∗_Y and write ′ ¯∇ = α ∘ ι∗_X (i.e. identify a form on Y with its pullback to Y × S).

Note that it is possible to define a^′ ¯∇_{(2)} on Ω^1_S ⊗ H^0(Ω^n_Y ) analogously by writing down the long exact sequences derived from

L^2Ω^{n+1}_X → Ω^{n+1}_X → 0 , L^3Ω^{n+1}_X → L^2Ω^{n+1}_X → Ω^{n−1}_{X /S} ⊗ π^∗Ω^2_S , obtaining α_2 : R^0_{π∗} Ω^{n+1}_X → R^0_{π∗} Ω^{n−1}_{X /S} ⊗ Ω^2_S ;

and then using

π^∗Ω^1_S ⊗ Ω^n_{Y/S} p^∗_Y −→ Ω^{n+1}_Y ι^∗_X −→ Ω^{n+1}_X to induce ι^∗_X : Ω^1_S ⊗ R^0_{π∗} Ω^n_{Y/S} → R^0_{π∗} Ω^{n+1}_X , we have the composition ′ ¯∇_{(2)} = α_2 ∘ ι^∗_X : Ω^1_S ⊗ R^0_{π∗} Ω^n_{Y/S} → Ω^2_S ⊗ R^0_{π∗} Ω^{n−1}_{X /S} .

To define the gradient, which gives locally a map θ^1_{S,o} → H^0(X_0, N_{X0/Y} ) describing how X_s moves in Y , consider the “exact square” (where intuitively “X /S = X_s” and “Y/S = Y ”) θ^1_{X /S} ι^{X /S}_∗ θ^1_X q π^∗θ^1_S

θ^1_{Y/S} i θ^1_Y |_X

[ι^X_∗ ]

π^∗θ^1_S ∼=

N_{(X /S)/(Y/S)} [bar] ∼= N_{X /Y} of vector fields with support on X , where we write |_X instead of⊗O_X . Without the backwards dotted arrows (this splitting is given unambiguously by the product structure) this diagram commutes. Some directions commute even then: i = p_Y ∘ [ι^X_∗ ] ∘ ι^{X /S}_∗ , so that [bar] ∘ p^Y_∗ ∘ [ι^X_∗ ] ∘ ι^{X /S}_∗ = 0 and [bar] ∘ p^Y_∗ ∘ [ι^X_∗ ] ∘ q^{−1} : π^∗θ^1_S → N_{(X /S)/(Y/S)} is a well-defined map of sheaves (even though q^{−1} is ambiguous). Taking R^0_{π∗} this induces a map of sheaves on S θ^1_S −→ R^0_{π∗} N_{(X /S)/(Y/S)}

4.4. THE VANISHING THEOREM IN CODIMENSION 2 167

given locally by ∂/∂t_i −→ p^Y_∗ (~∂/∂t_i) =: θ_i which gives the desired gradient; this may be thought of as a section

grad(X_s) ∈ Ω^1_S ⊗ R^0_{π∗} N_{(X /S)/(Y/S)}

which maps by the obvious connecting homomorphism to the Kodaira-Spencer class

η(X_s) ∈ Ω^1_S ⊗ R^1_{π∗} θ^1_{X /S} .

It is easy to see that^′ ¯∇ is given by cup product with grad(X_s), so that we may write locally^{36} ′ ¯∇ ( ∑ i f_i(t) ⊗ ω^i_Y ) = ∑ i,j f_i(t)dt_j ⊗ ⟨ θ^t_j , ω^i_Y | |_{Xt} ⟩ X /S for f_i ∈ H^0(O_S ) [ ⊆ C (S̄ ) ] and (a fixed basis) {ω^i_Y } ∈ H^0(Ω^n_Y ).

Conclusion. In particular, this^′ ¯∇ is O_S -linear like ¯∇ (the f_i don’t get differentiated).

Remark 4.4.1. This all looks more obvious if we rewrite the ∂/∂t_i → θ^t_i map (using Kodaira vanishing for L sufficiently ample) ( θ^1_{S,t} = ) T_tPH^0(Y, L)

(∼=) −→ H^0(X_t, L |_{Xt} ) ∼= H^0(Y, L) / im_tH^0(O_Y )

which in case Y = P^n, L = O_Y (D) gives back the familiar isomorphism (observing that im_t is given by multiplication by F_t)

T_tPH^0(P^n, O(D)) ∼= −→ S^D /(F_t) .

For reference we remind the reader that Kodaira vanishing says:

H^q(Ω^p_Y (D_X )) = 0 for

(a) D_X ≫ 0 and q > 0

(Serre duality)

=⇒ (a^′) D_X ≪ 0 and q < n or

(b) D_X > 0 and p + q > n [ =⇒ (b^′) D_X < 0 and p + q < n ] .

36with fi(s) = fi(t1, . . . , tN ) = f(t); also, we have written X /S to emphasize that the interior product takes place entirely vertically (on Xs ⊂ Y ) and so naturally yields a section of H^{n−1,0}_{Xs} , without taking ι^∗_{X /S} afterwards.

4.4. THE VANISHING THEOREM IN CODIMENSION 2 168

4.4.2. Killing the infinitesimal invariant. So far we have shown:

O_S ⊗ H^0(Ω^n_Y ) ′ ¯∇ −→ Ω^1_S ⊗ F^{n−1}H^{n−1}_{Xs} ¯∇ −→ Ω^2_S ⊗ Gr^{n−2}_F H^{n−1}_{Xs} → is a complex of sheaves on S, where all the maps are O_S -linear (given by cup product with grad and η respectively).

Lemma 4.4.2. This is exact at the middle term for L ≫ 0. (We will prove this at the end of the section.) Now if {f_0} ∈ K^M_n (X_0) for 0 very general, then as in §4.3 we may “spread” to obtain: {F} ∈ K^M_n (X ), R_Γ ∈ Γ(^′D^{n−1}_X ) restricting to R_F on η_X , and to R_{f0} on η_{X0} , and local lifts (say, on a ball in S) R^′_Γ having d[R^′_Γ] = ⋀_n dlogF holomorphic (and closed) on X . So

ν_t := "∇R^′_{Γt} " = ∑ dt_j ⊗ ι^∗_{X /S} ⟨ ~ ∂/∂t_j, n⋀ dlogF ⟩

gives a section of^{37} ker Ω^1_S ⊗ F^{n−1}H^{n−1}_{Xt} ∇ −→ Ω^2_S ⊗ F^{n−2}H^{n−1}_{Xt} ⊆

ker Ω^1_S ⊗ F^{n−1}H^{n−1}_{Xt} ¯∇ −→ Ω^2_S ⊗ Gr^{n−2}_F H^{n−1}_{Xt} = im

O_S ⊗ H^0(Ω^n_Y ) ′ ¯∇ −→ Ω^1_S ⊗ F^{n−1}H^{n−1}_{Xt} , i.e. we get only that

ν_t =^′ ¯∇ ( ∑ i f_i(t) ⊗ ω^i_Y ) . So we must refine our analysis a bit further to show it vanishes.

Consider the (not necessarily commutative) diagram of sheaves

H^0(Ω^n_Y ) ⊗ O_S ′ ¯∇ H^{n−1,0}_{Xt} ⊗ Ω^1_S ∇^{(0,1)} H^{n−2,1}_{Xt} ⊗ Ω^2_S

(∗) H^0(Ω^n_Y ) ⊗ Ω^1_S d ′ ¯∇ H^{n−1,0}_{Xt} ⊗ Ω^2_S

∇^{(1,0)}

where ∇ : F^{n−1}H^{n−1}_{Xt} ⊗ Ω^1_S → F^{n−2}H^{n−1}_{Xt} ⊗ Ω^2_S may be split unambiguously by the principle of two types, and ∇^{(0,1)} is exactly equivalent to ¯∇ ; moreover d is given by simply ∑ i f_i ⊗ ω^i_Y −→ ∑ i df_i ⊗ ω^i_Y . 37see §4.3.4 (the details are the same).

4.4. THE VANISHING THEOREM IN CODIMENSION 2 169

We want to prove that (∗) commutes.

It is clear from the definition of ∇ (= ∇^{(0,1)} + ∇^{(1,0)}) that

R^0_{π∗} Ω^n_X d R^0_{π∗} Ω^{n+1}_X (∗∗) F^{n−1}H^{n−1}_{Xt} ⊗ Ω^1_S α ∇ F^{n−2}H^{n−1}_{Xt} ⊗ Ω^2_S α_2

commutes^{38} (but note that the image of the composition is in F^{n−1}H^{n−1}_{Xt} ⊗ Ω^2_S !). Consider ω_Y [⊗1] ∈ H^0(Ω^n_Y ) ⊗ O_S in (∗), where ω_Y ∈ H^0(Ω^n_Y ) is a fixed form on Y (or Y × S, omitting p^∗_Y ); then by construction of^′ ¯∇, we have^′ ¯∇(ω_Y ) = α ∘ ι^∗_X (ω_Y ) where ι^∗_X (ω_Y ) is a section of R^0_{π∗} Ω^n_X in (∗∗). The top row of (∗) being exact,

∇^{(1,0)} ∘^′ ¯∇(ω_Y ) = ∇ ∘^′ ¯∇(ω_Y ) = ∇ ∘ α (ι^∗_X (ω_Y )) = α_2 (d{ι^∗_X (ω_Y )})

= α_2 (ι^∗_X (dω_Y )) = 0

38A Note on (**): Although it seems straightforward that ∇ is computed by d, a subtlety worth mention comes up in formally proving this. The composition ∇ ∘ α is computed by the composition (where R^n_{π∗} Ω^n_X [−n] = R^0_{π∗} Ω^n_X and R^{n+1}_{π∗} Ω^{•−2≥n−2}_{X /S} = R^{n−1}_{π∗} Ω^{•≥n−1} X /S [−1])

R^nL^1Ω^n_X [−n] ====== R^nΩ^n_X [−n]

R^nL^2 Ω^n_X [−n] R^nL^1Ω^n_X [−n] Ω^1_{S ⊗ R}^n_Ω^{n−1}_{X /S [−n]}

R^nL^2 Ω^{•≥n}_X R^nL^1 Ω^{•≥n}_X Ω^1_S ⊗ R^nΩ^{•−1≥n−1}_{X /S}

δ_R^{n+1}_L^2_Ω^{•≥n}_X

R^{n+1}L^2 Ω^{•≥n}_X

Ω^2_{X ⊗ R}^{n+1}_Ω^{•−2≥n−2} X /S . In particular, Ω^n_X [−n] is not Ω^{•≥n}_X , while Ω^{n−1}_{X /S} [−n] is Ω^{•−1≥n−1}_{X /S} . A representative of R^nΩ^n_X [−n] = R^0_{π∗} Ω^n_X is a ¯∂-closed holomorphic n-form on X (quasi-projective), while a representative of R^n_{π∗} Ω^{•≥n}_X would be d-closed (which we do not want). The main point here is that since Ω^{•≥n}_X , L^1Ω^{•≥n}_X , etc. are resolved by (p, q)-forms with p ≥ n, and total differential d (not ¯∂ as for Ω^n_X !), δ is computed by taking d. (The remainder is straightforward.)

4.4. THE VANISHING THEOREM IN CODIMENSION 2 170

(Y is compact so ω_Y is closed). It is trivial that the other direction^′ ¯∇ ∘ d in (∗) on ω_Y ⊗ 1, is 0. Now immediately this implies

∇^{(1,0)} ∑ i,j ⟨ θ^t_j , ω^i_Y |_{Xt} ⟩ ⊗ f_i = ∑ i,j ⟨ θ^t_j , ω^i_Y |_{Xt} ⟩ ⊗ df_i

so that the last equality in ′ ¯∇ ∘ d (∑ ω^i_Y ⊗ f_i ) =^′ ¯∇ ( ∑ i ω^i_Y ⊗ df_i ) = ∑ i,j ⟨ θ^t_j , ω^i_Y |_{Xt} ⟩ ⊗ df_i

= ∇^{(1,0)} ∘^′ ¯∇ (∑ ω^i_Y ⊗ f_i )

holds, and the diagram (∗) commutes.

Now since both pieces of ∇ on ν_t are zero, in particular

0 = ∇^{(1,0)}ν_t = ∇^{(1,0)} ∘^′ ¯∇ ( ∑ i f_i(t) ⊗ ω^i_Y ) =^′ ¯∇ ∘ d ( ∑ i f_i(t) ⊗ ω^i_Y )

=^′ ¯∇ ( ∑ i df_i ⊗ ω^i_Y ) .

Assume for now the following

Lemma 4.4.3. For L ≫ 0,

H^0(Ω^n_Y ) ⊗ Ω^1_S ′ ¯∇ −→ H^{n−1,0}_{Xt} ⊗ Ω^2_S is injective.

Then for L ≫ 0, ∑ i df_i ⊗ ω^i_Y = 0; and since {ω^i_Y } was a basis, df_i = 0 (∀i) and so ∑ f_i ⊗ ω^i_Y = 1 ⊗ ω_Y for some ω_Y ∈ H^0(Ω^n_Y ). We now have

ν_t =^′ ¯∇(ω_Y ) ;

or alternately, noticing that ν_t is just α ( ⋀_n dlogF),

α (_n ⋀ dlogF − ι^∗_X ω_Y ) = 0.

Using the diagram with exact rows

4.4. THE VANISHING THEOREM IN CODIMENSION 2 171

(0 →)R^0_{π∗} L^1Ω^n_X ====== R^0_{π∗} Ω^n_X

(0 →)R^0_{π∗} L^2Ω^n_X R^0_{π∗} L^1Ω^n_X α R^0_{π∗} Ω^{n−1}_{X /S} ⊗ Ω^1_S

(0 →)R^0_{π∗} L^3Ω^n_X R^0_{π∗} L^2Ω^n_X

R^0_{π∗} Ω^{n−2}_{X /S} ⊗ Ω^2_S

(0 →)R^0_{π∗} L^4Ω^n_X R^0_{π∗} L^3Ω^n_X

R^0_{π∗} Ω^{n−3}_{X /S} ⊗ Ω^3_S

etc.

where the boxed terms are zero (Lefschetz hyperplane =⇒ R^0_{π∗} Ω^k_{X /S} = 0 for 0 < k < n − 1) and in which we continue until we reach L^nΩ^n_X = π^∗Ω^n_S , one sees that ker(α) = Ω^n_S and so (for some ζ_S ∈ H^0(Ω^n_S )) n⋀ dlogF = ι^∗_X ω_Y + π^∗ζ_S in H^0(Ω^n_X ).

Moreover n⋀ dlogF ∈ F^nH^n(X , C ) ∩ H^n(X , Z(n))

and it is easy to show that [π^∗]ζ_S , and therefore ι^∗_X ω_Y , has Q(n)-periods as well.

To see this, let β be a form representing the hyperplane class [H] ∈ H^{1,1}(Y, Z) (e.g. the Fubini-Study form); noting that ∫ X_t ι ∗ X_t β n−1 = D_X D_Y and β^{n−1} ∧ ω_Y = 0 (by type), we have for C ∈ Z_n(S) D_X D_Y ∫ C ζ_S = ∫ C ζ_S · π_∗ι^∗_X β^{n−1} = ∫ π^{−1}(C)∩X π^∗ζ_S ∧ ι^∗_X β^{n−1}

= ∫ π^{−1}(C)∩X (π^∗ζ_S + ι^∗_X ω_Y ) ∧ ι^∗_X β^{n−1} = ∫ π^{−1}(C)∩X ∩p^{−1}_Y (H^{n−1} ) n⋀ dlogF ∈ Z(n)

(where p^{−1}_Y (H^{n−1}) = p^{−1}_Y (Y ∩ P^2) = (Y ∩ P^2) × S is the pullback of the intersection of n − 1 hyperplanes in Y ) and so ∫ C ζ_S ∈ Q(n), and ι^∗_X ω_Y ∈ F^nH^n(X , C ) ∩ H^n(X , Q(n)). Now since ι_{X∗} : θ^1_X → θ^1_Y is obviously surjective on tangent planes, and by Lemma 1.3.7 (and the remark immediately following it) applied to X̄ , we

4.4. THE VANISHING THEOREM IN CODIMENSION 2 172

have^{39}

H^0(Ω^n_Y ) ι^∗_X → H^0(Ω^n_{X̄} ) → F^nH^n(X , C ) num ∩ H^n(X , Q(n))

and with the above this =⇒ ω_Y = 0, or n⋀ dlogF = π^∗ζ_S ∈ ker(α)

and the infinitesimal invariant ν_t vanishes.

The monodromy argument is the same as in §4.3.4 and the vanishing theorem holds (for L ≫ 0, i.e. D_X sufficiently large) since the vanishing cycles for the family span^{40}

ker (H_{n−1}(X_0, Q) → H_{n−1}(Y, Q)) = ker ( H_{n−1}(X_0, Q) → H_{n−1}(P^{n+1}, Q) ) . 4.4.3. Pseudo-Jacobi ideals and Macaulay duality. In order to control the exactness of the sequences in the two Lemmas above, we need an analogue (for more general Y ) of the polynomial representation of the graded pieces of H^{n−1}_{Xs,pr} for Y = P^n. The Jacobi ideals used in that case involved derivatives of F_t ∈ H^0(P^n, O(D)), and so we start by “differentiating” F_t ∈ H^0(Y, L). In fact, following [GG4] let Σ_{Y,L} be the sheaf of 1st-order differential operators on (local) sections of L; it fits in an exact sequence 0 → O_Y −→ Σ_{Y,L} −→ θ^1_Y → 0. If locally on U ⊆ Y we have δ ∈ Σ_{Y,L}(U) −→ ν ∈ θ^1_Y (U), f ∈ O_Y (U) and λ ∈ H^0(U, L) then one has a new section of L by δ(λ) or δ(f · λ) = ν(f) · λ + f · δ(λ), and δ is O_Y -linear if ν = 0 (and may be represented by multiplication with g ∈ O_Y (U)). One also encounters in this setting the notation P^1_{Y,L} = 1st jet bundle := Σ^∨_{Y,L} ⊗ L.

For Y = P^n, L = O_Pn(D), one computes

Σ_Pn_{,O(D)} = H^0(P^n, O(1))^∨ ⊗ O(1).

Here one should think of O(1) as the dual of the tautological bundle, so that sections are linear functionals^{41} (such as ∑ b_j z_j ), their duals linear differential operators (on these functionals, taking them to C , e.g. ∑ c_i^∂_{∂zi} ). A global section of Σ_Pn_{,O(D)} is thus of the form ∑ a_{ij} z_j^∂_{∂zi} , which indeed operates on

39assuming X̄ is smooth; but even if it’s not, one can get around this by a resolutionof-singularities argument.

40(Y has only interesting nth homology, by Lefschetz hyperplane) 41a priori on the fiber, but global sections turn out to be linear functionals on all of C^{n+1} (and this is what we have in mind).

4.4. THE VANISHING THEOREM IN CODIMENSION 2 173

sections F ∈ H^0(P^n, O(D)) = S^D (to give another section ∑ a_{ij} z_j^{∂F}_{∂zj} ). One may sum up the actions of all such differential operators on F by

dF := ∑ i ∂F ∂z_i ⊗ dz_i ∈ H^0 ( O(D − 1) ⊗ H^0(P^n, O(1))^{[∨∨]} )

= H^0(O(D) ⊗ Σ^∨_Pn_{,O(D)}) = H^0(P^1_Pn_{,O(D)}).

To obtain the Jacobi ideal in S^E one simply lets Σ_Pn_{,O(L)} operate on F to get a map

H^0 ( Σ_Pn_{,O(D)} ⊗ O(E − D) ) F ∈ H^0(P^n, O(D)) −→ H^0 (O(D) ⊗ O(E − D)) = H^0(O_Pn(E)) = S^E;

the image is J^E_F = (_{∂F} ∂z_0 , . . . , ∂F ∂z_n ) . This map may be interpreted as ∪ dF .

The situation is completely analogous for Y, L, E (E any coherent analytic sheaf on Y ): J^E_F is just the image of

H^0(Σ_{Y,L} ⊗ E ⊗ L^{−1}) F ∈ H^0(Y, L) −→ H^0(L ⊗ E ⊗ L^{−1}) = H^0(Y, E) and is called the pseudo-Jacobi ideal.^{42} One has the following “Macaulay duality”

Theorem. (Green [Gr2]) If L ≫ 0 and a + b = n + 1,

H^0(Ω^n_Y ⊗ L^a) J^{ΩnY ⊗La} F ⊗ H^0(Ω^n_Y ⊗ L^b) J^{ΩnY ⊗Lb} F −→ H^0((Ω^n_Y )^{⊗2} ⊗ L^{n+1}) J^{(ΩnY )⊗2⊗Ln+1} F ∼= C is a perfect pairing (more generally one could pair E⊗L^a and (Ω^n_Y )^2⊗E^∨⊗L^b), i.e. the tensor factors are dual.

This specializes (for Y = P^n, L = O(D)) to the duality between R^{kD−n−1}_F and R^{(n−k+1)D−n−1} F induced by Serre duality H^{n−k,k−1}(X) ∼= H^{k−1,n−k}(X) and the isomorphisms of §4.2.

4.4.4. Proof of the algebraic lemmas. Now we prove Lemmas (4.4.2) and (4.4.3), remarking that while one may compute lower bounds on the degree D_X (rather than just L ≫ 0) for which they hold, we do not know whether our methods^{43} give optimal lower bounds and we do not produce

42This is also written as ∪ with dF ∈ H^0(Σ^∨_{Y,L} ⊗ L) = H^0(P^1_{Y,L}). 43One needs to use the “hard” Bott vanishing theorem (see [KS]):

H^q (Ω^p_{Pn+1}(DX )) = 0 unless q = 0 and DX > p q = n + 1 and DX < p − n − 1 p = q and DX = 0 together with Kodaira vanishing and various long exact sequences to establish for exactly which DX we have H^q (Ω^p_Y (DX )) = 0. Then this would be used to quantify L ≫ 0 in the various instances where a step holds for L sufficiently ample.

4.4. THE VANISHING THEOREM IN CODIMENSION 2 174

them here. We shall refer freely to theorems and lemmas in [Gr2] (using G(#.#)) in what follows, with the caveat that our n is his n + 1.

For lemma (4.4.2), since the maps in the sequences of sheaves are O_S - linear, and we already have ∇ ∘^′ ¯∇ = 0, it suffices to show ker ¯∇ ⊆ im^′ ¯∇ at s = 0. This is what we shall mean henceforth by “middle-exactness”. From Remark (4.4.1) we have H^0(Y, L) ↠ θ^1_{S,0} or Ω^1_{S,0} → H^0(Y, L)^∨; and to get middle-exactness of the top row in

[O_{S,o}⊗]H^0(Ω^n_Y ) ′ ¯∇ Ω^1_{S,o} ⊗ H^0(Ω^{n−1}_{X0} ) ¯∇ Ω^2_{S,0} ⊗ H^1(Ω^{n−2}_{X0} )

H^0(Ω^n_Y )

H^0(Y, L)^∨ ⊗ H^0(Ω^{n−1}_{X0} )

∩

2 ⋀ H^0(Y, L)^∨ ⊗ H^1(Ω^{n−2}_{X0} )

∩

H^0(Ω^n_Y )

H^0(Y, L)^∨ ⊗ H^0(Ω^{n−1X0} ) imH^0(Ω^{n−1}_Y ⊗ O_{X0} ) 2 ⋀ H^0(Y, L)^∨ ⊗

H^1(Ω^{n−2}_{X0} ) imH^1(Ω^{n−2}_Y ⊗ O_{X0} )

it suffices to check it at the bottom. In particular imH^0(Ω^{n−1}_Y ⊗ O_{X0} ) = 0 for L ≫ 0 by using Kodaira + Serre on the right-hand term of

→ H^0(Ω^{n−1}_Y ⊗ L^{−1}) → H^0(Ω^{n−1}_Y ) → H^0(Ω^{n−1}_Y ⊗ O_{X0} ) → H^1(Ω^{n−1}_Y ⊗ L^{−1}) →

and noting that H^0(Ω^{n−1}_Y ) = 0 (dim Y = n).

To dualize the bottom row we use Lemmas G(1.16) and G(1.8), advising the reader again that Green’s dim X = n rather than n − 1 (so we are using the case p = n there); namely that 0 ← ( H^1(Ω^{n−2}_{X0} ) imH^1(Ω^{n−2}_Y ⊗ O_{X0} ) )_∨ ← ( H^0(Ω^{n−1}_{X0} ⊗ L^{n−2}) imH^0(Ω^{n−1}_{X0} ⊗ (θ^1_Y ⊗ L^{−1}) ⊗ L^{n−2}) )

← ( ker { H^2(Ω^{n−2}_Y ⊗ O_{X0} ) → H^2(Ω_{X)} )^{n−2} })_∨ ← 0 and 0 ← ( H^0(Ω^{n−1}_{X0} ) imH^0(Ω^{n−1}_Y ⊗ O_{X0} ) )_∨ ← ( H^0(Ω^{n−1}_{X0} ⊗ L^{n−1}) imH^0(Ω^{n−1}_{X0} ⊗ (θ^1_Y ⊗ L^{−1}) ⊗ L^{n−1}) )

← ( ker { H^1(Ω^{n−1}_Y ⊗ O_{X0} ) → H^1(Ω^{n−1}_{X0} ) })_∨ ← 0 are exact for L ≫ 0. The desired dualization is then the first row of

4.4. THE VANISHING THEOREM IN CODIMENSION 2 175

H^0(Y, Ω^n_Y ⊗ L^{n+1}) J^{ΩnY ⊗Ln+1} F H^0_{(Y, L) ⊗}^{H0(Ωn−1X0 ⊗ Ln−1} ( imH^0(Ω^{n−1}_{X0} ⊗ L^{n−1} ⊗ θ^1_Y ⊗ L^{−1}) +more ) ^{2⋀}_H^0_{(Y, L) ⊗}^{H0(Ωn−1X0 ⊗ Ln−2} ( imH^0(Ω^{n−1}_{X0} ⊗ L^{n−2} ⊗ θ^1_Y ⊗ L^{−1}) +more )

H^0(Ω^n_Y ⊗ L^{n+1}) J^{ΩnY ⊗Ln+1} F H^0_{(Y, L) ⊗}^{H0(ΩnY ⊗ Ln)} J^{ΩnY ⊗Ln} F 2^⋀_H^0_{(Y, L) ⊗}^{H0(ΩnY ⊗ Ln−1)} J^{ΩnY ⊗Ln−1} F

H^0(Ω^n_Y ⊗ L^{n+1})

H^0_{(Y, L) ⊗ H}^0_{(Ω}^n_{Y ⊗ L}^n_)

2^⋀_H^0_{(Y, L) ⊗ H}^0_{(Ω}^n_{Y ⊗ L}^{n−1}_)

J^{ΩnY ⊗Ln+1} F ∪ ?_H^0_{(Y, L) ⊗ J}^{Ωn}Y^{⊗Ln}_F ∪ 2^⋀_H^0_{(Y, L) ⊗ J}^{Ωn}Y^{⊗Ln−1}_F ∪

where the first row is middle-exact (ker ⊇ im) if (a) the 2nd-last row is and (b) the questioned arrow is surjective. Noting that Ω^n_Y ⊗ O_{X0} ∼= Ω^{n−1}_{X0} ⊗ L^{−1} (as L^{−1} |_X ∼= N^∗_{X0/Y} ), to construct e.g. the top middle vertical arrow we have used the commuting square

H^0(Ω^n_Y ⊗ L^n) H^0(Ω^{n−1}_{X0} ⊗ L^{n−1})

H^0(Ω^n_Y ⊗ L^n ⊗ (θ^1_Y ⊗ L^{−1}))

H^0(Ω^n_Y ⊗ L^n ⊗ Σ_{Y,L} ⊗ L^{−1}) J |^{X0} H^0(Ω^{n−1}_{X0} ⊗ L^{n−1} ⊗ θ^1_Y ⊗ L^{−1});

while the top left term dualizes H^0(Ω^n_Y ) by Macaulay’s theorem.^{44} Now for (a) we refer to G(2.47), while for (b) using G(1.28) we are asking for imα ↠ imβ in

H^0(Ω^n_Y ⊗ L^{n−1} ⊗ Σ_{Y,L}) ⊗ H^0(Y, L) G(1.28)

H^0(Ω^n_Y ⊗ L^n ⊗ Σ_{Y,L})

H^0(Ω^n_Y ⊗ L^n) ⊗ H^0(Y, L) α

G(1.28)

H^0(Ω^n_Y ⊗ L^{n+1}), β

which is clear.

Similarly for Lemma (4.4.3) we arrive at a large “dualized” diagram (analogous to the above), whose last three rows are

44since J^{ΩnY}_F = 0 for L ≫ 0 using Kodaira + Serre on H^0(Ω^n_Y ⊗ ΣY,L ⊗ L^{−1}).

4.4. THE VANISHING THEOREM IN CODIMENSION 2 176

H^0(Ω^n_Y ⊗ L^{n+2}) J^{ΩnY ⊗Ln+2} F H^0(Y, L) ⊗ H^0(Ω^{nY} ⊗ L^{n+1}) J^{ΩnY ⊗Ln+1} F ξ 2⋀ H^0(Y, L) ⊗ H^0(Ω^n_Y ⊗ L^n) J^{ΩnY ⊗Ln} F

H^0(Ω^n_Y ⊗ L^{n+2})

H^0(Y, L) ⊗ H^0(Ω^n_Y ⊗ L^{n+1}) 2⋀ H^0(Y, L) ⊗ H^0(Ω^n_Y ⊗ L^n)

J^{ΩnY ⊗Ln+2} F

? ∪ ? H^0(Y, L) ⊗ J^{On}Y^{⊗Ln+1} F ∪ 2⋀ H^0(Y, L) ⊗ J^{ΩnY ⊗Ln}_F ∪

and we want to show ξ surjective. Lemma G(2.47) shows the middle row is middle-exact; it suffices to show (in addition to this) that both questioned maps are surjective. The only new phenomenon here is the vertical one (so that the upper left-hand term would be zero).

We must show (for L ≫ 0) that

J^{ΩnY ⊗Ln+2} F := im

H^0(Ω^n_Y ⊗ L^{n+1} ⊗ Σ_{Y,L}) F ∈ H^0(Y, L) −→ H^0(Ω^n_Y ⊗ L^{n+2})

is all of H^0(Ω^n_Y ⊗ L^{n+2}). Noting that (as a vector bundle) Σ_{Y,L} has rank n + 1(= rankθ^1_Y + rankO_Y ), so that ⋀_{n+2} Σ_{Y,L} = 0, we find that cupping repeatedly with dF ∈ H^0(Σ^∨_{Y,L} ⊗ L) gives rise to a long-exact sequence

0 → n+1⋀ Σ_{Y,L} ⊗ L^{−(n+1)} → n⋀ Σ_{Y,L} ⊗ L^{−n} → . . . → Σ_{Y,L} ⊗ L^{−1} → O_Y → 0. Tensoring this by Ω^n_Y ⊗ L^{n+2} gives a sequence with terms

F^a = Ω^n_Y ⊗ L^{a+1} ⊗ n−a+1⋀ Σ_{Y,L}, 0 ≤ a ≤ n + 1 (0 otherwise).

By the hypercohomology trick (see footnote §4.2.2),

E^{a,b}_1 = H^b(F^a) = H^b(Ω^n_Y ⊗ L^{a+1} ⊗ n−a+1⋀ Σ_{Y,L}) =⇒ E^{a,b}_∞ = 0 ;

since a + 1 > 0 in every term of F^•, for L ≫ 0 Kodaira vanishing =⇒ E^{a,b}_1 = 0 for b ≠ 0. Therefore E_2 must already be 0, and so (as E^{n+2,0}_1 = 0) d_1 : E^{n,0} → E^{n+1,0} must be surjective, which is what we want.

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 177

4.5. Complete Intersections (Arbitrary Codimension) 4.5.1. Replacing X by a hypersurface Y . Let X be a smooth (n − 1)-dimensional subvariety of P^{n+r}, cut out by r+1 homogeneous polynomials F_0 ∈ S^{D0} , . . . , F_r ∈ S^{Dr} in {z_0, . . . , z_r}; we can show (F_0, . . . , F_r) as a section of E = O_Pn+r(D_0) ⊕ . . . ⊕ O_Pn+r(D_r) with X as its zero set.^{45} projectivizing the fibers of E (as a vector bundle) gives the projective bundle^{46} P(E) → P^{n+r}; it contains a hypersurface Y ⊆ P(E) with cohomology strongly related to that of X. Moreover, since it is a hypersurface we can give a polynomial representation of its (primitive) cohomology in the same spirit as in §4.2. Our original source for this material was the exposition of Dimca’s work in [N].

The key is the following “toric” construction of P(E): let

π : U = C^{n+r+1} \ {0} (z_0, . . . , z_{n+r}) × C^{r+1} \ {0} (x_0, . . . , x_r) −→ P(E) be the quotient by this action of C^∗ × C^∗ :

(t_1 , t_2) · (z_0 , . . . , z_{n+r} ; x_0 , . . . , x_r) = ( t_2z_0 , . . . , t_2z_{n+r} ;

t_1x_0 t^{D0}_2 , . . . , t_1x_r t^{Dr}_2 )

which is generated infinitesimally by

⃗e_1 = r∑ j=0 x_j ∂ ∂x_j , ⃗e_2 = n+r∑ i=0 z_i ∂ ∂z_i − r∑ j=0 D_j · x_j ∂ ∂x_j . We also note that by the Leray-Hirsch theorem (see [BoT]) H^m(P(E)) ∼= ⊕_{i+j=m} H^i(P^{n+r}) ⊗ H^j (P^r)

with ring structure

H^∗(P(E)) ∼= C [Z, X] / (Z^{n+r+1}, r∏ j=0 [X + D_j · Z])

where Z, X are generators for H^∗(P^{n+r}), H^∗(P^r) respectively.

Now take Y to be the zero set of F = F (z, x) := x_0F_0(z) + . . . + x_rF_r(z) ;

the zero set is clearly invariant under the C^∗ ×C^∗ -action (although F is not). Y has two kinds of fibers over P^{n+r}. Over z ∈ X its fiber is all of P^r, as all the F_j (z) are then zero. Otherwise (for z ∈ P^{n+r} \ X) F (z, x) is linear in the {x_j } and so the fiber of Y is a hyperplane P^{r−1}. In a diagram

45We assume all Dj ≥ 2 to avoid redundancy.

46This has dimension n + 2r, which will make our numbers different across the board from those in [Nagel].

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 178

P(E) ^⊃ Y i_⊃ π^{−1}(X) = X × P^r φ ρ_X

P^{n+r} ρ ⊃ X We will show (following [N])that i : X × P^r → Y induces

i^∗ : H^{n+2r+1} var (Y, C ) ∼= −→ H^{n−1}_{var} (X, C ) ⊗ H^{2r}(P^r, C ) where H^q_{var}(Y ) := coker (H^q(P(E)) → H^q(Y )) .

Consider the local systems R^q_{ρ∗} C , R^q_{φ∗} C , and R^q_{(ρX )∗} C = (R^q_{ρ∗} C )_X . From

the above description of Y , since H^q(P^{r−1}) ∼= ←− H^q(P^r) for q ≠ 2r, we have R^q_{φ∗} C ∼= ←− R^q_{ρ∗} C ; while for q = 2r, R^{2r}_{φ∗} C ∼= −→ R^{2r}_{(ρX )∗} C = (R^{2r}_{ρ∗} C )_X . Now consider the Leray spectral sequences ρE^{p,q}_2 := H^p(P^{n+r}, R_{ρ∗} C ) =⇒ H^{p+q}(P(E), C and φE^{p,q}_2 := H^p(P^{n+r}, R^q_{φ∗} C ) =⇒ H^{p+q}(Y, C ) ; both degenerate at E_2, so that for instance H^{n+2r−1}(Y, C ) ∼= ⊕_{p+q=n+2r−1} H^p(P^{n+r}, R^q_{φ∗} C ). The proof that i^∗ is an isomorphism then goes as follows: for p + q = n + 2r − 1, q ≠ 2r, H^p(P^{n+r}, R^q_{ρ∗} C ) ∼= −→ H^p(P^{n+r}, R^q_{φ∗} C ) so that the only interesting H_{var}(Y ) is found at q = 2r: H^{n+2r−1} var (Y, C ) ∼= ⊕_{p+q=n+2r−1} coker { H^p(P^{n+r}, R^q_{ρ∗} C ) → H^p(P^{n+r}, R^q_{φ∗} C ) }

∼= coker {H^{n−1}(P^{n+r}, R^{2r}_{ρ∗} C ) → H^{n−1}(P^{n+r}, R^{2r}_{φ∗} C )} ∼= −→_{i∗} coker { H^{n−1}(P^{n+r}, R^{2r}_{ρ∗} C ) → H^{n−1}(X, R^{2r}_{ρ∗} C ) }

∼= coker {H^{n−1}(P^{n+r}) → H^{n−1}(X)} ⊗ H^{2r}(P^r, C )

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 179 ∼= H^{n−1}_{var} (X, C ) ⊗ H^{2r}(P^r, C ). Since this isomorphism is induced by restriction it preserves periods of forms. We shall write ξ ∈ H^2(P^r, Z) for the generator of H^∗(P^r) so that, for [α] ∈ H^{n+2r−1} var (Y ), [i^∗α] ∩ ξ^{2r} ∈ H^{n−1}_{var} (X) also has the same periods as [α].

4.5.2. Polynomial representation of rational forms. By way of analogy with §4.2, set A^m_0 := H^0(C^{n+2r+2} , Ω^m_C n+2r+2 ) , A^m := rational m-forms on C^{n+2r+2}

A^m_k = A^m_k (Y ) := rational m-forms on P(E) with poles of order ≤ k along Y (and no other poles)

= H^0(Ω^m_{P(E)}(kY ))

A^m = A^m(Y ) := ⋃ k A^m_k = H^0(Ω^m_{P(E)}(∗Y )).

Recall that we used eigenvalues with respect to [d, ι_{⃗e}] (where ι_{⃗e} was interior product with the euler vector field ⃗e) to extend the notion of degree from polynomials C [z_0 , . . . , z_n] to A^m. Here we will use eigenvalues with respect to the (anti)commutators [d, ι_{⃗e1} ] and [d, ι_{⃗e2} ] to define a bidegree on A^m (including polynomials). To begin with, deg_2(x_j ) · x_j := [d, ι_{⃗e2} ]x_j = d ⟨⃗e_2, x_j ⟩ + ⟨⃗e_2, dx_j⟩

= 0 + ⟨∑ z_i ∂ ∂z_i − ∑ D_j′ · x_j′ ∂ ∂x_j′ , dx_j ⟩ = −D_j · x_j , and similarly deg_1(x_j ) = 1, deg_1(z_i) = 1, and deg_2(z_i) = 0; so z_i and x_j have, respectively, bidegrees (0, 1) and (1, −D_j ).

This gives a bigrading on the ring of polynomials: just as in §4.2 we had C [z_0 , . . . , z_n] = ⊕S^a , now C [z_0 , . . . , z_{n+r} ; x_0 , . . . , x_r] = ⊕S^{a,b} ; the bigrading corresponds to elements of P ic(P(E)) ∼= Z^2 (while P ic(P^n) ∼= Z) via the divisors cut out by the bihomogeneous polynomials. For instance, F has bidegree (1, 0), i.e. F ∈ S^{1,0} (and F^k ∈ S^{k,0}), and cuts out Y .

Now we show how to evaluate the bidegrees of some forms we will use: defining

dz ∧ dx := dz_0 ∧ . . . dz_{n+r} ∧ dx_0 ∧ . . . ∧ dx_r ∈ A^{n+2r+2}_0 , we have

deg_2(dz) · dz = d ⟨∑ z_i ∂ ∂z_i − ∑ D_j · x_j ∂ ∂x_j , dz_0 ∧ . . . ∧ dz_{n+r} ⟩ + ⟨⃗e_2 , ddz(= 0)⟩ = d ∑ (−1)^iz_idz_0 ∧ . . . ∧ ^dz_i ∧ . . . ∧ dz_{n+r} = (n + r + 1) · dz

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 180

and similarly

deg_1(dz) = 0 , deg_1(dx) = r + 1 , deg_2(dx) = − r∑ j=0 D_j , so that the bidegree of dz ∧ dx is (r + 1 , n + r + 1 − ∑ D_j ). We will need the following two abstract computations for rational forms φ ∈ A^m with well-defined bidegree (i.e. “bihomogeneous”).

Lemma 4.5.1. If ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ ≠ 0 then it has the same bidegree as φ. Proof. (deg_1 ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩) · ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ := d ⟨⃗e_1, ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩⟩ (= 0) + ⟨⃗e_1, d ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩⟩ = − ⟨⃗e_1, ⟨⃗e_2, d ⟨⃗e_1, φ⟩⟩⟩ + (deg_2 ⟨⃗e_1, φ⟩) · ⟨⃗e_1, ⟨⃗e_1, φ⟩⟩ (= 0) = ⟨⃗e_1, ⟨⃗e_2, ⟨⃗e_1, dφ⟩⟩⟩ (= 0) − (deg_1 φ) ⟨⃗e_1, ⟨⃗e_2, φ⟩⟩ = (deg_1 φ) · ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ . The only difference with deg_2 is that one should switch ⃗e_1 and ⃗e_2 at the beginning (using ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ = − ⟨⃗e_1, ⟨⃗e_2, φ⟩⟩).

Lemma 4.5.2. For i = 1, 2, if ⟨⃗e_i, φ⟩ ≠ 0 then it has the same bidegree as φ. Proof. The case of deg_j ⟨⃗e_i, φ⟩, i = j, is easy and left to the reader.

On the other hand, i ≠ j is harder than Lemma 4.5.1. From d ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ = −d ⟨⃗e_1, ⟨⃗e_2, φ⟩⟩ we get − ⟨⃗e_2, d ⟨⃗e_1, φ⟩⟩ + (deg_2 ⟨⃗e_1, φ⟩) ⟨⃗e_1, φ⟩ = ⟨⃗e_1, d ⟨⃗e_2, φ⟩⟩ − (deg_1 ⟨⃗e_2, φ⟩) ⟨⃗e_2, φ⟩ and then ⟨⃗e_2, ⟨⃗e_1, dφ⟩⟩ − (deg_1 φ) ⟨⃗e_2, φ⟩ + (deg_2 ⟨⃗e_1, φ⟩) ⟨⃗e_1, φ⟩ = − ⟨⃗e_1, ⟨⃗e_2, φ⟩⟩ + (deg_2 φ) ⟨⃗e_1, φ⟩ − (deg_1 ⟨⃗e_2, φ⟩) ⟨⃗e_2, φ⟩ ; the first terms cancel and

(deg_2 ⟨⃗e_1, φ⟩ − deg_2 φ) ⟨⃗e_1, φ⟩ + (deg_1 ⟨⃗e_2, φ⟩ − deg_1 φ) ⟨⃗e_2, φ⟩ = 0. Taking interior product with ⃗e_2 gives deg_2 ⟨⃗e_1, φ⟩ = deg_2 φ if ⟨⃗e_1, φ⟩ ≠ 0 and with ⃗e_1 deg_1 ⟨⃗e_2, φ⟩ = deg_1 φ if ⟨⃗e_2, φ⟩ ≠ 0

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 181

An easy corollary of Lemma 4.5.1 is that the important (nozero) form

Ω := ⟨⃗e_2, ⟨⃗e_1, dz ∧ dx⟩⟩ ∈ A^{n+2r}_0

has the same bidegree (r + 1 , n + r + 1 − ∑ D_j ) as dz ∧ dx.

Now Ψ ∈ A^m is invariant if deg_1 Ψ = deg_2 Ψ = 0 and an invariant Ψ “descends” (Ψ = π^∗ω) to P(E) iff ⟨⃗e_1, Ψ⟩ = ⟨⃗e_2, Ψ⟩ = 0 (i.e. if Ψ is also horizontal). Clearly if P ∈ S^{a,b}, Ψ = (P Ω/F^{k+r+1}) ∈ A^{n+2r} has bidegree ( a + (r + 1) − (k + r + 1) , b + (n + r + 1 − ∑ D_j ) − 0 )

= ( a − k , b − { ∑ D_j − (n + r + 1)} ) . So a Ψ of this form (which is automatically horizontal as ⟨⃗e_1, Ω⟩ = ⟨⃗e_2, Ω⟩ = 0) is invariant, and thus satisfies Ψ = π^∗ω, iff

a = k and b = ∑ D_j − (n + r + 1) = deg(K_X ) =: D(X).

So P Ω/F^{k+r+1} “descends” to A^{n+2r}_{k+r+1} if P ∈ S^{k,D(X)}.

Conversely, if Ψ = π^∗ω (∈ A^{n+2r}) for ω ∈ A^{n+2r}_{k+r+1}, Ψ is of the above form by an argument somewhat more complicated than the corresponding one in §4.2. Namely, set Ψ_0 = F^{k+r+1}Ψ ∈ A^{n+2r}_0 ; sinceΨ is invariant (and must have bidegree (0, 0)), Ψ_0 has bidegree (k + r + 1, 0); and since Ψ is horizontal, ⟨⃗e_1, Ψ_0⟩ = ⟨⃗e_2, Ψ_0⟩ = 0. We need to define another “degree” deg_{2,z} as eigenvalue of [d_z, ι_{⃗e2} ]; this is not necessarily well-defined on Ψ_0, which we may have to break into “eigenpolynomials” Ψ_{0,γ} (with the same bidegree (k + r + 1, 0) and horizontality). Now deg_{2,z} z_i = deg_{2,z} dz_i = 1, deg_{2,z} x_j = deg_{2,z} dx_j = 0; since Ψ_{0,γ} has no denominator it is made up of these, and in view of its bidegree must have at least one z_i or dz_i, so that deg_{2,z} Ψ_{0,γ} > 0. Using the fact that [d_z, ι_{⃗e1} ] = 0,

(k + r + 1) ( deg_{2,z}(Ψ_{0,γ} ) ) Ψ_{0,γ} = deg_1(Ψ_{0,γ} ) [d_z ⟨⃗e_2, Ψ_{0,γ} ⟩ + ⟨⃗e_2, d_zΨ_{0,γ} ⟩]

= deg_1(Ψ_{0,γ} ) ⟨⃗e_2, d_zΨ_{0,γ} ⟩ = ⟨⃗e_2, d_z[deg_1(Ψ_{0,γ} )Ψ_{0,γ} ]⟩

= ⟨⃗e_2, d_z [d ⟨⃗e_1, Ψ_{0,γ} ⟩ + ⟨⃗e_1, dΨ_{0,γ} ⟩]⟩

= ⟨⃗e_2, d_z ⟨⃗e_1, dΨ_{0,γ} ⟩⟩ = ⟨⃗e_2, ⟨⃗e_1, d_zd_xΨ_{0,γ} ⟩⟩

and so, setting φ = 1 k + r + 1 ∑ γ d_zd_xΨ_{0,γ} deg_{2,z}(Ψ_{0,γ} ) ∈ A^{n+2r+2} 0 , we can write Ψ = Ψ_0 F^{k+r+1} = ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ F^{k+r+1} .

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 182

Obviously the only possibility for φ ∈ a^{n+2r+2}_0 is P dz ∧ dx, and so Ψ = P Ω/F^{k+r+1}. In summary, we have worked out a polynomial representation S^{k,D(X)} ∼= −→ A^{n+2r}_{k+r+1}(Y ) P −→ P Ω F^{k+r+1} . Next we give a representation for dA^{n+2r−1}_{k+r} (Y )+A^{n+2r}_{k+r} (Y ) ⊆ A^{n+2r}_{k+r+1}(Y ).

Namely, let^{47} J^{a,b}_F := ( ∂F ∂z_0 , . . . , ∂F ∂z_{n+r} , ∂F ∂x_0 , . . . , ∂F ∂x_r ) ⊆ S^{a,b} and R^{a,b}_F := S^{a,b} / J^{a,b}_F ; then the claim is that under the above map,

J^{k,D(X)} F ∼= −→ dA^{n+2r−1} k+r (Y ) + A^{n+2r}_{k+r} (Y ). If η ∈ A^{n+2r−1} k+r , π^∗η =: Ψ = Ψ_0/F^{k+r}, Ψ_0 ∈ A^{n+2r−1}_0 , the exactly the same argument as above expresses Ψ_0 as ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ where φ ∈ A^{n+2r+1}_0 has bidegree (k + r, 0) by Lemma 4.5.1. Such a φ is necessarily of the form φ = n+r∑ i=0 (−1)^iQ_i(z, x)dz^{(i)} ∧ dx + r∑ j=0 (−1)^j R_j(z, x)dz ∧ dx^{(j)}

where dz^{(i)} = dz_0 ∧ . . . ∧ ^dz_i ∧ . . . ∧ dz_{n+r}, dx^{(j)} = dx_0 ∧ . . . ∧ ^dx_j ∧ . . . ∧ dx_r.

Now we shall differentiate Ψ in two steps. First, since φ has bidegree (k + r, 0), φ/F^{k+r} has bidegree (0, 0) and so does^{48} ⟨ ⃗e_1,^φ_{F k+r} ⟩ by Lemma 4.5.2. So

dΨ = d ⟨⃗e_2, ⟨⃗e_1, φ⟩⟩ F^{k+r} = d ⟨ ⃗e_2 ⟨ ⃗e_1, φ F^{k+r} ⟩⟩

= = 0 ( deg_2 ⟨ ⃗e_1, φ F^{k+r} ⟩) ⟨ ⃗e_1, φ F^{k+r} ⟩ − ⟨ ⃗e_2, d ⟨ ⃗e_1, φ F^{k+r} ⟩⟩

= ⟨ ⃗e_2, ⟨ ⃗e_1, d ( φ F^{k+r} )⟩⟩ − = 0 ( deg_1 φ F^{k+r} ) ⟨ ⃗e_2, φ F^{k+r} ⟩

= ⟨ ⃗e_2, ⟨ ⃗e_1, F dφ − (k + r)dF ∧ φ F^{k+r+1} ⟩⟩ = ⟨⃗e_2, ⟨⃗e_1, F dφ − (k + r)dF ∧ φ⟩⟩ F^{k+r+1} . 47note ∂F/∂xj = Fj (z)! 48of course ⟨⃗e1, φ⟩ ≠ 0 because ⟨⃗e2, ⟨⃗e1, φ⟩⟩ = Ψ0(≠ 0).

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 183

Next we plug in the above formula for φ and

dφ = n+r∑ i=0 ∂Q_i ∂z_i dz ∧ dx ± r∑ j=0 ∂R_j ∂x_j dz ∧ dx = (∑ ∂Q_i ∂z_i ± ∑ ∂R_j ∂x_j ) dz ∧ dx.

We get

dΨ = ⟨ ⃗e_2, ⟨ ⃗e_1, F (∑_{∂Qi} ∂zi ± ∑_{∂Rj} ∂xj ) dz ∧ dx − (k + r)dF ∧ (∑ (−1)^i Q_idz^{(i)} ∧ dx + ∑ (−1)^j dz ∧ dx^{(j)} )⟩⟩ F^{k+r+1}

= ⟨ ⃗e_2, ⟨ ⃗e_1, { F (∑_{∂Qi} ∂z_i ± ∑_{∂Rj} ∂z_j ) − (∑ (−1)^{i ∂F}_{∂zi} Q_i + ∑ (−1)^{j ∂F}_{∂xj} R_j )} dz ∧ dx ⟩⟩ F^{k+r+1} = (F P_1 − P_2) Ω F^{k+r+1} , where we have set P_1 = ∑_{∂Qi} ∂z_i ± ∑_{∂Rj} ∂x_j , P2 = ∑ (−1)^{i ∂F}_{∂zi} Q_i+ ∑ (−1)^{j ∂F}_{∂xj} R_j ∈ J_F (and note that P_1F ∈ J_F trivially^{49}). So dη ∈ dA^{n+2r−1}_{k+r} (Y ) is of the form P Ω/F^{k+r+1} for P ∈ J_F , and clearly any P_2Ω/F^{k+r+1} (with P_2 of the right bidegree) may, modulo (P_1Ω/F^{k+r}) ∈ A^{n+2r}_{k+r} (Y ), be expressed as such a dη.

We have shown that the map P → P Ω/F^{k+r+1} induces an isomorphism R^{k,D(X)} F ∼= −→ A^{n+2r}_{k+r+1}(Y ) dA^{n+2r−1} k+r (Y ) + A^{n+2r}_{k+r} (Y )

= H^0 ( Ω^{n+2r}_{P(E)} ((k + r + 1)Y ) ) dH^0 ( Ω^{n+2r−1} P(E) ((k + r)Y ) ) + H^0 ( Ω^{n+2r}_{P(E)} ((k + r)Y ) ) .

4.5.3. Rational forms and C^∞ dlog forms on P(E) \ Y . The missing link between Jacobi rings R^{∗,∗}_F and cohomology of X, is an argument relating the right-hand side of this isomorphism to the cohomology of Y . We want more than just “an” isomorphism for this missing link. We should be able to take a representative form ω ∈ H^0 ( Ω^{n+2r}_{P(E)} ((k + r + 1)Y ) ) , add some

coboundaries (of C^∞ polar forms), and end up with^{50} β ∈ Z^0_d ( Ω^{n+r−k,k+r} (P(E))^∞ (dlogY ) ) so that α :=^1_{2πi} Res_Y β ∈ Z^0_d ( Ω^{n+r−k−1,k+r} Y^∞ ) , and the corresponding class

[i^∗α] ∩ ξ^{2r} ∈ H^{n−k−1,k}(X)), have the same periods as ω. The spectral sequence approach that got pushed into a footnote in §4.2.2, if the isomorphism it provides is interpreted correctly (on the right representative forms), will give such a procedure. So we say some words to resurrect this in our present context.

49Consider ∑ xj^{∂F}_{∂xj} = ∑ xj^∂_{∂xj} (x0F0(z) + . . . + xrFr (z)) = ∑ xj Fj (z) = F , which =⇒ F ∈ JF . 50Z^0_d just means d-closed sections; we use this and Γ for C^∞ sheaves.

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 184

We use the following notation, for F a holomorphic (analytic) sheaf on a variety V . First, we write H^0(V, F) for sections as usual (and H^i(F) for ordinary Čech cohomology), but wish to point out that while a section of such a sheaf is necessarily ¯∂-closed, it is not always ∂-closed – unless one is in a special case like F = Ω^{n+2r}_{P(E)} (kY ), where there is nowhere to go (since dim P(E) = n + 2r). Next, let

A^{0,j}(V, F) = Γ(Ω^{0,j}_V ∞ ⊗ F) ;

these form a complex with ¯∂ as differential, and we denote the ¯∂-closed elements as Z^{0,j}_{¯∂} (V, F) and cohomology by H^j_{¯∂} (V, F). Note that H^j_{¯∂} (F) ∼= H^j (F)

and Z^{0,0}_{¯∂} (F) = H^0(F). If F = Ω^m_{P(E)}(kY ) then A^{0,j}(F) = Γ ( Ω^{m,j}_{(P(E))∞}(kY ) ) . Suppose we have a long exact sequence

0 → F_0 δ −→ . . . δ −→ F_m → 0

of holomorphic sheaves on V ; then as a complex F_• ≃ 0 and the hypercohomology spectral sequence converges to zero:

E^{i,j}_1 = H^j (V, F_i) =⇒ H^∗ (V, F_•)[= 0].

There are different ways of setting up the E_0-term: E^{i,j}_0 = Č^j(V, F_i) will work, but for our purposes

E^{i,j}_0 = A^{0,j}(V, F_i) ( =⇒ 0)

is preferable. In fact since both differentials (δ and ¯∂) are defined on E^{i,j}_0 , one can view this as a double complex, with associated simple complex (under the total differential δ + ¯∂) computing hypercohomology. Then we have that this simple complex^{51} is exact. We also point out that the rows of the double complex E^{i,j}_0 are exact.

There is a version of (“weak”) Bott vanishing for ample divisors in toric varieties, which says for Y ⊂ P(E)

H^j_{( ¯∂)} ( P(E), Ω^i_{P(E)}(kY ) ) = 0 for j, k > 0 (and i ≥ 0) ;

in particular this means for us that Z^{0,j}_{¯∂} ( Ω^i_{P(E)}(kY ) ) = ¯∂A^{0,j−1} ( Ω^i_{P(E)}(kY ) ) , j, k > 0. Let F_• (0 ≤ • ≤ k + r + 1) be the exact sequence of holomorphic sheaves (again see [L1]) (0 →)Ω^{n+r−k} P(E) (dlogY ) → Ω n+r−k P(E) (Y ) ∂ −→ Ω^{n+r−k+1} P(E) (2Y ) Ω^{n+r−k+1} P(E) (Y ) ∂ −→ . . . ∂ −→ Ω^{n+2r}_{P(E)} ((k + r + 1)Y )

Ω^{n+2r}_{P(E)} ((k + r)Y )

(→ 0)

51the terms are just the sums ⊕i+j=•E^{i,j}_0 of diagonal elements.

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 185

viewed as a complex, so that^{52}

E^{i,j}_0 = A^{0,j} (P(E), F_i) = Γ ( Ω^{n+r−k, j} P(E)^∞ (dlogY ) ) , i = 0 Γ ( Ω^{n+r−k, j} P(E)^∞ (Y ) ) , i = 1 Γ ( Ω^{n+r+i−k−1, j} P(E)∞ (iY ) ) Γ ( Ω^{n+r+i−k−1, j} P(E)∞ ((i−1)Y ) ) , i ≥ 2 (I) converges to 0 (taking d_0 = ¯∂, d_1 = ∂, etc.) as a spectral sequence,

(II) is exact as a simple complex under the total differential d = ∂ + ¯∂ ;

and as a double complex:

(III) has, by Bott vanishing, exact columns (under ¯∂) except at i = 0

or j = 0, (IV ) has exact rows.

Using (I) and (III) we obtain an isomorphism

d_{k+r+1} : ( E^{0,k+r} k+r+1 = E 0,k+r 1 ) −→ ( E^{k+r+1,0} k+r+1 = E k+r+1,0 2 ) where E^{0,k+r} 1 = Z ¯_∂ ( Ω^{n+r−k, k+r} P(E)^∞ (dlogY ) ) ¯∂Γ ( Ω^{n+r−k, k+r−1} P(E)^∞ (dlogY )

) and

E^{k+r+1,0} 2 = ker ¯∂ ⊆ E^{k+r+1,0} 0 ∂ { ker ¯∂ ⊆ E^{k+r,0}_0 } = Z ¯_∂ ( Ω^{n+2r}_{P(E)∞}((k + r + 1)Y ) ) ∂Z ¯_∂ ( Ω^{n+2r−1} P(E)^∞ ((k + r)Y ) ) + Z ¯_∂ ( Ω^{n+2r}_{P(E)∞}((k + r)Y ) )

= H^0 ( Ω^{n+2r}_{P(E)} ((k + r + 1)Y ) ) dH^0 ( Ω^{n+2r−1} P(E) ((k + r)Y ) ) + H^0 ( Ω^{n+2r}_{P(E)} ((k + r)Y ) ) = A^{n+2r}_{k+r+1} dA^{n+2r−1} k+r + A^{n+2r}_{k+r} .

Perhaps it makes more sense to regard E^{0,k+r}_1 as the (n + r − k)th Hodgegraded piece of

Z_d ( Ω^{n+2r}_{P(E)∞}(dlogY ) ) dΓ ( Ω^{n+2r−1} P(E) (dlogY ) ) ∼= H^{n+2r} (P(E)) \ Y, C ) ; one gets better-behaved representatives by observing that Z_d ( Ω^{n+r−k, k+r} P(E)^∞ (dlogY ) ) ∂ ¯∂Γ ( Ω^{n+r−k−1, k+r−1} P(E)^∞ (dlogY ) ) ∼= −→ E^{0, k+r}_1 . 52We remind the reader that for sections of C^∞ sheaves Γ(E/F) = Γ(E)/Γ(F) (think partitions of unity), in contrast to the holomorphic case (where partitions of unity are not available).

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 186

To trace through this let β ∈ Z ¯_∂ ( Ω^{n+r−k, k+r} P(E)^∞ (dlogY ) ) ⊆ E^{0, k+r}_0 ( → E^{1,k+r}_0 )

be any representative (of a class in E^{0,k+r}_1 ). Then there are forms

ζ_ℓ ∈ Γ ( Ω^{n+r+ℓ−k−1, k+r−ℓ} P(E)^∞ (ℓY ) ) , ℓ = 1, . . . , k + r σ_ℓ ∈ Γ ( Ω^{n+r+ℓ−k, k+r−ℓ} P(E) (ℓY ) ) , ℓ = 1, . . . , k + r (here {ζ_ℓ} live in the numerators of E^{ℓ, k+r−ℓ}_0 , {σ_ℓ} in the denominators of E^{ℓ+1, k+r−ℓ} 0 ) satisfying ¯∂σ_1 = ∂β ¯∂ζ_1 = β ¯∂σ_2 = ∂σ_1 ¯∂ζ_2 = ∂ζ_1 − σ_1 . . . . ¯∂σ_{k+r} = ∂σ_{k+r−1} ¯∂ζ_{k+r} = ∂ζ_{k+r−1} ± σ_{k+r−1} 0 = ∂σ_{k+r} and ∂ζ_{k+r} − σ_{k+r} ∈ Z ¯_∂ ( Ω^{n+2r, 0}

P(E)^∞ ((k + r + 1)Y ) ) = H^0 ( Ω^{n+2r}_{P(E)} ((k + r + 1)Y ) ) . In a picture, 0 β β ζ_1 (σ_1)

ζ_2 (σ_2) ... ... ... (σ_{k+r−1}) ζ_{k+r} (σ_{k+r})

where the lower diagonal (or rather the images of those forms in the E^{∗,∗}_0 quotient-terms) is an (E^∗_0 , d)-cycle – this gives d_{k+r+1} – while the sum of all the upper diagonal terms is d-closed without taking quotients. Putting everything together gives the lousy relation

β − (dζ_1 − dζ_2 + . . . ± dζ_{k+r}) + (σ_1 + . . . + σ_{k+r}) = ± (∂ζ_{k+r} ± σ_{k+r}) .

But if it is observed that taking β to be a d-closed representative (see above) makes all σ_ℓ = 0, this relation becomes

β ∓ ∂ζ_{k+r} = d (ζ_1 − ζ_2 + . . . ± ζ_{k+r})

which is not lousy at all. It says that the isomorphism d_{k+r+1} may be interpreted as sending d-closed representatives β ∈ Z_d ( Ω^{n+r−k, k+r} P(E)^∞ (dlogY ) ) of E^{0, k+r} 1 to representatives ∂ζ_{k+r} ∈ ∂Z_∂ ¯_∂ ( Ω^{n+2r−1, 0} P(E)^∞ ((k + r)Y ) ) of E^{k+r+1, 0} 2 ,

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 187

to which they are related by a d-coboundary which does not change the periods.

4.5.4. Putting everything together; representation of ¯∇. Using Leray-Hirsch to count rank, one finds that for 2r − 1 ≤ ∗ ≤ 2n + 2r − 1,

H^∗(P(E)) ∪[H] −→_{∼=} H^{∗+2}(P(E)) ,

where the hyperplane class is given by a tacit embedding (of P(E) in some P^N ) which realizes Y as a hypersurface section (possible since Y is very ample – see [N]), say of degree D_Y . If n ≥ 2 (dim X ≥ 1) then n + 2r − 3 ≤ ∗ ≤ n + 2r + 1 will do. On the one hand this shows

H^{n+2r−1} pr (Y ) ∼= −→ H^{n+2r−1} var (Y ) via the diagram (with coefficients ∈ Q)

H^{n+2r−1}(Y ) H^{n+2r−1}(P(E))

H^{n+2r+1}(P(E))

∼= ∪([H]·DY )

H^{n+2r+1}(Y )

∪([H]·D_Y )

H^{n+2r+3}(P(E)). ∼= ∪([H]·DY )

On the other hand we get

H^{n+2r}(P(E) \ Y ) Res −→ ∼= H^{n+2r−1} pr (Y )

by considering

→ H^{n+2r−2}(Y ) Gy H^{n+2r}(P(E)) H^{n+2r}(P(E) \ Y ) H^{n+2r−1}(Y ) Gy H^{n+2r+1}(P(E)) → ∼= ∪([H]·D_Y ) H^{n+2r−2}(P(E)) H^{n+2r+1}(Y ) ∪[H] H^{n+2r+3}(P(E)). ∼= ∪[H]

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 188

Writing

Gr^a_F H^b_{[dlogY ]}(P(E) \ Y, C ) :=

Z_d ( F^aΩ^b_{P(E)∞}(dlogY ) ) dΓ ( F^aΩ^{b−1}_{P(E)∞}(dlogY ) ) + Z_d ( F^{a+1}Ω^b_{P(E)∞}(dlogY ) ) we now have the whole composition R^{k,D(X)} F Gr^{n+k−1}_F H^{n−1}_{pr} (X, C ) ∼ = Gr^{n+k−1} F H^{n−1}_{var} (X, C ) [ ⊗H^{2r}(P^r) ]

A^{n+2r}_{k+r+1}(Y ) dA^{n+2r−1} k+r + A^{n+2r}_{k+r}

P →^{P Ω}_{F k+r+1} ∼= Gr^{n+r−k−1} F H^{n+2r−1} var (Y, C )

∼= ι∗

Z_d ( Ω^{n+r−k,k+r} P(E)^∞ (dlogY ) ) ∂ ¯∂Γ ( Ω^{n+r−k−1,k+r−1} P(E)^∞ (dlogY ) ) d_{k+r} ∼= ∼= Gr^{n+r−k} F H^{n+2r}_{[dlogY ]}(P(E) \ Y, C ) ∼= Res Gr^{n+r−k−1} F H^{n+2r−1} pr (Y, C )

∼=

All the maps of forms/cohomology classes respect periods (at least in the graded sense^{53}), so that if X_t = V (F_0(t), . . . , F_r(t)) , F (t) = F + tG , G ∈ S^{1,0} is a 1-parameter variation of X (and Y ), differentiating ω_t ∈^{An+2rk+r+1(Yt)}

dA^{n+2r+1} k+r (Y_t)+A^{n+2r}_{k+r} (Y_t)

at t = 0 leads (by exactly the same argument as in §2.2) to a formula for ¯∇_{∂/∂t}:

R^{k,D(X)} F ∼= A n+2r k+r+1(Y ) dA^{n+2r−1} k+r + A^{n+2r}_{k+r} ∼= Gr^{n−k−1} F H^{n−1}_{pr} (X)

R^{k+1,D(X)} F

×G ∼ = A^{n+2r}_{k+r+2}(Y ) dA^{n+2r−1} k+r+1 + A n+2r k+r+1

(¯ ∇_{∂/∂t} ) ∼= Gr^{n−k}_F H^{n−1}_{pr} (X). ¯∇_{∂/∂t}

For S ⊂

Zar. op.

PH^0(P^{n+r}, E) we have that

θ^1_{S,t} ∼= S^{1,0} /(F_t) ,

53The maps themselves respect periods on the nose, including d_{k+r} (or d^{−1}_{k+r}) provided the special representatives (see above) are used; the problem is that, even if^{P (t)Ω}_{F (t)k+r+1} is such a representative for each t, ∂/∂t of it is not (it may be of the form ∂ζ − σ rather than ∂ζ); the way one remedies this situation involves ignoring periods of the next higher filtration. Details are left to the reader.

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 189

so for a “full” family X → S one gets at 0 ∈ S 2⋀ S^{1,0}/(F ) ⊗ R^{k−1,D(X)} F μ^2_{(k)} S^{1,0}/(F ) ⊗ R^{k,D(X)}_F μ^1_{(k+1)} R^{k+1,D(X)} F

2⋀ θ^1_{S,o} ⊗ Gr^{n−k}_F H^{n−1}_{pr} (X)

∼= θ^1_{S,o} ⊗ Gr^{n−k−1}_F H^{n−1}_{pr} (X) ∼= Gr^{n−k−2} F H^{n−1}_{pr} (X)

∼=

where the bottom row dualizes to the O_S -linear part of ∇ Gr^{k+1}_F H^{n−1}_{Xs,var} ¯∇1_{(k+1)} −→ Ω^1_S ⊗ Gr^k_F H^{n−1}_{Xs,var} ¯∇2_{(k)} −→ Ω^2_S ⊗ Gr^{k−1}_F H^{n−1}_{Xs,var} at 0. So μ^2_{(k)} and ∇^2_{(k)}, μ^1_{(k+1)} and ∇^1_{(k+1)}, are dual.

4.5.5. Algebraic lemmas and multidegree bounds. Now we have set everything up so that the Proposition and Theorem below will go through (for complete intersections ⊂ P^{n+r}), by exactly the same arguments as in §4.3 (for hypersurfaces ⊂ P^n), if the following two algebraic lemmas are proved.

Lemma 4.5.3. μ^1_{(k+1)} is surjective for 1 ≤ k +1 ≤ n−1, if deg(K_X ) ≥ 0.

(The resulting injectivity of ¯∇^1_{(k+1)} then yields the proof of Proposition.)

Lemma 4.5.4. μ^2_{(n−1)} is surjective for { deg(K_X ) > 0 , n = 2 deg(K_X ) ≥ 0 , n ≥ 3 . (Injectivity of ¯∇^2_{(n−1)} then is used to show the infinitesimal invariant of the regulator image is zero. Recall that for deg(K_X ) < 0 this is automatically zero and no lemma is needed.)

For Lemma 4.5.3 it is enough to show S^{1,0} ⊗ S^{k,D(X)} mult. ↠ S^{k+1, D(X)}. Referring to [N] Lemma 3.4, we need to check that r∑ j=0 D_jI_j + D(X) ≥ 0

for all “multi-indices” I with |I|(:= ∑ I_j ) = k. If D_ℓ is the smallest of the D_j then setting I = ( 0, . . . , k ,_ℓ . . . , 0 ) minimizes the left-hand side; using

D(X) = deg K_X = ∑ D_j − (n + r + 1) we have ∑ D_j + kD_ℓ ≥ n + r + 1 for 0 ≤ k ≤ n − 2

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 190

if deg(K_X ) ≥ 0. (So this boils down to k, D(X) ≥ 0, which is what one would expect.)

For Lemma 4.5.4 consider the diagram 2⋀ S^{1,0} ⊗ J^{n−2,D(X)} F S^{1,0} ⊗ J^{n−1,D(X)}_F m^1_{(n)} J^{n,D(X)} F

2⋀ S^{1,0} ⊗ S^{n−2,D(X)}

∩

M^2_{(n−1)} S^{1,0} ⊗ S^{n−1,D(X)}

∩

M^1_{(n)} S^{n,D(X)}

∩

2⋀ S^{1,0} ⊗ R^{n−2,D(X)} F S^{1,0} ⊗ R^{n−1,D(X)} F R^{n,D(X)} F

2⋀ S^{1,0}/(F ) ⊗ R^{n−2,D(X)} F μ^2_{(n−1)} S^{1,0}/(F ) ⊗ R^{n−1,D(X)} F μ^1_{(n)} R^{n,D(X)} F We will show (for certain multi-degrees)

(a) ker μ^1_{(n)} ⊆ imμ^2_{(n−1)} (b) R^{n, D(X)} F = 0. Together these =⇒ μ^2_{(n−1)} surjective as desired. By a diagram chase (a) reduces to

(a1) surjectivity of m^1_{(n)} (a2) ker M^1_{(n)} ⊆ imM^2_{(n−1)}.

Now (b) follows from our residue representation of H^{n−1}_{var} (X), since R^{n, D(X)}_F ∼= Gr^{−1}_F H^{n−1}_{pr} (X) = 0; while (a1) and (a2) are covered respectively by [Nagel] Lemmas 3.6 and 3.8 (where we must substitute n for p and n + r for n).

We work out the multi-degree requirements for these, if necessary reindexing so that D_0 ≥ . . . ≥ D_r ≥ 2. Nagel’s assumption “r ≤ n − 3” corresponds for us to n ≥ 3; this is a superfluous assumption and plays no role in the proofs, so we assume n ≥ 2 and r ≥ 1 (codimension ≥ 2; no need to repeat §4.2 − 3). Since there is no work to do in case K_X < 0 we assume also ∑_r j=0 D_j ≥ n + r + 1 (K_X ≥ 0).

Nagel’s conditions are (for us)

(∗) r∑ j=0 D_j + (n − 2)D_r ≥ n + r + 2

4.5. COMPLETE INTERSECTIONS (ARBITRARY CODIMENSION) 191 (∗∗) r∑ j=1 D_j + (n − 1)D_r ≥ n + r + 1.

The left-hand side of (∗∗) is ≥ 2r + (n − 1) · 2 = 2n + 2r − 2 ≥ n + r + 1 since n + r ≥ 3; so the second condition offers no resistance. We break (∗) into cases:

(X = curve) for n = 2, we have ∑_r j=0 D_j ≥ n+r+2 which demands K_X > 0 (no elliptic curves, please!)

(dim X ≥ 2) for n ≥ 3, K_X ≥ 0 cinches it: since D_r ≥ 2, (n − 2)D_r ≥ 1.

This proves Lemma 4.5.4 in the cases/degrees claimed.

4.5.6. Statement of the Main Theorem. In order to state the final result, we define two types of complete intersections ⊂ P^{n+r}. Either type requires X to be smooth, of multidegree (D_0, . . . , D_r) with all D_j ≥ 2 (to avoid redundancy), and that dim X = n − 1 ≥ 1 (i.e. n ≥ 2). Furthermore, type [B] disallows the case { n = 2 (dim X = 1), deg(K_X ) (= ∑ D_j − (n + r + 1) ) = 0 } of elliptic curves. On the other hand, type [A] requires a non-negative canonical bundle ( ∑ D_j ≥ n + r + 1).

Proposition 4.5.5. Let X ⊂ P^{n+r} be a very general type [A] complete intersection. Then im { H^{n−1}(X, C /Q (n)) → H^{n−1}(η_X , C /Q (n)) } ∼ =n.c. lim−→_{V ⊂X} ( coker { H^{n−1}_V (X, C /Q (n)) → H^{n−1}(X, C /Q (n)) }) ∼ =

H^{n−1}_{var} (X, C /Q (n)) [≠ 0], where the limit is over all (arbitrary unions of) divisors V ⊂ X.

Theorem 4.5.6. (Main Theorem)

(I) [Vanishing] Let X ⊂ P^{n+r} be a very general type [B] complete intersection. Then the image of the “holomorphic regulator”

R : K^M_n (X) −→ im { H^{n−1}(X, C /Q (n)) → H^{n−1}(η_X , C /Q (n)) } is zero. [Collino has proved the counterexample for elliptic curves.]

(II) [Rigidity] Let X → S ⊂_{Zar. op.} PH^0(P^{n+r}, O(D_0) ⊕ . . . ⊕ O(D_r)) be

a family of type [B] complete intersections. Then if {f_s} ∈ ker(Tame) ⊆ K^M_n (C (X)) is a local section (on an open ball), its regulator image [R_{fs} ] ∈ H^{n−1}(η_{Xs} , C /Q (n)) is flat.

CHAPTER 5

Applications to Algebraic Cycles

5.1. Higher Abel-Jacobi Maps

5.1.1. Relative Chow groups revisited. Our work on regulator formulas in Chapters 1 and 2 turns out to be useful in the study of rational equivalence of cycles, in particular the detection of rational inequivalences not picked up by c_D (an amalgam of the cycle-class and AJ maps). The most immediate application is in fact to relative cycles (and relative rational equivalences) on (□^n, ∂□^n) = (P^1 −{1}, {0, ∞})^n; this is what we start with.

Let k ⊂ C be any subfield with trdeg(k/Q) =: t < ∞, and consider a relative cycle Z ∈ CH^p ((□^n, ∂□^n)(k)), p ≤ n. We may exchange the extension k/Q for geometry by spreading^1 over a projective variety S/Q, k ∼= Q(S), to a relative cycle ζ ∈ Z^p ({ η^Q_S × (□^n, ∂□^n) } (Q) ) := lim−→_{D/Q⊂S} Z^p ({(S \ D) × □^n, (S \ D) × ∂□^n} (Q)) .

As suggested in §1.3.4, we may then consider the “Abel-Jacobi” R(ζ) of the spread; the resulting composite CH^p ((□^n, ∂□^n)(k)) ∼= −→ CH^p ({ η^Q_S × (□^n, ∂□^n) } (Q) )

∼= −→ see §1.3.4 CH^p(η^Q_S , n) R −→ see §2.4 H^{2p−n}_D (η^Q_S , Q)

may be used to detect /≡_{rat} 0 (and is well-defined by construction). Provided

an extension of the Bloch-Beilinson conjecture to relative quasi-projective varieties holds, it is injective (modulo torsion) and detects rational ≡ or /≡ completely. Our point of view is that we are using analysis (really calculus) to detect complex geometry.

In §1.4 we performed a calculation for p = n which in hindsight amounts to saying that the Milnor regulator R : CH^n(S \ D, n) −→ H^n_D(S \ D, Q(n)) (under lim−→_{D⊂S}) 1see §4.3 or also [GG5]

5.1. HIGHER ABEL-JACOBI MAPS 193

is “in the same spirit” as the classical Abel-Jacobi map. That is, performing the integrals ∫ S Ω_f ∧ ω and ∫ S R^′_f ∧ α , where ω ∈ Γ

(_{F 0} F^{t−n} Ω 2t−n (S\D)^∞ ) and α ∈ Γ ( Ω^{2t−n+1} (S\D)^∞ ) , is the same as finding the bounding chain ∂^{−1}_ϵ γ_f for γ^ϵ_f (if possible) and computing [lim_{ϵ→0}] ∫ γ_f

∧^ndlogz_i ∧ π^∗_Sω and ∫ ∂^{−1}_ϵ γ_f

∧^ndlogz_i ∧ π^∗_S α ,

where the latter is the intuitively “obvious” extension of the classical AJ map.

In §5.1.2 we will look at the classical AJ on spreads of cycles Z ∈ Z^p(X(k)) for X smooth projective /Q. To see that we are doing essentially the same thing here (for (□^n, ∂□^n) instead of X) with the above composite, it suffices to check that R identifies with the “logical” extension of the AJ map. But we never did this for p < n, so we sketch the argument now.

If ζ ∈ Z^p ((S \ D) × □^n, (S \ D) × ∂□^n) is a relative cycle then (for p < n) one can show that the topological cycle ζ_ϵ on (S, D)×( ^□^n \∂ ^□^n) [derived from Lemma 1.3.3], is always a boundary. This takes the form ∂(∂^{−1}_ϵ ζ), where ∂^{−1}_ϵ ζ ≈ θ(ζ̃_ϵ) + (S^1)^n ×∂^{−1}_{(S,D)}(T_ζ ); since this avoids S \D ×N_ϵ(∂ ^□^n), the integrals ∫ ∂^{−1}_ϵ ζ ∧^ndlogz_i ∧ π^∗_Sα , α ∈ Γ ( Ω^{2t−(2p−n−1)} (S\D)^∞ )

make sense. Taking their limit defnes by duality the natural extension AJ(ζ) ∈ H^{2p−n−1}(S \ D, C /Q (p)) =: H^{2p}_D ({(S \ D) × □^n, (S \ D) × ∂□^n} , Q(p)) of the Abel-Jacobi class (to this particular relative case).

We can both show the map is well-defined (respects relative rational equivalence) and accomplish our objective (relating AJ to R) in one blow, by showing commutativity of CH^p(η_S × □^n, η_S × ∂□^n) ∼ = CH^p(η_S , n)

Z^p(η_S × □^n, η_S × ∂□^n)

H^{2p}_D (η_S × □^n, η_S × ∂□^n, Q(p)) AJ ∼ = H^{2p−n}_D (η_S , Q(p)).

R

5.1. HIGHER ABEL-JACOBI MAPS 194

This reduces to the equality

lim_{ϵ→0} ∫ ∂^{−1}_ϵ ζ ∧^ndlogz_i ∧ π^∗_Sα = ∫ S R^′_ζ ∧ α , which one proves essentially by “integrating” ∧^ndlogz_i along the fibers of θ(ζ̃) → ζ (which gives ι^∗_ζ R^n_□) and pushing down to S.

We remind the reader of the complete absence of Hodge-theoretic constrants on α: for AJ of a codimension-p cycle on the (t + n)-dimensional variety (S \ D) × (□^n, ∂□^n) one expects to integrate formsrepresenting “sufficiently holomorphic” classes, namely: in F^{t+n−p+1}H^{2t+2n−2p+1}((S, D) × ( ^□^n \ ∂ ^□^n)). But the only class^2 in H^∗( ^□^n \ ∂ ^□^n) is [∧^ndlogz_i] ∈ F^nH^n( ^□^n \ ∂ ^□^n), and so the forms reduce to [∧^ndlogz_i ∧ α] ∈ F^nH^n( ^□^n \ ∂ ^□^n) ⊗ F^{t−p+1}H^{2t−(2p−n−1)}(S, D) = F^nH^n( ^□^n \ ∂ ^□^n) ⊗ H^{2t−(2p−n−1)}(S, D). Since n > p, ∧^ndlogz_i already makes the form sufficiently holomorphic, and so we have total freedom with α. For this reason, completely special to these relative AJ maps, we can always replace integration against α by integration over topological cycles C on S \ D.

We give a few examples of the computation of AJ on the spread of Z ∈ Z^p((□^n, ∂□^n)(k)) by a “regulator current” on S, starting with the case n = p of relative 0-cycles.

Example 5.1.1. Assuming for simplicity t < n, one has a composite

K^M_n (k) ∼= K^M_n (Q(S))

CH^n((□^n, ∂□^n)(k))

∼= ∼= CH^n({η^Q_S × (□^n, ∂□^n)}(Q)) ∼= AJ H^{n−1}(η_S , C /Q (n)) computed by f → R_f, which one conjectures is injective.

Example 5.1.2. More interesting are 1-cycles (p = n − 1). The case

n = 2 is trivial as CH^1((□^2, ∂□^2)(k)) ∼= −→ CH^1(k, 2) = 0 (for algebraically closed k); in fact one can show by geometric arguments CH^1(P^1 ×P^1, #) ∼= 0. For n = 3 we just get back (from AJ(ζ)) AJ(Z), since

CH^2((□^3, ∂□^3)(k)) ∼= −→ CH^2({η_S × (□^3, ∂□^3)}(Q)) AJ −→ H^1_D(η_S , Q(2)) = C /Q (2)

2recall ^□^n = (P^1, {1})^n , □^n(P^1 − {1})^n .

5.1. HIGHER ABEL-JACOBI MAPS 195

is computed by a (constant mod Q(2)) zero-current. (This is nothing more than our AJ on CH^2(C , 3). Is this, then, injective – in spite of the codimension 2?) However, to compare with n = 4 we give the following formula: let Z be a sum of rational curves of the form Z_{f,g,h} := {z → (f(z), g(z), h(z))} = ( a z − α_0 z − α_1 , b z − β_0 z − β_1 , c z − γ_0 z − γ_1 )

(so that e.g. α_0, α_1 record the values of z ∈ P^1 where the curve intersects the faces z_1 = 0, ∞, and so on). Provided Z is also a relative cycle we can taje AJ(Z), to which R_{Zf,g,h} contributes ∑ i,j=0,1 (−1)^{i+j} Li_2 (CR{α_1, α_0, γ_i, β_j }) + log ( c α_0 − γ_0 α_0 − γ_1 ) log (CR{α_0, β_0, α_1, β_1}) −2πi ∑ T_h∩T_g log f.

Example 5.1.3. For n = 4 the composite

CH^3((□^4, ∂□^4)(k)) ∼= −→ CH^3({η_S × (□^4, ∂□^4)}(Q)) AJ −→ H^2_D(η_S , Q(2))

= H^1(η_S , C /Q (3)) is much more interesting, and goes beyond AJ on the original cycle Z ∈ Z^3((□^4, ∂□^4)(k)) (which is always zero!). Again we expect this composite is injective. If Z is a sum of rational curves as above, so that ( f(z), g(z), h(z), F (z) = d z − Δ_0 z − Δ_1 ) =: Z_{f,g,h,F} is a component, then ζ has ζ_{f,g,h,F} (where {α_0, α_1, . . . , Δ_1} ∈ Q(S)) as a component. Using the fact that AJ(ζ) is computed by R_ζ , we see that R_{ζf,g,h,F} is Z_{f,g,h,F} ’s contribution to the composition. By a computation not unlike that in [G − Z], the interesting terms of R_{ζf,g,h,F} are ∑ ℓ,k=0,1 (−1)^{ℓ+k} { ∑ i,j=0,1(−1) i+j Li_2 (CR{α_i, γ_k, Δ_ℓ, β_j }) + log (_{Δℓ−β0} γ_k−β_∞ ) log (CR{α_0, α_∞, Δ_ℓ, γ_k}) } · dlog(Δ_ℓ − γ_k).

Neither computation is at a point where it can detect /≡_{rat} of explicit relative

cycles, but there is hope for progress; further comparison with the work in [GZ] might be a good place to start.

5.1.2. What comes after the Abel-Jacobi map? Now let X/Q be a smooth projective variety (d = dim X) and Z ∈ Z^p(X(Q)). According to the Bloch-Beilinson conjecture (BBC), CH^p(X(Q)) ⊗ Q →_{cD} H^{2p}_D (X, Q(p))

5.1. HIGHER ABEL-JACOBI MAPS 196

and so [Z] and (if [Z] = 0) AJ(Z) completely detect the situation Z /≡_{rat} 0

(modulo torsion). BBC does not apply to c_D on CH^p(X(C )), however, and so if Z ∈ Z^p(X(C )) one expects CH^p(X(C )) Ψ_0=[ · ] −→ Hg^{p,p}(X) := F^pH^{2p}(X, C ) ∩ H^{2p}(X, Z) ( CH^p_{hom}(X) := ) ker(Ψ_0)

Ψ_1=AJ

−→ J^p(X) := H^{2p−1}(X, C ) F^pH^{2p−1}(X, C ) + H^{2p−1}(X, Z) to be followed by a series of maps

Ψ_i : ker(Ψ_{i−1}) −→ { Hodge-theoretically defined objects } . These target objects cannot be finite-dimensional abelian varieties like J^p(X), even in the case of zero-cycles, by a result of Mumford [Mu] (or see [L1]). For any natural number N and base point p_0 ∈ X, there is a map

S^{(N)}(X(C )) π_N −→ CH^{hom}_0 (X(C )) Sym_N (p_1, . . . , p_N ) −→ n∑ j=1 [p_j] − N[p_0].

Mumford’s theorem as generalized by Roitman [Ro] (or see [L1]), states that [given an appropriate definition of dim(im(π_N ))]

H^0(Ω^ℓ_X ) ≠ 0 for any ℓ ≥ 2 =⇒ (N · d ≥) dim(im(π_N )) ≥ N.

This result is clearly different from the case (d = 1) of X a curve, where for all N, dim(im(π_N )) ≤ g(=genus of X). It applies, for example, in case d ≥ 2 and dim(K_X ) ≥ 0.

Letting N → ∞, we see that (when this theorem applies) CH^{hom}_0 (X(C )) is “∞-dimensional” in the sense that no finite-dimensional variety parametrizes it (or classifies rational ≡ classes). Also, we see that there are always rational equivalence classes that that cannot be represented by a cycle involving ≤ N points: just take a generic element of im(π_{N·d +1}). So the best target spaces for Ψ_{i≥2} we can hope for are limits of finite-dimensional Hodge-theoretically defined objects, and this is exactly what we get below.

Now any Z ∈ Z^p(X(C )) is defined over some subfield k ⊂ C , with ∞ > trdeg(k/Q); so once again we may exchange the field for additional geometry, and spread^3 the cycle over S/Q, where Q(S) ∼= k and dim_C (S(C )) = t. There are ambiguities in the “complete” spread [ζ̃] ∈ CH^p(X × S(Q)) but not its restriction [ζ] to X × η_S . Working modulo torsion and assuming a Bloch- Beilinson conjecture (BBC^q) for quasi-projective varieties, from the diagram

3This idea (in this context) has been around for a while; apparently it originated with S. Saito.

5.1. HIGHER ABEL-JACOBI MAPS 197

CH^p(X × S(Q))^⊂ (BBC) c_D H^{2p}_D (X × S, Q(p))

CH^p(X(k)) ∼ = CH^p(X × η_S (Q)) ⊂(BBCq) c_H H^{2p}_H (X × η_S , Q(p)) Φ

we see (with [L2]) that CH^p(X(k)) Ψ → H^{2p}_H (X × η_S , Q(p)) := im(Φ).

Lewis points out that im(Φ) is the lowest weight part of H_H, and constructs on it a Leray filtration L^iH^{2p}_H (with L^0 = H^{2p}_H ) which induces L^iCH^p(X(k)) := Ψ^{−1}(L^iH^{2p}_H ).

Notice that one may automatically chop Ψ into pieces^4

Ψ_i : ker(Ψ_{i−1}) = L^iCH^p(X(k)) −→ Gr^i_LH^{2p}_H (X × η_S , Q(p)). Writing ρ : X × η_S → η_S for the projection, according to [L2] these graded pieces sit in a short exact sequence

Gr^{i−1}_L J^p(X × η_S ) .. ‖ Ext^1_{MH} (Q(0),W_{−1} H^{i−1}(η_S ,R^{2p−i}_{ρ∗} Q(p))) hom_{MH} (Q(0),Gr^0_W H^{2p−1}(X×η_S ,Q(p)))

−→ Gr^i_LH^{2p}_H (X × η_S , Q(p)) θ −→ Gr^i_LHg^p(X × η_S ) .. ‖ hom_{MH} (Q(0), H^i (η_S , R^{2p−i}_{ρ∗} Q(p)))

If [Z] ∈ L^iCH^p(X(k)), then Ψ_i(Z) = Gr^i_Lc_H (ζ), and ∴ θ(Ψ_i(Z)) =: [ζ]_i, is defined; if [ζ]_i = 0 then Ψ_i(Z) pulls up to [AJζ]_{i−1} in the first term of the above sequence; and if [AJζ]_{i−1} = 0 then [Z] ∈ L^{i+1}CH^p(X(k)), and so on. We will compute (pieces of) the outer terms for 0-cycles in §5.3 (in

4This should be viewed as an extension of earlier work chopping up the ordinary cycle-class of the spread, to the entire Deligne (or absolute Hodge) class. Writing Gr^iΩ^p_{X/Q}∼= Ω^i_{S/Q}⊗ Ω^{p−i}_{X /S} , Esnault and Paranjape ([EP] or [Gr4]) filtered the image space of the map: CH^p(X(C )) ⊗ C → H^p(X , Ω^p_{X (Q)/Q}) ⊗ C ∼= H^p(X , Ω^p_{X (C)/C} ) and obtained graded pieces lying in the middle cohomology of the complex → Ω^{i−1}_S ⊗ R^{p−1}_{π∗} Ω^{p−i+1}_{X /S} ∇ −→ Ω^i_S ⊗ R^p_{π∗} Ω^{p−i}_{X /S} ∇ −→ Ω^{i+1}_S ⊗ R^{p+1}_{π∗} Ω^{p−i+1}_{X /S} → which are essentially our [ζ]i in §5.3 (the infinitesimal invariants of the differential characters we will define there).

5.1. HIGHER ABEL-JACOBI MAPS 198

particular the image of the denominator in the Ext^1 term will become more clear). We want to emphasize here, that even without BBC^q the Ψ_i and L^i are still (well-)defined; they just don’t exhaust CH^p(X(k)).

This computation of the Gr^i_LH^{2p}_H , combined with hard Lefschetz, shows that (see [L2], Prop. 5.0)

L^{p+1}CH^p(X(k)) = 0 ;

this says rational equivalence classes are already captured by Ψ_0, Ψ_1, . . . , Ψ_p. Moreover, [ζ]_0 and [AJζ]_0 recover [Z] and AJ(Z), so that we recover our original Ψ_0 and Ψ_1 (the latter enlarged by [ζ]_1), at least for cycles defined /k. To express the Ψ_i as maps on (filtered pieces of) CH^p(X(C )), we first define (with [L]) L^iCH^p(X(C )) := lim−→_{k⊂C} L^iCH^p(X(C )) (where the limit is over k with finite transcendence degree /Q), and taking a limit over all finite-dimensional varieties S/Q, map L^iCH^p(X(C )) Ψ_i −→ lim−→_{S/Q} Gr^i_LH^{2p}_H (X × η_S , Q(p)). In the case of 0-cycles, if X is regular (H^0(Ω^1_X ) = 0) then Gr^1_LHg^p(X ×η_S ) = 0 for all S/Q, and the target space for Ψ_1 is just J^p(X(C )) (and is finite dimensional). If H^0(Ω^ℓ_X ) ≠ 0 for some (p ≥)ℓ ≥ 2, then the target space for Ψ_ℓ is infinite-dimensional; this gives the connection with Mumford.

We want to point out the equivalence of the above approach with the work [GG5] of Griffiths and Green, who look at (graded pieces of) c_D (ζ̃) instead of c_H (ζ) [= Ψ(Z)]. Suppose one has a Leray filtration on H^{2p}_D (X × S, Q(p)) and a spread ζ̃ of Z with c_D(ζ̃) ∈ L^{p+1}H^{2p}_D ; in order to show Z ≡_{rat} 0

on X, one must produce Γ_D ∈ Z^{p−1}(X × D(Q)) (for some divisor D/Q ⊂ S) such that ζ̃ ± Γ_D ≡ rat 0 on X × S. The construction of this Γ_D involves

the Hodge conjecture (HC), which never explicitly appears in [L2]; this is because it is already contained in BBC^q (which essentially =BBC+HC).

For example, let Z be a 0-cycle on a 3-fold X, and for simplicity suppose that the fundamental class of ζ̃ lies entirely in^5 Hg^3(X × S) ∩ { H^2(X) × H^4(S) } . Then we may annihilate this algebraic obstruction to rational equivalence (ζ̃ ≡_{rat} 0 on X × S) without negotiating Z, by adding cycles with support on

D/Q ⊂ S. The idea is to take a “cross-section” of ζ̃ by a hyperplane section

5or at least (in the sense of [G-G]) [ζ]0 = . . . = [ζ]3 = 0, [AJζ]0 = . . . = [AJζ]2 = 0.

5.1. HIGHER ABEL-JACOBI MAPS 199

X_Λ/Q of X; ζ̃ ∩ (X_Λ × S) is then suported on X_{(Λ)} × D. This “cross-section map” may be formulated as a correspondence [Λ × Δ_S] ∈ CH^∗((X × S) × (X × S)), so that the isomorphism of hard Lefschetz is induced by its action:

H^2(X) × H^4(S)

[Λ×Δ_S ]_∗

−→_{∼=} H^4(X) ⊗ H^4(S).

According to the Lefschetz standard conjecture (⇐ HC + hard Lefschetz), there exists a correspondence [Λ^{−1}] (algebraically) inducing its inverse: [Λ^{−1}]_∗ = ([Λ]_∗)^{−1} , or the composition [Λ^{−1} × Δ_S]_∗ ∘ [Λ × Δ_S]_∗ = the identity on cohomology. But because it is “algebraic” (i.e. induced by a correspondence), the composition operates on cycles, and is not the identity on ζ̃. In particular, since already [Λ × Δ_S] · ζ̃ is supported on X × D,

Γ_D := [Λ^{−1} × Δ_S] · ( [Λ × Δ_S ] · ζ̃ ) ⊆ X × D. As cohomology classes, though,

[Γ_D] = [Λ^{−1} × Δ_S ]_∗ ∘ [Λ × Δ_S]_∗[ζ̃] = [ζ̃] ∈ H^2(X) ⊗ H^4(X)

and so the modification ζ̃ − γ_D kills (the graded piece of) the fundamental class without altering the spread’s restriction to Z on X × η^Q_S . Griffiths and Green say that such a class is “in the ambiguities”.

5.1.3. Some formal computations for relative varieties. For the rest of Chapter 5 we will be dealing with 0-cycles, continuing the present line of thought with X smooth projective in §5.3. As motivation for this in the meantime we return to relative varieties where we can compute everything, starting (once again) with X = (□^n, ∂□^n). There is a perfect pairing H^{2n−i}((□^n, ∂□^n), Q) ⊗ H^i( ^□^n \ ∂ ^□^n, Q) −→ Q(−n), while H^i( ^□^n \ ∂ ^□^n, Q) ∼= { Q(−n) i = n 0 otherwise

becayse [ ⋀_n dlogz_i] has weight 2n (due to the n dlog’s; see e.g. [GS]). So the Q(−n) must pair with a Q(0), and R^{2n−i}_{ρ∗} Q(0) ∼= { Q(0) i = n 0 otherwise =⇒ R^n_{ρ∗} Q(n) = Q(n), which we emphasize is highly peculiar; it has the effect of giving H^∗(η_S ) in the computation below where for X smooth we would have im {H^∗(S) → H^∗(η_S )} . In particular, H^{n−1}(η_S ) has mixed Hodge structure with weights (in general) between n − 1 and 2(n − 1); therefore H^{n−1}(η_S , Q(n)) has weights between −(n + 1) and −2 so that W_{−1} is everything and Gr^0_W = 0. Using this fact

5.1. HIGHER ABEL-JACOBI MAPS 200

and pretending the work described in §5.1.2 applies to X = (□^n, ∂□^n), we may compute formally Gr^i_LH^{2n}_H (X × η_S , Q(n)) = 0 for i ≠ n, and Gr^n_ℓ Hg^n(X × η_S ) ∼= hom_{MH} ( Q(0), H^n ( η_S , R^n_{ρ∗} Q(n) )) ∼= F^nH^n(η_S , C ) ∩ H^n(η_S , Q(n));

while Gr^n_LJ^p(X × η_S ) ∼= Ext^1_{MH} ( Q(0), W_{−1} H^{n−1}(η_S , Q(n)) ) hom_{MH} ( Q(0), Gr^0_W H^{2n−1}(X × η_S , Q(n)) )

∼= Ext^{1MH} ( Q(0), H^{n−1} (η_S , Q(n)) ) hom_{MH} ( Q(0), { Gr^0_W H^{n−1}(η_S , Q(n)) = 0 }) ∼= H^{n−1}(η_S , C ) {F^nH^{n−1}(η_S , C ) = 0} + H^{n−1}(η_S , Q(n)

∼= H^{n−1}(η_S , C /Q (n)). In other words, Gr^n_LH^{2n}_H (X × η_S, Q(n)) ∼= H^n_D(η_S , Q(n)) is just the target space for the “composite” of §5.1.1 for n = p, which simply amounted to (see Example 5.1.1) spreading^6

[Z] = [a] = [∑ m_j(α_{1j} , . . . , α_{nj} ) ] ∈ CH^n((□^n, ∂□^n)(k)) ∼= K^M_n (k) ‖ to [ζ] = [γ_f] = [∑ m_j(f_{1j} , . . . , f_{nj}) ] ∈ CH^n({(□^n, ∂□^n) × η_S } (Q)) ∼= K^M_n (Q(S)) and applying R. In terms of our formal analogy R consists of

[ζ]_n = ( [∧^ndlogz_i]^∨⊗ ) [∧^ndlogf] ∈ Gr^n_LHg^n(X × η_S )

and if this vanishes [AJζ]_{n−1} = ( [∧^ndlogz_i]^∨⊗ ) [R^{(′)}_f ] ∈ Gr^{n−1}_L J^n(X × η_S ),

while automatically (for geometric reasons) all the preceding [ζ]_i, [AJζ]_{i−1} are zero.

Remark 5.1.4. More generally for CH^p((□^n, ∂□^n)(k)) [p ≠ n] the mas defined in §5.1.1 compute [ζ]_{2p−n} and [AJζ]_{2p−n−1} (that is, Ψ_{2p−n}) while all the other Ψ_i are 0. So for p = 2, n = 3 we had just [AJζ]_0(= AJ(Z)) while for p = 3, n = 4 there was the much more interesting invariant [AJζ]_1.

6Here it is understood that fij −→ αij under the embedding Q(S) −→_{∼=} k ⊂ C (which

one should think of as “evaluation at a generic point”).

5.1. HIGHER ABEL-JACOBI MAPS 201

One expects that a similar formal procedure with X = (P^1, {0, ∞})^n – that is, assuming the ideas of §5.1.2 apply – should also predict correct results. We’ll do the predictions here, then prove them in §5.2 from a different angle. Understanding the situation for this X is the key for the transition between §5.1.1 and §5.3: (P^1, {0, ∞})^n is at once similar to (□^n, ∂□^n) [except that I^n(=all permutations of {1}×P^1 ×. . .×P^1) ⊂ (P^1)^n is not thrown away], and to a product of curves [since (P^1, {0, ∞}) is essentially a degenerate elliptic curve].

Let σ_i (or σ) denote a choice of i indices 1 ≤ σ_i(1) ≤ . . . ≤ σ_i(i) ≤ n with corresponding projection

π^σ_i : (C^∗ )^n → (C^∗ )^i.

There are ( n i ) of these, inducing maps on cohomology

H^i((P^1 − {0, ∞})^n, Q) ∼= ←− (⊕π^σ_i )^∗ ⊕_{σi} H^i((P^1 − {0, ∞})^i, Q) ‖ ⟨_1 (2π √ −1)i dlogzσi(1)∧...∧dlogzσi(i) ⟩

∼= ←− ⊕ ( p i ) copies H^i( ^□^i \ ∂ ^□^i, Q)

which dualize to H^{2n−i}((P^1, {0, ∞})^n) ∼= −→ ⊕_σ H^i((P^1, {0, ∞})^i) [ so R^{2n−i}_{ρ∗} Q(n) ∼= ⊕_{σi} Q(n)]. This induces the top ∼= in the following diagram, in which we are also (formally) applying functorial aspects of the L^i (which we have not discussed but are covered in [L]):

Gr^i_LH^{2n}_H ( (P^1, {0, ∞})^n × η_S , Q(n) ) ∼= ⊕_σGr^i_LH^{2i}_H ( (P^1, {0, ∞})^i × η_S , Q(i) )

L^iCH^n ( (P^1, {0, ∞})^n(k) ) Ψ_i(n) ⊕π^σ_{i ∗} ⊕_σL^iCH^i ( (P^1, {0, ∞})^i(k) ) . ⊕_σΨ_i(i)

This says that Ψ_i(n) factors through ⊕π^σ_{i ∗}; combining this with injectivity^7 of the Ψ_i(i), we have that

L^{i+1}CH^n((P^1, {0, ∞})^n(k)) = ker(Ψ_i(n)) = ker(⊕π^σ_{i ∗}) = {Z | π^σ_i (Z) ≡_{rat} 0 (∀ σ)}

consists of 0-cycles whose projections to “i-faces” (P^1, {0, ∞})^i are rationally equivalent to zero. [In §5.2 we rigorously construct such a filtration on CH^n,

7of coutse, one has to believe a version of BBC here.

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 202

and produce maps from the resulting F^i_×CH^n to the upper right-hand term ⊕_σGr^i_LH^{2i}_H of the diagram.]

Moreover, the n-boxes Z = B_a of §1.4.5 lie in L^nCH^n, since π^σ_i (B_a) actually = 0; and it is in fact easy to see (§5.2.2) that the B_a span L^nCH^n. By the geometric argument in §1.4.5, [∧^ndlogf], [R_f] on S still give the relative cycle-class and AJ image of ζ = B(γ_f). So [according to this formal argument] Ψ_n(n) is given by Milnor-regulator currents on S; moreover, so is Ψ_i(i) for every i. Therefore it is no surprise that a formal computation [exactly like that for (□^n, ∂□^n)] of the upper-right term in the diagram shows that the target is Gr^i_LH^{2n}_H ( (P^1, {0, ∞})^n × η_S, Q(n) ) ∼ = ⊕σH^i_D(ηS , Q(i)). The geometric argument in §1.4.5 is an important connection and inspired our approach in §5.3.

5.2. Zero-cycles on (P^1, {0, ∞})^n

5.2.1. Abel for a degenerate elliptic curve. We start by reviewing Abel’s theorem, to put the case n = 1 in context. Let X/C be a compact Riemann surface, and Z = ∑ m_j{p_j } ∈ Z^1(X) a zero-cycle. We seek a series of Hodge-theoretic invariants Ψ_i(Z) of the cycle-class [Z] ∈ CH^1(X(C )), that can tell us when Z ≡_{rat} 0. That is, the filtration given by their kernels

should “exhaust” CH^1, so that Z ∈ ∩F^iCH^1 =: ∩ ker Ψ_i =⇒ Z = (f) for some f ∈ C (X). So suppose Z = (f): what maps should send Z → 0? The degree deg(f) of the divisor of a function is always zero so we may take

Ψ_0 := deg : CH^1(X) −→ Z ∼= Hg^1(X) Z −→ ∑ m_j as the first map. Now viewing f : X → P^1 as a “correspondence” in Z^1(X × P^1)

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 203

the 1-chain Γ := π^f_X { (π^f_{P1})^{−1} ←−−− [0, ∞] } satisfies ∂Γ = (f). If ω ∈ Ω^1(X), then

f_∗ω := π^f_{P1∗}π^f_X^∗ω ∈ Ω^1(P^1) = 0 =⇒ ∫ Γ ω = ∫_∞ 0 f_∗ω = 0. However if we have before us Z[= (f)] ∈ ker Ψ_0 but do not know f, the “ideal path” Γ is not available. We can only “connect the dots” with some Γ^′ for which ∂Γ^′ = Z, and since [Γ^′ − Γ] ∈ H_1(X, Z) one has ∫ Γ^′ ω = ∫ Γ^′−Γ ω =periods (≠ 0).

Accounting for this ambiguity, we have a well-defined map Ψ_1[= AJ] : ker Ψ_0 −→ Ω^1(X)^∨ / im{H_1(X, Z)} ∼= J^1(X).

Abel’s theorem (see [G2] for a more complete treatment) says that Ψ_1 is an isomorphism; the resulting exact sequence

0 → J^1(X)

Ψ^{−1}_1 −→ CH^1(X) Ψ_0 −→ Z → 0 is easily split by a choice of base point {0} ∈ X. In particular, the projection CH^1(X) −→ ker Ψ_0 ∑ m_j[p_j ] −→ ∑ m_j[p_j ] − ( ∑ m_j)[0]

splits CH^1(X) ∼= Z ⊕ J^1(X) ∼= Gr^0_F CH^1 ⊕ Gr^1_F CH^1.

Let X = E_λ ⊂ P^2 be the smooth elliptic curve defined by the homogeneous equation F_λ(x, y, z) = x^3 + y^3 + z^3 − 3λxyz = 0 for λ ∈ C \{cube roots of unity}. Let μ_λ be the meromorphic form on P^2 to which (λ ≠ 0) λ Ω F_λ = λ zdx ∧ dy − ydx ∧ dz + xdy ∧ dz x^3 + y^3 + z^3 − 3λxyz descends, and define ω = Res_E(μ), u = ∫ 0 ω (a multivalued coordinate on E_λ), so that ⟨ω = du⟩ = Ω^1(E). The periods of ω (or ambiguities of u) form a lattice Λ ⊂ C with dim_Z Λ = 2, and the conditions for ∑ m_j[p_j ] ≡_{rat} 0 read ∑ m_j = 0, ∑ m_j · u(p_j ) ∈ Λ. Pulling back along the local parametrization

C^2 ∼ −→ U_0 = P^2 \ {z = 0}

(X, Y) −→ (X : Y : 1), we have

F_λ = X^3 + Y^3 + 1 − 3λXY , μ = λ dX ∧ dY F_λ

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 204

so that e.g. where ∂F_λ/∂Y ≠ 0,

ω_λ = Res_{{Fλ=0}} ( λdX ∂F_λ/∂Y ∧ dF F ) = λ dX 3(Y^2 − λX) . Now suppose the above conditions for rational equivalence were still a mystery for E_λ; we might degenerate it in P^2 by taking λ → ∞ and study rational equivalence on the resulting variety (=union of 3 P^1’s):

{x^3 + y^3 + z^3 − 3λxyz = 0} = E_λ −→ E_∞ := {xyz = 0}

dX X − Y^2/λ −→ dX X = dlogX (on y = 0).

The study of rational equivalences on E_∞ via functions which agree at A, B, C is equivalent to the study of ≡_{rat} on {y = 0} via functions with fixed

values, say 1, at A and B. But this is just the study of ≡_{rat} on the relative

variety ({y = 0}, {A, B}) ≃ (P^1, {0, ∞}). That is, Z = ∑ m_i{α_i} ||| rat 0 ∈ Z^1(P^1, {0, ∞}) (α_i ∈ C )

⇐⇒ Z = (f), f ∈ C (P^1 ) and f = 1 on {0, ∞}.

Clearly if ∑ m_i = 0, ∏ α^{mi}_i = 1 then f := ∏ (z − α_i)^{mi} does the job. Since ω_λ degenerates essentially to dX/X so that u_λ becomes log X, rewriting the second condition ∑ m_i log α_i ∈ 2πiZ =: Λ could perhaps lead one towards Abel’s theorem were it not known. Choosing {1} as base point we have the splitting CH^1(P^1, {0, ∞}) ∼= Gr^0_F CH^1 ⊕ Gr^1_F CH^1 ∼= Z ⊕ C^∗ .

For the K3 surfaces X_λ ⊂ P^3 cut out by

G_λ(x, y, z, w) = x^4 + y^4 + z^4 + w^4 − λxyzw

(λ ∈ C general), Ψ_0 = deg[→ Hg^2(X_λ)] and Ψ_1 = AJ(= Alb)[→ J^2(X_λ)] are well-defined on CH^2(X(C )) by similar arguments; here we say a zerocycle Z ≡_{rat} 0 if there are (possibly singular) curves C_j ⊂ X, meromor-

phic functions f_j ∈ C (C̃_j ) such that ∑ ι_∗(f_j) = Z. But ker Ψ_0 ∩ ker Ψ_1 ⊆

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 205

CH^2(X(C )) is not zero; in fact according to Mumford it is huge, since we have Ω^2(X) = ⟨Res(Ω/G_λ)⟩ ≠ 0, where Ω = xdy ∧ dz ∧ dw − ydx ∧ dz ∧ dw + zdx ∧ dy ∧ dw − wdx ∧ dy ∧ dz. On order to understand how this form influences rational (in)equivalence to zero, and find a Ψ_2, we again take λ → ∞, degenerating X_λ to a tetrahedron and (locally on the Z = 0 plane of the tetrahedron)

Ω_λ = λRes(Ω/Γ_λ) = λ dX ∧ dY ∂G_λ/∂Z to dlogX ∧ dlogY. Once again we exchange the singular X_∞ for a “relative” one, namely (P^2, △) or – which turns out to be the same as far as zero-cycles are concerned – (P^1, {0, ∞})^2 = (P^1 ×P^1, #). The formulation of the solution (the Ψ_2 in §5.2.4) in terms of differential characters produced by membrane integrals (of dlogX ∧ dlogY) influences heavily the route taken in §5.3 – the first two subsections of which do apply to X_λ (although we can only get a “piece” of Ψ_2 in terms of the membrane integrals).

5.2.2. Computation of CH^2(P^1 × P^1, #). This computation is originally due to Bloch and Suslin.

Recall the Tame symbol map for a smooth curve C̃

Tame : K^M_2 (C (C̃ )) −→ ∐ p∈C̃ K^M_1 (C (p)) = ∐ p∈C̃ C^∗ defined on generators by Tame_p{f, g} = lim_{x→p}(−1)^{νp(f)νp(g)} f(x)^{νp(g)} g(x)^{νp(f)} which reduces for {f, g} “good” (|(f)| ∩ |(g)| = ∅) to f(p)^{νp(g)} / g(p)^{νp(f)} . W eil reciprocity states that for any f, g ∈ C (C̃ ) ∏ p∈C̃ Tame_p{f, g} = 1 ∈ C^∗ .

We can prove thos using our regulator currents as follows (see [G-H] for the standard proof). It is always possible to “move” {f, g} by a Steinberg (which have Tame_p = 1 ∀p) to a product ∏ {f_ξ, g_ξ} with |(f_ξ)| ∩ |(g_ξ )| = ∅; so it suffices to examine the case where |(f)| ∩ |(g)| = ∅, and prove ∑ p∈C̃ (ν_p(g) log f(p) − ν_p(f) log g(p)) ≡ 0 mod 2πiZ.

Since ∂C̃ = 0 0 = ∫ ∂C̃ 1 2πi R_{{f,g}} = ∫ C̃ d [ 1 2πi R_{{f,g}} ] = ∫ C̃ d [ 1 2πi log fdlogg − log g · δ_{Tf} ]

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 206 = ∫ C̃ { (_1 2πi dlogf ∧ dlogg + log f · δ_{(g)} + dlogg · δ_{Tf} ) − ( dlogg · δ_{Tf} + log g · δ_{(f)} + 2πiδ_{Tf ∩δTg} ) }

= ∫ C̃ { log f · δ_{(g)} − log g · δ_{(f)} + 2πiδ_{Tf ∩Tg} }

≡ (mod 2πiZ) ∑ p∈|(g)| ν_p(g) log f(p) − ∑ p∈|(f)| ν_p(f) log g(p)

as desired.

Similarly one has a map Tame : K^M_3 (C (C̃ )) −→ ∐ p∈C̃ K^M_2 (C )

defined on good generators by Tame_p{f, g, h} = {f(p), g(p)}^{νp (h)}{g(p), h(p)}^{νp (f)}{h(p), f(p)}^{νp(g)}, and Suslin reciprocity states that (for any f, g, h ∈ C (C̃ )) ∏ p∈C̃ Tame_p{f, g, h} = 1 ∈ K^{(M)}_2 (C ).

The form of this we will use (and which is proved in the Appendix) is that if h ≡ 1 on |(f)| ∪ |(g)|, then 1 = ∏ p∈C̃ {f(p), g(p)}^{νp (h)} (since in that case the other two factors in Tame_p{f, g, h} vanish). In the additive Milnor K-theory notation, we write 0 = ∑ p∈C̃ νp(h) · {f(p), g(p)}. A zero-cycle Z = ∑ j m_j(α_j , β_j ) ∈ Z[C^∗ × C^∗ ]

on (P^1 × P^1, #) = X is rationally equivalent to 0 if there are curves C̃_k ↠ C_k ⊂ P^1 × P^1

with f_k ∈ C (C̃_k ) such that ∑ j m_j(α_j , β_j ) = ∑ k ι_∗(f_k) and f_k ≡ 1 on ι^{−1}(C_k ∩ #). The C_k may be singular, and may intersect the corners of # since the functions will be ≡ 1 there (see Chapter 1).

There are cycle-class (=degree) and AJ (=Albanese) maps Ψ_0 : CH^2(P^1 × P^1, #) −→ Z ∼= Hg^2(X)

Ψ_1 : ker(Ψ_0) −→ C^∗ ⊕ C^∗ ∼=

⟨dlogX, dlogY⟩^∨ im{H_1(C^∗ × C^∗ , Z)}

∼= J^2(X)

(where C^∗ [= exp(C /2πiZ)] comes from writing C /Z(1) multiplicatively), and we write F^1CH^2 = ker Ψ_0, F^2CH^2 = ker Ψ_1, F^3CH^2 = 0. Of course

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 207

Ψ_0(Z) = ∑ m_j , Ψ_1(Z) = (∏ α^{mj}_j , ∏ β^{mj}_j ) for the above Z, and there are standard projections to the graded pieces induced as follows by maps of cycles (∈ Z[C^∗ × C^∗ ]):

π_0 : CH^2(X) ↠ Gr^0_F CH^2(X) (α, β) → (1, 1)

π_1 : CH^2(X) ↠ Gr^1_F CH^2(X) (α, β) → (α, 1) − (1, 1) + (1, β) − (1, 1)

π_2 : CH^2(X) ↠ [Gr^2_F =]F^2CH^2(X) by sending (α, β) → B(α, β) := Z_{(α,β)} = (α, β) − (1, β) − (α, 1) + (1, 1) = (α, β) + π_0(α, β) − π_1(α, β). Here π_2 surjects because it is the identity on F^2CH^2(X):

[Z] ∈ ker Ψ_0 ∩ ker Ψ_1 =⇒ [π_1(Z)] = [π_0(Z)] = 0 =⇒ [π_2(Z)] = [Z] since π_2 = id + π_0 − π_1. Now if B (on the level of cycles) sends the three generating Steinberg relations to cycles ≡_{rat} 0, we may factor it as follows to

produce a well-defined Ξ:

Z[C^∗ × C^∗ ]^{[B]} F^2CH^2(P^1 × P^1, #)

Ξ

C^∗ ⊗_ZC^∗ mod ⟨S_1 := (α, β) + (γ, β) − (αγ, β)⟩

C^∗ ⋀ Z C^∗ mod ⟨S_2 := (α, β) + (β, α)⟩

K^M_2 (C ) mod ⟨S_3 := (α, 1 − α)⟩

Assuming this, we can prove injectivity of Ξ using Suslin reciprocity. Writing K_2(C ) additively, choose an element {a} = ∑ m_j{α_j , β_j } with Ξ{a} = 0, or equivalently a cycle Z = ∑ m_j(α_j , β_j ) ∈ Z[C^∗ × C^∗ ] with B(Z) = ∑ m_jT_{(αj ,βj )} ≡_{rat} 0. That is, there is a collection of curves (and

meromorphic functions) {C̃_k ι_k −→ P^1 × P^1, h_k ∈ C (C̃_k ) | | h_k ≡ 1 on ι^{−1}_k (C_k ∩ #)}

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 208

such that B(Z) = ∑ k ι_∗(h_k), i.e. (writing p for ι(p)) ∑ j m_jT_{(αj ,βj )} = ∑ k ∑ p∈|(h_k)| ν_p(h_k) · p = ∑ k ∑ p∈C̃_k ν_p(h_k) · (X(p), Y(p))

on the nose (in Z[C^∗ × C^∗ ]). Put f_k = X ∘ ι_k, g_k = Y ∘ ι_k ∈ C (C̃_k ), and note that h_k ≡ 1 on |(f_k)| ∪ |(g_k)| = ι^{−1}_k (C_k ∩ #). Therefore Suslin =⇒ 0 = ∑ p∈C̃_k ν_p(h_k){f_k(p), g_k(p)} ∈ K^M_2 (C )

and summing over k, 0 = ∑ k ∑ p∈C̃_k ν_p(h_k){X(p), Y(p)} = ∑ j m_j ({α_j , β_j } − (α_j , 1} − {1, β_j } + {1, 1})

≡ ∑ j m_j{α_j , β_j }. To complete the proof that Ξ is an isomorphism we must show B(S_i) ≡_{rat} 0

for i = 1, 2, 3, or (∀ α, β, γ ∈ C^∗ ) (A) Z_{(α,β)} + Z_{(γ,β)} − Z_{(αγ,β)} ≡ rat 0, (B) Z_{(α,β)} + Z_{(β,α)} ≡_{rat} 0,

(C) Z_{(α,1−α)} ≡_{rat} 0.

(A) and (B) are easily obtained by “plotting” the cycles on (P^1 × P^1, #) and writing down an “explicit rational equivalence” {C_k, f_k} with ∑ k ι_∗(h_k) = Z (and each h_k = 1 on C_k ∩ #), to”solve” the diagram. The functions are all variations on the^{(x−a)(x−b)} (x−ab)(x−1) theme.

We temporarily replace (C) by (C’) ∑ m_jZ_{(αj ,1−αj )} ≡_{rat} 0 for ∑ m_j(α_j ) ∈ Z[C^∗ \ {1}] such that ∏ α^{mj}_j = ∏ (1 − α_j )^{mj} .

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 209

Denote by A_2(C ) the image in B_2(C ) of the set of such ∑ m_j(α_j ).

If we take C to be the curve ⊂ P^1 × P^1 parametrized by t → (t, 1 − t) then f(t) = ∏ j (t − α_j )^{mj} / (t − (1 − α_j ))^{mj} is 1 at 0, 1, ∞ and so we have Z_0 := ∑ m_j [(α_j , 1 − α_j ) − (1 − α_j , α_j )] ≡_{rat} 0, which =⇒

0 ≡_{rat} B(Z_0) = ∑ m_j [ T_{(αj ,1−αj )} − T_{(1−αj ,αj )} ] . But (B) =⇒ ∑ m_j [ T_{(αj ,1−αj )} + T_{(1−αj ,αj )} ] ≡_{rat} 0,

and so (modulo 2-torsion) adding these =⇒ (C’).

Now B_2(C ) sits in an exact sequence

0 → ker(st) → B_2(C ) st −→ ∧^2_Z C^∗ ↠ K^{(M)}_2 (C ) → 0,

where ker(st) contains all sums of the form

∑_4 i=0(−1)^i {CR(α_0, . . . , ^α_i, . . . , α_4)}_2. One can show (see [GG2]) that such sums, together with A_2, generate B_2(C ); so st(A_2) generates all Steinberg relations a ∧ (1 − a) in

⋀_2 ZC^∗ . Therefore 0-cycles of the form (C’) (combined with (A) and (B) to give the relations in ⋀_2 ZC^∗ ) generate those in (C), which means they are ≡_{rat} 0.

We have shown Ξ is an isomorphism and so (mod torsion) F^2CH^2 ∼= K^M_2 (C ); in summary we have

Proposition 5.2.1. CH^2(P^1 × P^1, #) ∼=_{⊗Q} Z ⊕ (C^∗ ⊕ C^∗ ) ⊕ K^M_2 (C ).

On the one hand this gives a concrete demonstration of the Mumford theorem since K_2(C ) is “infinite-dimensional”: in particular, the map π_N : S^N (C^∗ ×C^∗ ) −→ K^M_2 (C ) fails to surject, for all N (there are always elements that cannot be presented as a product of ≤ N symbols). On the other hand, the above proof applies just as well to any algebraically closed^8 subfield k ⊆ C , including Q̄ . So F^2CH^2((P^1 × P^1, #)(Q̄ )) ∼= K^M_2 (Q̄ ) ∼= 1 (see [R] for a proof) gives a concrete demonstration of Bloch-Beilinson.

5.2.3. Extension of the computation to higher (co)dimension. Here we show how to generalize the above to zero-cycles on (P^1, {0, ∞})^p, p > 2. The considerations are “combinatorial”, and in particular higher Bloch groups do not come in (just as higher logarithms do not enter in §2.1 − 2.2). [The F^iCH^p here are the F^i_×CH^p referred to in §5.1.3.]

We begin with the observation that the result actually applies to any nonsingular complete toric variety T^p, modulo the principal divisors {D^{p−1}_α } arising from the codimension 1 faces of its fan (see [Fu]). So (working over

8or (mod torsion) any k ⊆ C .

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 210

C ) the generalizations to higher p > 2 of (P^2, △) are also covered by the following

Proposition. One can put a filtration on CH^p(T^p, ∪D^{p−1}_α ) so that Gr^iCH^p := F^iCH^p F^{i+1}CH^p ∼= K^M_i (C ) ⊕ . . . ⊕ K^M_i (C ) . ( p i ) copies This filtration comes from the product structure on T^p\∪D^{p−1}_α ∼= C^∗ × . . . × C^∗ . p copies Preliminary observation: To prove this we may revert to T^p = P^1 × . . . × P^1 p copies where the principal divisors are just every permutation of {0} × P^1 × . . . × P^1 and {∞} × P^1 × . . . × P^1. So from now on that’s what T^p and D^{p−1}_α mean.

Definition. Let all permutations of {1} × . . . × {1} p − i × P^1 × . . . × P^1 i be called standard i-planes. We write π^σ_i for the projections to these, where σ (or σ_i) denotes a choice of i indices. An i-plane is just any plane parallel to a standard i-plane. By an i-box we mean a (codimension p) 0−cycle consisting of a rectangular configuration of signed points (in an i-plane), such that adjacent points have opposite sign. By a standard i-box we mean an i-box with a corner at {1} × . . . × {1} p (these are contained in some

standard i-plane).

Now we produce (among other things) filtrations on the abelian group of 0-cycles C^p that will induce the desired filtrations on the Chow group CH^p = C^p/ ≡ rat . Note that C^p(T^p, ∪D p−1 α ) and C_0(T^p \∪D^{p−1}_α ) = C_0(C^∗ ×. . .×C^∗ ) are just the same thing.

Four conditions on zero-cycles: (1). F^{i+1}_{rat} C^p := { Z ∈ C^p | π^σ_i (Z) ≡ rat 0 (∀σ) } , where the rational ≡ is

taken inside each relevant i-plane. Write (rat)^i if Z ∈ F^i_{rat}C^p(T^p, ∪D^{p−1}_α ).

(2). Writing F^0_{P1}C^1(P^1, {0, ∞}) = C^1 and F^1_{P1}C^1 = { Z | Z ≡ hom 0 } , define F^i_×C^p := { Z | Z ∈ ⨁ σ∈S^p (F 0 P^1 × . . . × F 0 P^1) × (F 1 P^1 × . . . × F 1 P^1) } = {Z | Z = Σ i-boxes} (in particular, these i-boxes are not necessarily standard). Write (×)^i if Z ∈ F^i_×C^p.

(3). (st)^i means: π^σ_i (Z) ≡ rat Σ standard i-boxes (∀σ).

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 211

(4). (K)^i means: π^σ_i (Z) is “K^M_i (C )-equivalent” to 0 (∀σ). For this to make sense we must already be thinking of π^σ_i (Z) as standard i-boxes, and then the elements of K^M_i (C ) are the coordinates of the corners opposite {1, . . . , 1}. So (K)^i implicitly includes (st)^i.

Remark on the descent to CH^p: Towards the end of the argument we will use the fact that F^i_{rat} and F^i_× descend to rational equivalence classes [Z] in a well-defined fashion. This is really easy for F^i_{rat}, since (A) below implies trivially that π^σ_i descends to CH^p. For F^i_× one just defines

F^i_×CH^p := { [Z] | ∃ representative Z of [Z] such that Z ∈ F^i_×C^p } . However at present (directly below) we are still working over C^p.

Facts concerning (1)-(4):.

(A). (×)^i =⇒ (×)^{i−1}, (rat)^i =⇒ (rat)^{i−1}. To see the second of these (which says that F^{i−1}_{rat} ⊇ F^i_{rat}) for i > 3, one must note that rational equivalences are given by functions on the normalization of an algebraic curve (so the equivalences “project down” just fine); for i = 3 use pullbacks of dlog(z) to the relevant curves (which are in this case branched covers of the P^1’s via projection); i < 3 is trivial.

The obvious interpretation is that under the descent described above, F^∗_{rat} and F^∗_× define filtrations on CH^p (and of course also on C^p).

(B). (×)^i =⇒ (rat)^i. Recall that (rat)^i means that the projection of Z

to (i − 1)-planes is ≡ rat 0. So this merely says that collapsing an i-box to (i − 1)-space gives 0 on the level of cycles, because the signs cancel.

(C). (×)^i =⇒ (st)^i. An i-box (in any i-plane) may be made “standard

within that i-plane” by adding { + − } of the same points. Projecting this

to a standard i-plane gives a standard i-box (or 0).

(D). (K)^i[+(st)^i] =⇒ (rat)^{i+1} (“Steinberg relations → cycles rationally ≡ to 0”). We work in a standard i-plane, say the one corresponding to π^σ_i . The generating relations are “one or two-dimensional”: (i){. . . , [z_k = ]a, . . . , [z_j =]1−a, . . . } = 0; (ii) {. . . , [z_j =]ab, . . . }−{. . . , a, . . . }−{. . . , b, . . . } = 0; (iii) {. . . , a, . . . , b, . . . }+{. . . , b, . . . , a, . . . } = 0. Here we are writing Mil- nor K-theory additively. The hypothesis (K)^i says that π^σ_i (Z) is a formal sum of standard i-boxes; and moreover, that the corresponding formal sum of corners opposite {1, . . . , 1} consists entirely of these Steinberg relations with different k and j. Now consider the 2-plane given by fixing the “. . .”- coordinates and letting z_j and z_k vary. Intersecting it with π^σ_i (Z) gives a

standard 2-box which is ≡ rat 0 by the well-known argument for p = 2; e.g., in case (i) we have Z_{{a,1−a}} = (1, 1) − (a, 1) − (1, 1 − a) + (a, 1 − a). One can cover the box with planes parallel to this one obtained by changing some of

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 212

the “. . .”-coordinates to 1; these intersections are also ≡ rat 0 by the p = 2 case.

Remark. This is the step where we needed the i-boxes.

(E). (rat)^{i+1} + (st)^i =⇒ (K)^i (“cycles rationally ≡ to 0 → Steinberg relations”). Again we’re working in a standard i-plane. Recall that (K)^i is a priori a statement about the corners of the standard i−boxes opposite {1, . . . , 1}. However, it is sufficient to prove that the element of K^M_i (C ) generated by all the points of Z (not just those corner points) is trivial, since – using (st)^i – all other vertices of a standard box are K-theoretically trivial (because each has one coordinate z_l = 1). Now the generators for rational equivalence are individual curves {C_n} with meromorphic functions {h_n} defined on their normalizations. Since h = 1 whenever any coordinate function ~z_k blows up (this being the definition of rational equivalence relative the faces {D^{p−1}_α }), Suslin reciprocity on each algebraic curve, summed over n, reduces to 0 = ∑ n ∑ p∈|(h_n)| ν_p(h_n).{ ~z_1, . . . , ~z_i} ∈ K^M_i (C ), where ∑ n ∐ p∈|(h_n)| νp(hn) = Z ∈ C i(i-plane). This is exactly what we wanted.

(F). (rat)^i =⇒ (st)^i. Using (A), we see that (rat)^i =⇒ all π^{σ′}_j (Z) ≡ rat 0 for j < i, so that for each of the σ_i (there are ( p i ) of them),

π^σ_i (Z) ≡ rat π^{σi} (Z) + ∑ j<i (−1)^{i−j} ∑ σ^′⊂σ π^{σ′}_j (Z) =: B_i(π^σ_i (Z))

But the right-hand expression is just a sum of standard i-boxes, as desired. (The point is that this gives, for each σ_i, an element of K^M_i (C ).)

(G). Given (rat)^i, (rat)^{i+1} ⇔ (K)^i. (This is just the first part of the proposition; see below for more details.)

(⇒): by (F), (rat)^i =⇒ (st)^i; this is then just (E): (rat)^{i+1} + (st)^i =⇒ (K)^i.

(⇐): this is just (D).

Interpretation: Together with (F), this yields an isomorphism as described in the first part of the proposition. (F) gives a homomorphism F^i_{rat}C^p → ⊕K^M_i (C ), while (G,⇒) tells us that this is well-defined modulo F^{i+1}_{rat} C^p. Surjectivity is trivial: standard i-boxes in standard i-planes certainly surject onto the K^M_i (C ) summands, and such boxes are in F^i_{rat} by (B). Injectivity follows from (G,⇐). Finally we have to check that^{F iratCp}_{F i+1rat Cp} ∼=^{F iratCHp}_{F i+1rat CHp}

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 213

“naturally”. This is clear from the canonical isomorphisms CH^p ∼=^{Cp}_{F p+1Cp} , F^iCH^p ∼=^{F iCp}_{F p+1Cp} . To prove the second statement of the proposition we need one more fact: (H). (rat)^i =⇒ (×)^i mod (rat)^{p+1} (converse of (B) in CH^p). This says that if all π^σ_{i−1}(Z) ≡ rat 0, then Z is rationally equivalent to a sum of i-boxes.

For i = 1 this just says that if the multiplicities in Z of points ∈|Z| sum to zero, then one may “connect the dots” using line segments parallel to the coordinate axes, and take their boundaries as the desired 1-boxes. This can (in a slightly altered form) be generalized as follows. Let a= (a_1, . . . , a_p) ∈ |Z| have multiplicity n_a in Z. Define, for an integer k between i and p, an (i − 1)-index 1 ≤ l < k (which means: 1 ≤ l_1 < . . . < l_{i−1} < k) and an iplane P^a_{i,l,k} := (1, . . . , 1, z_l, 1, . . . , 1, z_k, a_{k+1}, . . . , a_p). (The notation means that z_{l1} , . . . , z_{li−1} all appear in their respective slots.) There is a natural projection of a to this P , and a natural way of making a into an i-box ⊆ P , which is like what we did in (F), but there we did it for the projection of all of Z to a standard i-plane. For example, in the case p = 5, i = 2 we have in P^a_{2,(2),4} = (1, z_2, 1, z_4, z_5) the 2-box (1, a_2, 1, a_4, a_5) − (1, 1, 1, a_4 , a_5) − (1, a_2, 1, 1, a_5) + (1, 1, 1, 1, a_5 ). We denote this i-box by B^a_{i,l,k} (so the 2-box in the example would be B^a_{2,(2),4}). Then ∑ a∈|Z| n_a p∑ k=i ∑ 1≤l<k B^a_{i,l,k} = Z + ∑ { + − } of the same points + ∑ σ_i ∑ j<i (−1)^{i−j} ∑ σ^′_j ⊆σ_i π^{σ′}_j (Z),

where the second term is 0 and the last is ≡ rat 0, proving that Z ≡ rat ∑ i- boxes. We note, for a given l, that the {P^a_{i,l,p}}_{a∈|Z|} are all the same standard i-plane; and the corresponding {B^a_{i,l,p}}, with the exception of some points that go to the second term, are where the third term comes from [σ_i corresponds to (l, p)]. The points for the first term Z come from the {B^a_{i,(1,... ,i−1),i}}_{a∈|Z|}.

Interpretation: Together with (B), this says that the filtrations F^i_× and F^i_{rat} on CH^p are the same.. From the definition of F^i_× it is clear that this

filtration respects products, in the sense that we have a (surjective) map F^aCH^p(T^p, ∪D^{p−1}_α ) ⊗ F^bCH^q(T^q, ∪D^{q−1}_β ) → F^{a+b}CH^{p+q}(T^{p+q}, ∪D^{p+q−1}_γ ). Remark 5.2.2. As in the case of p = 2, all the results hold if we replace C by k ⊆ C algebraically closed, or (modulo torsion) for any k ⊆ C .

5.2.4. Description of the invariants. In §5.1.3 we promised a filtration on CH^n((P^1, {0, ∞})^n(k)) and maps from the graded pieces to ⊕_{σi} H^i_D(η_S , Q(i)). Write X^n(k) = (P^1_k, {0, ∞})^n, and f_σ for an element of ⊗^iZ[P^1_{Q(S)} \ {0, ∞}] such that B_i(π^i_σ(Z)) below spreads to B_i(γ_{fσ} ) (the “i-box” of the graph).

5.2. ZERO-CYCLES ON (P^1, {0, ∞})^n 214

Then by composing with projections to the standard i-plane we have now

Gr^i_F CH^n(X^n(k)) ⊕π^i_σ −→_{∼=} ⊕_σ Gr^i_F CH^i(X^i(k)) −→_{∼=} n i ⊕ K^M_i (k ∼= Q(S)) R −→ n i ⊕ H^i_D(η_S , Q(i))

Z −→ ∑ σ_i π^i_σ (Z) ≡_{rat} ∑ σ B(π^i_σ (Z)) −→ ∑ σ {f_σ } −→ ∑ σ (Ω_{fσ} , R_{fσ} )

or in the formal notation of §5.1.3

[ζ]_i = ∑ σ_i ( [∧^idlogz_{σi} ]^∨⊗ ) [∧^idlogf_{σi} ] ∈ Gr^i_LHg^n(X^n × η_S )

and if this vanishes [AJζ]_{i−1} = ∑ σ_i ( [∧^idlogz_{σi} ]^∨⊗ ) [R_{fσi} ] ∈ Gr^i_LJ^n(X^n × η_S ).

For simplicity we restrict ourselves to examining the map F^nCH^n(X^n(k)) −→ H^n_D(η_S , Q(n)), first reviewing the sense in which the invariants are computed as cycleclass/AJ of the spreads of n-boxes

Z ≡_{rat} B_n(Z) = B (∑ m_j(α_{1j} , . . . , α_{nj} ) )

to ζ = B(γ_f), {f} = ∏ {f_{1j} , . . . , f_{nj}}^{mj} ∈ K^M_n (Q(S)) where f_{ij} ←→ α_{ij} under Q(S) ∼= k. In fact if^9

[∧^ndlogf] ∈ H^n(η_S , Q(n)) ∩ F^nH^n(η_S , C )

vanishes then so does^{10} [T_f] ∈ H_{2(dim S)−n}(S_{rel}, Z), so that one may exhibit B(γ_f) as a topological boundary of Γ_f = ∂^{−1}(B(γ_f)) = θ(B(γ_f)) + (S^1)^n × ∂^{−1}_{(S,D)}T_f in a sense described precisely in §1.2 − 1.4 (and §1.4.5). To find AJ(B(γ_f)) one integrates over this ∫ Γ_f

∧^n_{i=1}dlogz_i ∧ π^∗_S ω = ∫ S R^′_f ∧ ω

or replacing forms ω by (n − 1)-cycles C (on η_S ), ∫ C R_f (mod Z(n)).

Rather than conceiving of [B(γ_f)] and [AJ(B(γ_f))] in this sense as two separate invariants, we would like to combine them into one geometrically defined unit. In §2.2.2 we observed that since d[R_f] = Ω_f − (2πi)^nT_f, ∫ C R_f 9∧^ndlogf can also be thought of in terms of Kähler differentials on the original cycle, without spreading to S.

10S_{rel} := lim−→_{D/Q⊂S} (S, D)

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 215

defined a holomorphic C /Z(n)-valued differential character (and thus an element of H^n_D(η_S , Q(n))) even when [Ω_f] ≠ 0. The geometric basis behind this involves membrane integrals. To produce the membrane we start with a lift

(π^ζ_S )^{−1}C = B(γ_f) ∩ {(P^1)^n × C}

of C to each component of B(γ_f) (with multiplicity/sign). As classes (π^ζ_S )^{−1}C [dimension n − 1] and T^n_□ × S [codimension n] do not intersect,^{11} and so applying θ directly^{12} gives an initial membrane on (C^∗ )^n × S, θ((π^ζ_S)^{−1}C) with boundary (π^ζ_S )^{−1}C. Now we project this to (C^∗ )^n and define

Γ_C := π_X { θ ( (π^ζ_S )^{−1}C )}

so that, writing f(C) for π^ζ_X ((π^ζ_S )^{−1}C),

∂Γ_C = f(C) on (C^∗ )^n.

The key to understanding how the form ∧^ndlogz_i on (P^1, {0, ∞})^n controls rational equivalence, and to the generalization to smooth X in §5.3, is then ∫ Γ_C

∧^ndlogz_i = ∫ C R_f

and that any other choice of membrane changes the value by a period of ∧^ndlogz_i (∈ Z(n)). Such membrane-integral constructions in fact always yield differential characters.

In the case dim S = 1, n = 2, the first figure in §1.4.3 shows essentially what Γ_C would look like for a couple of loops [=(I)+(III) for one loop and (II) for the other]. Although this picture is drawn for γ_f on (□^2, ∂□^2)×η_S instead of B(γ_f) on (P^1 × P^1, #) × η_S , the only difference (which is formal) is that Γ_C bounds also on the components B_{γf} in ({1} × P^1 ∪ P^1 × {1}) × η_S = I^2 × η_S instead of using it as a “topological trashcan”.

5.3. Zero-cycles on a Product of Curves

5.3.1. Reduction of the target spaces. In the first two subsections we establish the “reduced” invariants we will use, in the more general case of X/Q smooth projective. We take dim X = n and Z ∈ Z^n(X(k)) a 0-cycle, the coefficients of whose defining equations generate k. Since the equations defining X have coefficients in Q, X does not spread with Z and so one has the situation /Q

11In the case where (P^1, {0, ∞})^n is replaced by X smooth projective (in §5.3) so that the invariants [ζ]i are defined, this step is replaced by the following: because we consider a cycle Z ∈ F^nCH^n, [ζ]n−1 must be zero, so that [π^ζ_X {(π^ζ_S )^{−1}C}] = 0 automatically. The point is that [ζ]n−1 ∈ hom_Q{Hn−1(S, Q), Hn−1(X, Q)} describes that action of [π^ζ_X ∘ (π^ζ_S )^{−1}] on (n − 1)-cycles (which is exactly what C is).

12rather than to all of B(γ_f), under the condition [Ω_f] = 0 (which we want to avoid here).

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 216

π^ζ X π X × η_S ^⊃ ζ

ρ_ζ η_S ρ

where as usual S/Q is smooth projective with Q(S) ∼= k. We will show how to simplify essentially a quotient of the graded pieces of H^{2n}_H (X × η_S , Q(n)) in this case, obtain maps into them and then specialize to products of curves and obtain very explicit formulas for (the “quotients” of) the maps Ψ_i.

Let H_Q be a MHS, and write H_C = H_Q ⊗_ZC , W_0H_C = (W_0H_Q ) ⊗ C and so on. Then (see [Ca]) hom_{MH} (Q(0), H_Q ) = F^0W_0H_C ∩ W_0H_Q ,

Ext^1_{MH} (Q(0), H_Q ) =

W_0H_C W_0H_Q + F^0W_0H_C so that

hom_{MH} (Q(0), H_Q ⊗ Q(n)) = {F^nW_{2n}H_C ∩ W_{2n}H_Q } (n)

Ext^1_{MH} (Q(0), H_Q ⊗ Q(n)) = { W_{2n}H_C W_{2n}H_Q + F^nW_{2n}H_C } (n). We will omit the (n) frequently when it is not important.

Reduction of Gr^i_LHg^n(X × η_S ). Set H_Q := H^i(η_S , R^{2n−i}_{ρ∗} Q) = H^i(η_S , Q) ⊗ H^{2n−i}(X, Q), so that the fact that H^{2n−i}(X, Q) has pure weight 2n − i =⇒ W_{2n}H_Q = W_iH^i(η_S , Q) ⊗ H^{2n−i}(X, Q) = H^i(η_S , Q) ⊗ H^{2n−i}(X, Q) where H^i(η_S , Q) := im { H^i(S, Q) → H^i(η_S , Q) } . Therefore Gr^i_LHg^n(X × η_S ) = hom_{MH} (Q(0), H_Q ⊗ Q(n))

= F^n { H^i(η_S , C ) ⊗ H^{2n−i}(X, C ) } ∩ { H^i(η_S , Q) ⊗ H^{2n−i}(X, Q) }

= ∑ 0≤k≤i F^kH^i(η_S , C ) ⊗ F^{n−k}H^{2n−i}(X, C ) ∩ { H^i(η_S , Q) ⊗ H^{2n−i}(X, Q) } . The sum is a bit overwhelming, but if we quotient by F^{n−i+1} X Gr^i_LHg^n(X × η_S ) := Gr^i_LHg^n(X × η_S ) ∩ { H^i(η_S , Q) ⊗ F^{n−i+1}H^{2n−i}(X, C ) }

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 217

then all but the k = i term of the sum gets swallowed. So Gr^i_LHg^n(X × η_S ) ↠ Gr^i_LHg^n(X × η_S ) / F^{n−i+1} X {num} = { F^iH^i(η_S , C ) ⊗ (F^{n−i}) F^{n−i+1} H^{2n−i}(X, C ) } ∩ { H^i(η_S , Q) ⊗ H^{2n−i}(X, Q) }

= hom_C { F^iH^i(X, C ), F^iH^i(η_S , C ) } ∩ hom_Q {H_i(η_S , Q), H_i(X, Q)} where H_i(η_S , Q) := coim {H_i(η_S , Q) → H_i(S, Q)} consists of topological cycles avoiding certain^{13} divisors D/Q ⊂ S, modulo those which are ∼ 0 under → S. We strategically rewrite this ∩, setting V := (F^iH^i(X, C ))^∨ and Λ = im(H_i(X, Q)) → V (these are the periods^{14}), as F^iH^i(η_S , V ) ∩ H^i(η_S , Λ) and explain why later.

Explanation of the Ext/Hom quotient. Now let H_Q := H^{i−1}(η_S , R^{2n−i}_{ρ∗} Q) = H^{i−1}(η_S , Q) ⊗ H^{2n−i}(X, Q) so W_{2n−1}H_Q = H^{i−1}(η_S , Q)⊗H^{2n−i} (X, Q), and H̃_Q := H^{2n−1}(X ×η_S , Q) ↠ H_Q by Künneth projection. We want to do the same sort of thing for

Gr^{i−1}_L J^n(X × η_S ) =

Ext^1_{MH} (Q(0), W_{−1}(H_Q ⊗ Q(n))) hom_{MH} (Q(0), Gr^W_0 (H̃_Q ⊗ Q(n))) = Ext^1_{MH} (Q(0), (W_{2n−1}H_Q ) ⊗ Q(n)) hom_{MH} (Q(0), (Gr^W_{2n}H̃_Q ) ⊗ Q(n))

∼= Ext^{1MH} (Q(n), W^{2n−1}H^Q ) hom_{MH} (Q(n), Gr^W_{2n}H̃_Q ) as we did above for Gr^i_LHg^n(X × η_S ).

Although we will not have much use for it we first explain how the denominator maps naturally into the numerator. In fact this amounts to computing the connecting homomorphism

hom_{MH} (Q(n), Gr^W_{2n}H̃_Q ) Δ −→ Ext^1_{MH} (Q(n), W_{2n−1}H̃_Q ) in the long Ext-sequence associated to the short exact sequence 0 → W_{2n−1}H̃_Q → W_{2n}H̃_Q → Gr^W_{2n}H̃_Q → 0 of mixed Hodge structures (and then composing with the map induced by H̃_Q ↠ H_Q ). Δ is obtained by composing ξ ∈ hom_{MH} (Q(n), GrW_{2n}H̃_Q ) with the extension class

e ∈ Ext^1_{MH} (Gr^W_{2n}H̃_Q , W_{2n−1}H̃_Q ) := hom_{MH} (Gr^W_{2n}H̃_Q , W_{2n−1}H̃_Q ) ⊗_Z C hom_{MH} (Gr^W_{2n}, W_{2n−1}) + F^0{num}

13(but not all; this would be impossible. One takes a representative cycle on some S \ D, that survives in the direct limit; more on this later).

14which for once are not in (2πi)^nZ

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 218

to get e ∘ ξ ∈ Ext^1_{MH} (Q(n), W_{2n−1}H̃_Q ). Therefore e is the important object; we may describe it (as a lift) in hom_{MH} (Gr^W_{2n}H̃_Q , [(W_{2n−1}H̃_C )^∨]^∨) as follows. First, Gr^W_{2n}H̃_Q is represented by differential forms with dlog-poles along divisors D/Q ⊂ S but not along their intersections (no dlogz_i ∧dlogz_j locally), modulo forms with no residues. Writing S_{rel} := lim−→_{D/Q⊂S} (S, D), under the

isomorphism H^{2n−1}(X × η_S , Q) ∼= H_{2t−2n+1}(X × S_{rel}, Q) such forms are Poincaré dual to certain (relative) topological cycles C bounding on X × D/Q ⊂ X × S. Let [C] ∈ Gr^W_{2n}H̃_Q be such a class and pull it back to W_{2n}H̃_Q ; this will pair with the pull-back of [ω] ∈ (W_{2n−1}H̃_C )^∨ to (W_{2n}H̃_C )^∨ (in the dualized short exact sequence, ⊗C ). [Note that

(W_{2n−1}H̃_C )^∨ = ( im { H^{2n−1}(X × S, C ) → H^{2n−1}(X × η_S , C ) })_∨ = coim { H^{2t−2n+1}(X × S_{rel}, C ) → H^{2t−2n+1}(X × S, C ) } is spanned by certain ω ∈ Γ ( Ω^{2t−2n+1} (X×S\D)^∞ ) , whose classes survive in the lim←−.]

Conclusion. One should think of Ext^1_{MH} (Q(n), W_{2n−1}H_Q ) as functionals on [ω] ∈ (W_{2n−1}H_C )^∨ (modulo periods/etc.), and hom_{MH} (Q(n), Gr^W_{2n}H̃_Q ) as a certain subset of the (Poincaré dual classes of) cycles [C] ∈ Gr^W_{2n}H̃_Q , whose image (in the double-dual) is computed by the functionals ∫ C ω. Reduction of Gr^{i−1}_L J^n(X × η_S). Now that we know that the image of the hom_{MH} -denominator makes sense, we proceed to eliminate it. Observe that this image factors through the Künneth projection of the denominator to hom_{MH} (Q(0), (Gr^W_{2n}H_Q ) ⊗ Q(n)) ∼=

F^nW_{2n}H_C ∩ W_{2n}H_Q {num} ∩ W_{2n−1}H_Q

∼= {∑ 0≤j≤i−1 F j W_iH^{i−1}(η_S , C ) ⊗ F^{n−j}H^{2n−i}(X, C ) } ∩ { W_iH^{i−1}(η_S , Q) ⊗ H^{2n−i}(X, Q) } {num} ∩ W_{2n−1}H_Q since H^{2n−i}(X, C ) is pure, and^{15} j ≥ i =⇒ F^j H^{i−1}(η_S , C ). On the other hand, by the calculation at the beginning the numerator

Ext^1_{MH} (Q(S), (W_{2n−1}H_Q ) ⊗ Q(n)) =

(W_{2n})W_{2n−1}H_C W_{2n−1}H_Q + F^nW_{2n−1}H_C = H^{i−1}(η_S , C ) ⊗ H^{2n−i}(X, C ) H^{i−1}(η_S , Q) ⊗ H^{2n−i}(X, Q) + ∑ 0≤k≤i−1 F kH^{i−1}(η_S , C ) ⊗ F^{n−k}H^{2n−i}(X, C ) . 15(it is also tempting to use j <^i_2 =⇒ 2(n − j) > 2n − i =⇒ F^{n−j} H^{2n−i}(X, C ) ∩ H^{2n−i}(X, Q) = 0, but this does not apply in the ⊗.)

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 219

Now if we divide by F^{n−i+1} X Gr^{i−1}_L J^n(X × η_S ) := im { H^{i−1}(η_S , C ) ⊗ F^{n−i+1}H^{2n−i}(X, C ) → Gr^{i−1}_L J^n(X × η_S ) } ∼= im {H^{i−1}(η_S , Q) ⊗ F^{n−i+1}H^{2n−i}(X, C ) → Gr^{i−1}_L J^n(X × η_S )} then both sums (over j and k) get swallowed, since both j, k ≤ i − 1 (in all nonzero terms). Therefore Gr^{i−1}_L J^n(X × η_S) ↠ Gr^{i−1}_L J^n(X × η_S ) / F^{n−i+1} X {num} = H^{i−1}(η_S , Q) ⊗ H^{2n−i}(X, C ) H^{i−1}(η_S , Q) ⊗ F^{n−i+1}H^{2n−i}(X, C ) + H^{i−1}(η_S , Q) ⊗ H^{2n−i}(X, Q) ∼= hom ( H_{i−1}(η_S , Q), H^{2n−i}(X, C ) F^{n−i+1}H^{2n−i}(X, C ) + H^{2n−i}(X, Q) )

= hom ( H_{i−1}(η_S , Q), (F^iH^i(X, C ))^∨ /imH_i(X, Q) )

=: H^{i−1}(η_S , V /Λ).

5.3.2. “Reduced” higher Abel-Jacobi maps for 0-cycles on a smooth projective variety/Q. Let

Λ(i)_D := Λ → O_S ⊗ V → Ω^1_S ⊗ V → . . . → Ω^{i−1}_S ⊗ V → 0 and define H^∗_D(S, Λ(i)) := H^∗ (S, Λ(i)_D ).

If we put H^i_D(η_S , Λ(i)) := im { H^i_D(S, Λ(i)) → H^i_D(η_S , Λ(i)) } , some algebra shows the top row of

0 → H^{i−1}_D (η_S , V/Λ) ν H^i_D(η_S , Λ(i)) η F^iH^i(η_S , V ) ∩ H^i(η_S , Λ) → 0

0 → Gr^{i−1}_L J^n(X × η_S ) q ν Gr^i_LH^{2n}_H (X × η_S , Q(n)) η Gr^i_LHg^n(X × η_S ) → 0 p

is exact. The two extension classes could still be different, though it seems unlikely, but we can get around this anyway. If L^iZ^n(X(k)) denotes cycles with class in L^iCH^n(X(k)), then below we will define (once again spreading Z → ζ) χ_i : L^iZ^n(X(k)) −→ H^i_D(η_S , Λ(i))

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 220

as a holomorphic differential character. This gives rise to invariants [ζ]_i := η(χ_i(Z)), and if this is zero χ_i(Z) =: ν([AJζ]_{i−1}). Recall that we have mapps

Ψ_i : L^iZ^n(X(k)) −→ Gr^i_LH^{2n}_H (X × η_S , Q(n))

which kill L^{i+1} by definition (and in particular this includes all Z ≡_{rat} 0). The

one can show that p[ζ]_i = [ζ]_i, and if [ζ]_i = 0 (a stronger condition than [ζ]_i = 0), q[AJζ]_{i−1} = [AJζ]_{i−1}. This is enough to show that χ_i kills L^{i+1} (and ∴ in particular is defined on L^iCH^n(X(k))), since [ζ]_i = [AJζ]_{i−1} = 0 =⇒ [ζ]_i = [AJζ]_{i−1} = 0.

We now define for each Z ∈ L^iZ^n(X(k)) a holomorphic V/Λ-valued differential character χ_i(Z). This must be defined on all topological (i − 1)- cycles C on S \ D for some divisor D/Q in the limit (we will explain why later). Since Z ∈ L^i, its spread has [ζ]_{i−1} = 0, in particular as an element of hom_Q ( H_{i−1}(η_S , Q), H_{i−1}(X, Q) ) . Therefore π_ζ (ρ^{−1}_ζ (C)) has trivial class in H_{i−1}(X, Q), and so may be written ∂Γ (for Γ defined up to an i-cycle on X). If {ω_ℓ} is a basis for F^iH^i(X, C ) then the integrals

χ_i(Z)C := {∫ Γ ω_ℓ }

give a “value” in V/Λ. If C = ∂K on S then (again modulo i-cycles on X) Γ = π_ζ (ρ^{−1}_ζ (K)) and so

χ_i(Z)∂K ≡_{mod Λ} {∫ K ρ_{ζ ∗}π_ζ^∗ω_ℓ }

amounts to integrals of holomorphic i-forms (or a V -valued holomorphic iform) over K. Thus χ_i(Z) is a differential character and (slightly extending a standard fact, see [Ga]) gives an element of H^i_D(η_S , Λ(i)), as promised.

Formulas for [ζ]_i and [AJζ]_{i−1} come out of this construction; the minor miracle here is that [AJζ]_{i−1} is defined “before” [AJζ]_{i−1} is. Although [ζ]_i = 0 =⇒/ [ζ]_i = 0 (and so [AJζ]_{i−1} is not yet defined), the fact that χ_i(Z) is a well-defined element of H^i_D(η_S , Λ(i)) does mean that [ζ]_i = 0 is enough to pull χ_i(Z) back to define [AJζ]_{i−1}. Now [ζ]_i is computed by the “V -valued holomorphic i-form” {ρ_{ζ ∗}π_ζ^∗ω_ℓ} or in more down-to-earth language [ζ]_i = ∑ ℓ [ω_ℓ]^∨ ⊗ [ρ_{ζ ∗}π_ζ^∗ω_ℓ] ∈ hom_C ( F^iH^i(X, C ), F^iH^i(η_S , C ) ) ∩ im{hom_Q }.

Vanishing of this invariant does not mean [ζ]_i is zero as an element of hom_Q (H_i(η_S , Q), H_i(X, Q)); it merely means that the classes [ρ_{ζ ∗}π_ζ^∗ω_ℓ] = 0, which by easy Hodge theory =⇒ the forms ρ_{ζ ∗}π_ζ^∗ω_ℓ = 0 exactly. This has the effect of making the differential character pull up to a cohomology class, since if C = ∂K on S (⇐⇒ [C] = 0 in H_{i−1}(η_S , Q)) the integrals over

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 221

K are zero. Therefore in [ζ]_i = 0 the integrals {∫ Γ ω_i } yield a cohomology class [AJζ]_{i−1} ∈ hom ( H_{i−1}(η_S , Q), V Λ = (F^iH^i(X, C ))^∨ imH_i(X, Q) ) . One slight problem is that we may have dim_Q Λ > dim_R V , which makes it difficult to tell when [AJζ]_{i−1} ≠ 0 in practice – there are “too many periods”. But in return for this inconvenience, it is easy to set up a situation in which [ζ]_i = 0: namely, dim S (= trdeg(k/Q)) < i. We also remark that everything we have done up to this point should work (with different numbers) for codimension p (< n) cycles Z on X(k) as well.

In summary, we have two invariants for zero-cycles Z ∈ L^iCH^n(X(k)), which we write Ψ_i : Gr^i_LCH^n(X(k))^{(⊗Q)}→ Gr^i_LH^{2n}_H (X × η_S , Q(n)) and χ_i : Gr^i_LCH^n(X(k)) −→ H^i_D(η_S , Λ(i)), where both maps are well-defined (kill L^{i+1}) but the bottom one is not injective: ker(χ_i) ⊋ L^{i+1}CH^n in general. As for invariants into which these “split”, [ζ]_i = p[ζ]_i, and [AJζ]_{i−1} = q[AJζ]_{i−1} when both are defined ([ζ]_i = 0). However we will be interested below in a situation where [ζ]_i = 0 (but possibly [ζ]_i ≠ 0), and where we can show [AJζ]_{i−1} ≠ 0, so that Z /≡_{rat} 0.

[This is meant to be analogous to Milnor regulator currents R_f, {f} ∈ K^M_n , on (n − 1)-dimensional varieties (so that Ω_f = 0).] We emphasize that arguing Z /≡_{rat} 0 in this way, does not rely on BBC^q.

5.3.3. The situation for products of curves. In fact, we now specialize to X = C_1 × . . . × C_n/Q for two reasons.

The first is that in this case, L^iCH^n(X(k)) is easily described via the product structure. (This is necessary because we cannot, e.g. for Z ∈ L^{i−1}, use χ_i(Z) = 0 to push Z into L^i; we need some other means for obtaining elements in L^i.) As in §5.1 (for the relative varieties) one uses the projections π^i_σ : X −→ C_{σi(1)} × . . . × C_{σi(i)} =: X_{σi} to induce isomorphisms H^i(X, Q)^{⊕π} i σ ∗ ←−_{∼=} ⊕_{σi} H^i(X_{σi} , Q)

H^{2n−i}(X, Q) −→_{∼=} ⊕_{σi} H^i(X_{σi} , Q) and (together with the formulas for the Gr^∗_LH^∗_H) a diagram

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 222

L^iCH^n(X(k)) ⊕[π^i_σ]_∗ ⊕_{σi} L^iCH^i(X_{σi} (k))

Gr^i_LH^{2n}_H (X × η_S , Q(n)) Ψ_i(n) ∼= ⊕_{σi} Gr^i_LH^{2i}_H(X_{σi} × η_S , Q(i)).

BBCq

⊕Ψ_i(i) ∩

Setting

F^i_×CH^n(X(k)) := ker(⊕[π^i_σ]_∗) ⊆ CH^n(X(k)) ,

in particular

F^n_×CH^n(X(k)) :=

0-cycles whose projections to products of n − 1 curves, are ≡_{rat} 0 / ≡_{rat} ,

one has from this diagram F^i_×CH^n(X(k)) ⊆ L^iCH^n(X(k)) and equality if BBC^q holds (or without BBC^q for i ≤ 2). (Here the L^i are defined, as usual, via kernels of successive Ψ_i; note that BBC^q =⇒ L^{n+1}CH^n = 0, while F^{n+1}_× CH^n = 0 by definition.) It is easily shown by an argument like that in §5.2, that F^n_×CH^n(X(k)) is spanned by cycles of the form Z_a = Z_{(a1 ,... ,an)} := (a_1, . . . , a_n) − ∑ j (a_1, . . . , p_j , . . . , a_n)+ ∑ j_1<j_2 (a_1, . . . , p_{j1} , . . . , p_{j2} , . . . , a_n) − . . . + (−1)^n · (p_1, . . . , p_n) for all {a_j } ∈ C_j(k), where {p_j } ∈ C_j(Q) are fixed base points. So such cycles are in L^nCH^n(X(k)) (and if BBC^q holds, they span it); therefore we may in principle compute [ζ]_n, [AJζ]_{n−1} for these “n-boxes”.

The second reason for specializing to products of curves, is that we may compute these invariants, in particular [AJζ]_{n−1}, as (V/Λ-valued collections of) (n − 1)-currents on the base S. The idea is to extend the “standard homotopy θ” of §1.3 from (C^∗ )^n to C_1 × . . . × C_n using the fact (as with C^∗ ) that eaxg C_j can be cut into a fundamental domain. One then applies this^′θ to the spread of Z_a (in exactly the same way as θ was applied to n-box-graphs in §1.4.5) to standardize the chains Γ used in the differential character construction above. (We will not produce^′θ explicitly but it will hopefully be clear from our construction of the (n − 1)-currents below, how to do so.) So we can push χ_n down to a collection of (n − 1)-currents on S, one for each

ω_ℓ ∈ F^nH^n(C_1 × . . . × C_n) ∼= H^0(Ω^1_{C1} ) ⊗ . . . ⊗ H^0(Ω^1_{Cn} ) ,

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 223

which we write by abuse of notation [AJζ]_{n−1}. The fact that χ_n is a holomorphic differential character is expressed by

d[AJζ]_{n−1} = [ζ]_n + T_ζ

where T_ζ is a {topological (2t − n + 1)-chain}⊗Λ giving a Λ-valued current. If [ζ]_n = 0 (e.g. if t = dim S < n), then [AJζ]_{n−1} no longer abuses notation and gives a cohomology class [AJζ]_{n−1} ∈ H^{n−1} ( η_S , {F^nH^n(C_1 × . . . × C_n)}^∨ periods ) . As a point of reference to Chapters 1 and 2, {F^nH^n(C^∗ × . . . × C^∗ )}^∨/periods = C /Z(n). Now to finish a point left open above, one obtains this cohomology class by integrating over topological (n − 1)-cycles C, which can be moved (in their class on S) to avoid an unspecified set of divisors D/Q. (This is the leaning of the limit; the set of such cycles is just the group H_{n−1}(η_S , Q) from above.) From the perspective of [GG5], this is so that the class [AJζ]_{n−1} is unaffected by any modifications of the full spread ζ̃ (on X × S) over any D/Q. Algebraically,

H^{n−1}(η_S , V/Λ) ∼=_{nc} coim { H^{n−1}(S, V/Λ) → H^{n−1}(η_S , V/Λ) }

∼= lim −→_{D⊂S} { hom(H_{n−1}(S, Q), V/Λ) im{hom(H_{n−3}(D, Q), V/Λ)} }

where the image is computed by ∩D : H_{n−1}(S) → H_{n−3}(D). If S is a curve the H_1(η_S , Q) ∼= H_1(S, Q) while if^{16} S = C_1 × C_2 the H_2(η_S , Q) ∼= H_1(C_1) ⊗ H_1(C_2). So there are plenty such cycles.

An analogy (because of the lack of residues along D) between [AJζ]_{n−1} and “holomorphic” Milnor regulator currents (coming from {f} ∈ K^M_n (S)), is certainly apt. Fortunately, however, nothing like the vanishing theorem could hold because all S’s in the present context are defined over Q (and ∴ not general).

5.3.4. Formulas for the invariants and a concrete example. We now show how to write down general formulas for the currents representing [AJζ]_{n−1}, first for n = 3. Let C_{i=1,2,3} be curves defined over Q, and p, q, r be points in the respective C_i(k), k ⊂ C . Writing 0 for all three base points/Q, consider the “3-box” cycle Z = Z_{(p,q,r)} = (p, q, r) − (0, q, r) − (p, 0, r) − (p, q, 0) + (0, 0, r) + (0, q, 0) + (p, 0, 0) − (0, 0, 0) in Z_0((C_1 × C_2 × C_3)(k)) with class [Z] ∈ L^3CH^3((C_1 × C_2 × C_3)(k)), by the above discussion. As usual we will consider its spread ζ to η_S , for S some projective variety /Q with Q(S) ∼= k.

16as might occur if the cycle being spread involved general points on each of two curves in a product X = C1 × C2 × C3.

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 224 Let α^{j=1,... ,2gi} i (with g_i the genus) be topological cycles on C_i spanning H_1(C_i, Q) and all based at 0. We take α̂^j_i to be a dual basis of “markings” avoiding 0, and based at another point which the α^j_i avoid. Things are set up as usual so that [α̂^j_i ] = [α^{j+gi}_i ] (but α̂^j_i ≠ α^{j+gi}_i ), and α^{j1}_i ∩ α^{j2}_i is empty unless j_1 = j_2 (and then it is a point). The interior of our fundamental domain (with “center” at 0) is then given by C_i \ ∪_jα̂^j_i , and we denote its closure by D_i . The forms {ω^{k=1,... ,gi} i } ∈ Ω^1(C_i) integrate to give functions z^k_i on D_i which are zero at 0. They may be viewed as discontinuous, complex-valued functions on C_i with cuts at the markings, i.e. as 0-currents like log z on C^∗ , so that

d[z^k_i ] = ω^k_i − 2g_i∑

j=1 ω^k_i (α^j_i ) · δ_{α̂}j_i

where ω(α) := ∫ α ω. Now the spreads of the points p, q, r give maps s_i : S → C_i, and by composition with the z^k_i , zero-currents f^k_i := z^k_i ∘ s_i ∈^′D^0(S), or functions on S with branch cuts T^j_i = s^{−1}_i (α̂^j_i ). We have

d[f^k_i ] = df^k_i − 2g_i∑

j=1 ω^k_i (α^j_i ) · δ_T j_i

where df^k_i := s^∗_i ω^k_i . (This is of course the analogue of the formula d[log f] = dlogf − 2πi · δ_{Tf} .) Provided [ζ]_3 = 0 (see below) one then has for [AJζ]_2 the vector-valued current

f^{k1}_1 df^{k2}_2 ∧ df^{k3}_3 +

2g_1∑

j_1=1

(ω^{k1}_1 (α^{j1}_1 ))f^{k2}_2 df^{k3}_3 · δ_T j_{11} + ∑ j_1,j_2

(ω^{k1}_1 (α^{j1}_1 ))(ω^{k2}_2 (α^{j2}_2 ))f^{k3}_3 · δ_T j_{11 ∩T} j_{22}

which gives a well-defined class in H^2(η_S , {F^3H^3(C_1 × C_2 × C_3, C )}^∨ /Λ) ∼= hom(H_2(η_S , Q), V/Λ). (The “vectors” here consist of g_1 ×g_2 ×g_3 entries, each of which corresponds to a choice of k_1, k_2, k_3.) Notice that d of this current is a lattice-valued current (trivial) plus df^{k1}_1 ∧ df^{k2}_2 ∧ df^{k3}_3 , its “infinitesimal invariant” or [ζ]_3; if this is not zero the “AJ” current gives a differential character instead of a cohomology class, but we still write [AJζ]_2 anyway.

Similarly, for Z_{(p,q)} ∈ Z_0((C_1 × C_2)(k)) one has for [AJζ]_1

[f^{k1}_1 df^{k2}_2 +

2g_1∑

j_1=1

(ω^{k1}_1 (α^{j1}_1 ))f^{k2}_2 · δ_T j_{11} ] ∈ H^1(η_S , {F^2H^2(C_1 × C_2, C )}^∨ /Λ)

provided the class of df^{k1}_1 ∧ df^{k2}_2 vanishes, as for instance in the case where dim S = trdeg(k/Q) = 1. We now give an example of such a case, where [AJζ]_1 ≠ 0.

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 225

We mentioned in §5.3.2 that dim_Q Λ might be larger than dim_R{F^2H^2(C_1× C_2, C )}^∨ ; one situation where this does not happen is for C_1 = C_2 = E an elliptic curve with complex multiplication. In particular, take E = {y^2 = x^3 − 5x} with ω = dx/y ∈ Ω^1(E) and topological 1-cycles α, β; for the 0-currents resulting from the integrals ∫ 0 ω on D we will write simply z_1, z_2.

(These are just the standard “plane coordinates” on the factors E × E.) For the periods on E we write Ω_1 = Ω = ∫ α ω and Ω_2 = iΩ = ∫ β ω (where Ω ∈ C is some transcendental number), so that ∫ α×β dz_1 ∧ dz_2 = (iΩ)Ω = iΩ^2, ∫ β×β dz_1 ∧ dz_2 = (iΩ)(iΩ) = −Ω^2, ∫ α×α dz_1 ∧ dz_2 = Ω^2 give the period lattice ⟨ Ω^2, iΩ^2 ⟩ = Λ ⊂ V = F^2H^2(E × E)^∨ = ⟨dz_1 ∧ dz_2⟩^∨ = C .

Now take a base point 0 defined over Q, and a general point p defined over k ∼= Q(E) (so that S and E will be birationally equivalent). There also exists a nontorsion rational point ξ, which means that ∫_ξ 0 ω is not torsion^{17} in C / ⟨Ω, iΩ⟩_Z. We study the cycle Z = Z_{(p,p−ξ)} = (p, p − ξ) − (0, p − ξ) − (p, 0) + (0, 0), with class [Z] ∈ L^2CH^2((E ×E)(k)) and spread ζ̃ ⊆ E ×E ×E, and [ζ]_2 = 0 (since dim S = 1).

The spreads of p and p − ξ give rise to maps (s_1, s_2) = (id, id − ξ) : S ≃ E → E × E. We choose our cuts α̂, β̂ so that z = ∫ 0 ω takes values in the square −Ω/2 ≤ ℑ(z) ≤ Ω/2, −Ω/2 ≤ ℜ(z) ≤ Ω/2 centered at 0, and pick α, β to have support along the real and imaginary axes, respectively. Composing (id, id − ξ) with z gives zero-currents f and g on S ≃ E, with cuts T^α_f , T^β_f (and T^α_g , T^β_g ). Using df, dg (both = dz) for the pullbacks of ω (by s_1, s_2), we can now write down the basic 1-current

[AJζ]_1 = [f dg + Ω g · δ_T α_f + iΩ g · δ_T β_f ] ∈ hom ( H_1(η_E ), C / ⟨ Ω^2, iΩ^2 ⟩) . Now in fact, since f = z ∘id, T^α_f = α̂ and T^β_f = β̂. So integrating the current term by term over α ∈ H_1(E) ∼= H_1(η_E ), we have ∫ α f dg = ∫ α z dz = ∫_{Ω/2} −Ω/2 z dz = 0, ∑ p∈T^α_f ∩α Ω · g(p) = ∑ p∈α̂∩α Ω · g(p) = Ω · g(±Ω/2) = ±

Ω^2 2 − ξΩ, ∑ p∈T^β_f ∩α iΩ · g(p) = 0 since β̂ ∩ α = ∅ (they are parallel).

The only nonzero entry is nontorsion in C / ⟨ Ω^2, iΩ^2 ⟩ Z, which is to say nonzero in V/Λ, and so 0 ≠ [AJζ]_1, which =⇒ 0 ≠ [Z] ∈ L^2CH^2((E × E)(k)). So we have just used basic calculus to show a cycle Z_{(p,p−ξ)} ∈

17or nonzero in C / ⟨Ω, iΩ⟩ (unless otherwise indicated all lattices are Q-lattices).

5.3. ZERO-CYCLES ON A PRODUCT OF CURVES 226

ker(Alb) is not rationally equivalent to zero.^{18} For purposes of comparison (and this is easy to show explicitly by solving a diagram as in §5.2.2), the cycle 2Z_{(p,p)} is rationally equivalent to zero.

Though it follows from the theory we have developed above, we wish to emphasize that there is nothing conjectural about this argument. If Z were rationally equivalent to 0 then its spread ζ over η_S would also be ≡_{rat} 0, and

so one could not have a concrete piece of the AJ-map coming up nonzero. In fact, it’s possible to see by a direct geometric argument (using a homotopy ′θ) that integrating the above current over α is the same as taking ζ = ∂Γ (on X × η_S ) and integrating a cohomology class in H^3(X × η_S ) over Γ. But Γ becomes much harder to find (at least directly) for even the next example, that of Z = Z_{(p,q−p,q−ξ)} on X = E × E × E, say, for q and p algebraically independent general points on E(C ). Yet the current constructed for the n = 3 case remains easy to compute with, and one can easily show [AJζ]_2 ≠ 0. The next step would be to apply this to a more interesting X, perhaps a K3 by viewing it as an elliptic fibration. One wants a more general construction for pushing AJ down to currents on η_S , a formula valid for more than just X =products, and in principle this should be possible. Also the question arises, of how to compute the remaining portions of Ψ_i; it would be interesting to see what form a cycle with all χ_i(Z) = 0, but say Ψ_n(Z) ≠ 0, would take.

18The n = 2 example just given (but not the n = 3 one below) appears to be covered by the very general result regarding 0-cycles on products of two curves in [RS]. (That result generalizes Nori’s examples, which exclude CM curves and thus do not include our cycle.) However, we feel that this very concrete approach to computing (quotients of) the higher Ψi is in itself an attractive alternative to the more abstract theory of M. Saito.

Appendix: An Elementary Proof of Suslin Reciprocity

Let X be a compact Riemann Surface. We define abelian groups

K_2(C (X)) := C (X)^∗ ⋀ Z C (X)^∗ ⟨f ∧ (1 − f)⟩ , with elements written as products of “symbols” ∏ α{f_α, g_α}. The “ ⋀ Z” means that (i) {f, g} = {g, f}^{−1} and (ii) {f^n, g} = {f, g^n} = {f, g}^n (“multiplicative bilinearity” – this is the “Z”). We also have (iii) {f, 1 − f} = 1; these (sometimes together with (i) and (ii)) are called the “Steinberg relations”, and the notation above means that we quotient out by the ideal they generate. Similarly set

K_2(C ) := C^∗ ⋀ ZC^∗ ⟨a ∧ (1 − a)⟩ . Now let f, g, h ∈ C (X)^∗ with h = 1 on |(f)| ∪ |(g)|.

Proposition. (Suslin Reciprocity) ∏ p_i∈|(h)| {f(p_i), g(p_i)}^{νpi (h)} = 1 ∈ K_2(C ), that is, the expression can be rewritten as a product of Steinberg relations (i), (ii), and (iii).

In the following two sections we develop the ideas of regulator and norm on (Milnor) K-theory which are employed in the proof.

I. Regulator

Define a map^{19}

R_X : K_2(C (X)) → lim−→_{Z⊂X} H^1(X − Z, C^∗ ) =: H^1(η_X , C^∗ ) by sending {f, g} −→ { γ ∈ H_1(X − |(f)| ∪ |(g)|, Z) → e^{12πi} ∫ γ log fdlogg−log g(p_0)dlogf } , 19Here ηX is the “generic point” of X: Z ⊆ Z^′ =⇒ X − Z ⊇ X − Z^′ =⇒ H^1(X − Z, C^∗ ) ⊆ H^1(X − Z^′, C^∗ ), so the direct limit is of course highly nontrivial. Its prettiest strategic side-effect: in checking RX {f, g} = RX {f^′, g^′}, we may have the paths avoid a finite point set, say |(f)| ∪ |(g)| ∪ |(f^′)| ∪ |(g^′)|.

I. REGULATOR 228

where p_0 is the base point from which we continue log f, which is to say it will function as the branch cut for log f along γ (since this is not a regulator on 1-forms but merely on 1-cycles, the choice of branch of log g doesn’t matter). This map is extended “×-linearly” to products of terms ∏ α{f_α, g_α} by using the multiplication induced on lim−→ H^1(η_X , C^∗ ) (by multiplication in C^∗ ) as its abelian group structure. We now show that it is well-defined. Some facts in this direction: ∫ γ (. . . ) is independent of the choice of p_0 ∈ |γ|, branch of log f and “branch” of log g(p_0). Indeed, if p_0 and p_1 are two points on γ, ∫ γ_{p0} {(log f)_0dlogg − log g(p_0)dlogf} − ∫ γ_{p1} {(log f)_1dlogg − log g(p_1)dlogf}

= − ∫ γ dlogf ∫_{p1} p_0

dlogg + [log g(p_1) − log g(p_0)] ∫ γ dlogf = 0.

The first step uses the fact that (log f)_0 and (log f)_1 differ only from p_0 to p_1, where the difference is − ∫ γ dlogf, and the second follows from the bracketed quantity being equal to ∫_{p1} p_0 dlogg.

R(1-f,f)=1. It’s sufficient to check the case where f ∼ z^ν locally, and γ encircles 0. In fact we may assume f = z^ν locally since f = z^ν g, g(0) = 1 =⇒ 1 − f = (1 − z^ν )G, G(0) = 1, so that g and G drop out of the integral: in log[(1 − z^v)G]dlog(z^ν g) − log[z(p_0)^ν g(p_0)]dlog[(1 − z^ν )G],

the G, g and 1 − z^ν , g terms integrate to 0 trivially, while ∫ γ log Gdlogz^ν − log z(p_0)^ν dlogG

vanishes since G(0) = 1. So we are left with ∫ γ log(1 − z^ν )dlogz^ν − log p^ν_0 dlog(1 − z^ν ),

which for v ≥ 0 again vanishes by the residue theorem. If v < 0, replace ν by −ν, write 1 − z^{−ν} =^{zν −1}_{zν} , and give log(1 − z^ν ) the corresponding product branch; the integral becomes ∫ γ ν log(z^ν − 1)dlogz − ν^2 log zdlogz − ν log p_0dlog(z^ν − 1) + ν^2 log p_0dlogz.

To compute this we shall take radius(γ) =^1_2 (not 1, since it must avoid the zero of 1 − f), and p_0 =^1_2 ; then ∫ γ 1st term = 2πiν log(−1)^{e(} 1 2πi (.)) −−−−−→ (−1)^ν ,

I. REGULATOR 229 ∫ γ 2nd term = −ν^2 1 2 ∫ γ d [ (log z)^2 ] = − ν^2 2 [ (2πi + log 1 2 )^2 − (log 1 2 )^2 ]

= − ν^2 2 2πi [ 2 log 1 2 + 2πi ] = 2πi [ ν^2 log 2 − ν^2πi ] , ∫ γ 3rd term = 0, ∫ γ 4th term = ν^22πi log 1 2 = −2πiν^2 log 2.

And so ∫ γ last 3 terms = 2π^2ν^{2 e(} 1 2πi (.)) −−−−−→ (−1)^{ν2} . But (−1)^ν (−1)^{ν2} = (−1)^{ν(ν+1)} = 1, which is what we wanted.

R(f,g)=R(g,f)^{−1}. As γ starts and ends at p_0, log^g_{g(p0)} and log^f_{f(p0)} – which are zero at p_0 – each change by a multiple of 2πi. Hence ∫ γ d [ log g g(p_0) log f f(p_0) ] ≡ 0 (mod (2πi)^2Z), and so∫ γ log g dlogf − log f(p_0)dlogg ≡ − ∫ γ log fdlogg − log g(p_0)dlogf.

Taking e^12πi^{(each side)} gives the result.

R(f^′f,g)=R(f^′,g)×R(f,g). This is obvious.

So R is well-defined and it makes sense to write R_X {f, g}, or more generally R_X ∏ α{f_α, g_α}. Now if this yields 1 (i.e., is trivial) on 1-cycles γ ∈ ker{lim←−_{Z⊂X} H_1(X − Z, Z) → H_1(X, Z)} (loops around points), then we say ∏ α{f_α, g_α} ∈ K_2(X). Such elements constitute a subgroup of K_2(C (X)), and we have the series of inclusions K_2(C (X)) ⊇ K_2(X) ⊇ ker(R_X ) ⊇ K_2(C ). What if R_X is trivial on all 1-cycles?

Conjecture. ker(R_X ) = K_2(C ).

We prove this for X = P^1. The interplay of (local) analysis and global algebra (on the function field) will show why this is so hard in general (for X of higher genus). We manage to get around this later (for the purposes of the “norm” algorithm) by working with “K_2 of meromorphic functions on branches of X” (since there we are only concerned with the information that the algorithm “commutes” with the local evaluation and regulator maps on K_2). But here we need a real global computation (1.6).

First of all, since H^1(P^1) = 0, K_2(P^1) = ker(R_P1). So we’ll prove K_2(P^1) = K_2(C ).

I. REGULATOR 230

Local Analysis (for all Riemann surfaces X). Let β ∈ X be some point and write f, g ∈ C (X)^∗ locally as f = (z − β)^{νβ (f)}f̃, g = (z − β)^{νβ (g)}g̃. We compute R{f, g}(γ_β ), where γ_β is a very small path about β, and pick p_0 ∈ X so that, in this local parametrization, p_0 − β = 1. (Note in particular that this =⇒ g(p_0) = g̃(p_0).) The integral is 1 2πi ∫ γ_β { log((z − β)^{νβ (f)}f̃)dlog((z − β)^{νβ (g)}g̃) − log g(p_0)dlog((z − β)^{νβ (f)}f̃) }

= 1 2πi ∫ γ_β { ν_β(g) log f̃dlog(z − β) − ν_β(f) log g(p_0)dlog(z − β)

+ν_β(f) log(z − β)dlogg̃ + ν_β(f)ν_β(g) log(z − β)dlog(z − β) + inessential terms } [now use the residue theorem; also, on third term above use ∫ by parts to get the last term below; and in the last term above use p_0 − β = 1 plus integrating d{log^2(z − β)} to get the third term below]

= ν_β(g) log f̃(β) − ν_β(f) log g(p_0) + ν_β(f)ν_β (g) πi + ν_β(f) 2πi ∫ γ_β { d [log(z − β) log g̃] − log g̃dlog(z − β) }

= ν_β(g) log f̃(β) − ν_β(f) log g̃(p_0) + ν_β(f)ν_β (g) πi + ν_β(f) log g̃(p_0) − ν_β(f) log g̃(β)

= ν_β(g) log f̃(β) − ν_β(f) log g̃(β) + ν_β(f)ν_β(g) πi.

So, taking e^{( 1}2πi^{(.))}, R{f, g}(γ_β ) = lim_{z→β}(−1)^{νβ (f)νβ (g)} f(z)^{νβ (g)} g(z)^{νβ (f)} =: T_β {f, g}, and we call T_β{f, g} the “tame symbol of f and g (evaluated at β)”. Now W eil reciprocity says that ∏ β∈X T_β{f, g} = 1, i.e. some kind of “global reciprocity” law always holds. Our computation implies, on the other hand, that if a pointwise “local reciprocity” T_β{f, g} = 1 holds at β for two functions, then the corresponding K-theory element must have trivial regulator around β. We restate this more generally in the following

Proposition. ∏ α{f_α, g_α} ∈ K_2(X) ⇔ lim_{z→β}(−1)^{∑α νβ (fα)νβ (gα)} ( ∏ α f_α(z)^{νβ (gα)} g_α(z)^{νβ (fα)} ) =: T_β ∏ α {f_α, g_α} = 1 (∀β ∈ X). This holds for all X. What follows does not.

I. REGULATOR 231

Global Arithmetic in K_2(C (P^1 )). We establish yet another Proposition. T_β ∏ α{f_α, g_α} = 1 (∀β ∈ P^1) ⇔ ∏ α {f_α, g_α} ∈ K_2(C ) ( ⊆ K_2(C (P^1 )) ) . Combined with the previous result, this will prove K_2(P^1) = K_2(C ). The implication “⇐” is of course trivial since constants have no poles or zeroes (and so the ν_β (.) are all 0). We shall begin the other direction with a single term {f, g} = { ∏ i (z − a_i)^{mi} , ∏ i (z − b_j )^{nj} } , where a_i and b_j are all distinct, and the following Lemma. {z − a, z − b} = {z − a, a − b}{b − a, z − b}. Proof. Put A = z − a, B = z − b, C = a − b. We have B = A + C, i.e.

1 =^A_B +^C_B , which implies by the Steinberg relations that

1 = { A B , C B } = {A, C}{A, B}^{−1}{B, C}^{−1}{B, B}, and so {A, B} = {A, C}{C, B}{B, B}. Now {B, B} = {B, B}^{−1} =^{{1−B,B}}_{{B,B}} = {^{1−B}_B , B} = {^1_B − 1, B} = {^1_B − 1,^1_B }^{−1} = {−1,^1_B }^{−1}{1 −^1_B ,^1_B }^{−1} = {−1, B}. So {A, B} = {A, C}{C, B}{−1, B} = {A, C}{−C, B}, which is the desired equality.

Case 4. Assume one term, f and g monic with |(f)|∩|(g)| = ∅ or {∞}. (We are assuming T_β {f, g} = 1 for all β ∈ P^1.) {f, g} = ∏ i,j {z − a_i, z − b_j }^{minj} = ∏ i,j ({z − a_i, a_i − b_j}, {b_j − a_i, z − b_j })^{minj}

= ∏ i {z − a_i, ∏ j (a_i − b_j)^{nj} }^{mi} / ∏ j {z − b_j , ∏ i (b_j − a_i)^{mi} }^{nj}

= ∏ i {z − a_i, g(a_i)^{mi} } / ∏ j {z − b_j , f(b_j)^{nj} }

= ∏ i {z − a_i, 1} / ∏ j {z − b_j , 1} = 1,

I. REGULATOR 232

where the second-to-last step comes from local reciprocity, since a_i and b_j are distinct. Two quick proofs that {A, 1} = 1: either use {A, 1} = {A, 1^0} = {A, 1}^0 = 1 or {A, 1} =^{{A,A}}_{{A,A}} = 1. Trivially 1 ∈ K_2(C ) so we’re done.

Case 5. Remove the assumption on divisors. Assume, with all a_i, b_j , c_k distinct, that f = ∏ k (z − c_k)^{qk} ∏ i (z − a_i)^{mi} and g = ∏ ℓ (z − c_ℓ)^{rℓ} ∏ (z − b_j )^{nj} satisfy local reciprocity at each β. Then {f, g} = ∏ k {z − c_k, z − c_k}^qk^rk ∏ ℓ≠k {z − c_k, z − c_ℓ}^{qk rℓ} ∏ j {z − c_k, z − b_j }^{qk nj} ∏ i {z − a_i, z − c_k}^{mi rk}

× ∏ i,j {z − a_i, z − b_j }^{minj}

= ∏ k {z − c_k, −1}^{qkrk} × ∏ k,ℓ≠k {z − c_k, c_k − c_ℓ}^{qk rℓ} × ∏ ℓ, k≠ℓ {c_ℓ − c_k, z − c_ℓ}^{qkrℓ}

× ∏ k,j ({z − c_k, c_k − b_j}{b_j − c_k, z − b_j})^{qknj} × ∏ k,i ({z − a_i, a_i − c_k}{c_k − a_i, z − c_k})^{mirk}

× ∏ i,j ({z − a_i, a_i − b_j}{b_j − a_i, z − b_j })^{minj} [now switch k and ℓ in the third factor above]

= ∏ k z − c_k, (−1)^{qk rk} (∏ ℓ≠k(ck − cℓ) r_ℓ ∏ j(c_k − b_j)^{nj} )_{qk} (∏ i(c_k − a_i)^{mi} ∏ ℓ≠k(ck − cl) q_ℓ )_{rk}

× ∏ i z − a_i, ∏ j (a_i − b_j )^{nj} ∏ k (a_i − c_k)^{rk} mi × ∏ j { z − b_j , ( ∏ i (b_j − a_i)^{mi} ∏ k (b_j − c_k)^{qk} )_{nj} } −1

= ∏ k {z − c_k, 1} ∏ i {z − a_i, 1} / ∏ j {z − b_j, 1} = 1 ∈ K_2(C ). Case 6. Separate |(f)| and |(g)| again but remove the requirement that f and g be monic.

That is, let f = ξf̃ and g = ηg̃, where f̃ = ∏ i(z − a_i)^{mi} and g̃ = ∏ j (z − b_j)^{nj} . Then {f, g} = {ξ, η} ∏ j {ξ, z − b_j}^{nj} × ∏ i {z − a_i, η}^{mi} × ∏ i,j {z − a_i, z − b_j}^{minj}

II. NORM 233

= {ξ, η} ∏ j {ξ^{nj} , z − b_j } × ∏ i {z − a_i, η^{mi} } × ∏ i {z − a_i, g̃(a_i)^{mi} } / ∏ j {z − b_j , f̃(b_j )^{nj} }

= {ξ, η} ∏ i{z − a_i, (ηg̃(a_i))^{mi} [= 1]} ∏ j {z − b_j, (ξf̃(b_j ))^{nj} [= 1]} = {ξ, η} ∈ K_2(C ).

Combining the Cases. (Remove all assumptions on f and g.)

So we have essentially f = ξ ∏ i(z − a_i) ∏ k(z − c_k)^{qk} and g = η ∏ j (z − b_j) ∏ ℓ(z − c_ℓ)^{rℓ} . Defining for every β ∈ X

g̃_β := g (z − β)^{νβ (g)} and f̃_β := f (z − β)^{νβ (f)} , from the previous computations it is clear that

{f, g} = ∏ β∈|(f)|∪|(g)|\∞ {z − β, (−1)^{νβ (f)νβ (g)} g̃_β(β)^{νβ (f)} f̃_β(β)νβ (g) } × {ξ, η}.

For a product ∏ α{f_α, g_α} we have therefore in K_2(C (P^1 )) ∏ β∈|(f_α)|∪|(g_α)|\∞ { z − β, ∏ α (−1)^{νβ (fα)νβ (gα)} g̃_{αβ} (β)^{νβ (fα)} f̃_{αβ} (β)νβ (gα) } × {ξ_α, η_α}

= ∏ α {ξ_α, η_α} ∈ K_2(C ), since the big product over α is just T_β ∏ α{f_α, g_α} (= 1 by assumption). This completes the proof that K_2(P^1) = K_2(C ).

II. Norm

From the Riemann-Roch theorem follows the existence of a “primitive pair” of meromorphic functions h, x : X → P^1. What we mean by “primitive” is the following:

(i) Geometrically, they give an embedding X → P^1 × P^1 (not P^2 – there you get at least normal crossings in general – P^1 × P^1 has a bit “more” structure, being the compactification of C^∗ × C^∗ by four P^1s rather than three). We write (z, w) for coordinates on P^1 × P^1, and think of X^h−→ P^1 as giving a branched covering of the z-sphere. When convenient we write z in lieu of h to denote the function on X (an exception would be “h^{−1}(z)”).

II. NORM 234

(ii) Algebraically, they generate the function field: sending w → x gives an isomorphism C (z)[w] /(Φ(z, w))^{∼=}−→ C (X), where Φ(z, w) = w^n + w^{n−1}R_1(z) + . . . + R_n(z) is the minimal polynomial of x, and R_i(z) ∈ C (z) are rational functions. The “graph” of (i) is the solution set X_Φ = {(z, w) | Φ(z, w) = 0} (every Riemann surface is algebraic!). Since C (z) ∼= C (P^1 ), this expresses C (X) as an extension of C (P^1_z ).

Galois K_2-norm for splitting field extensions. Preliminary remarks on strategy in the function-field case. We will describe an algorithm similar to the Galois norm which maps K_2(C (X)) → K_2(C (P^1 )). Simplifying for a moment to subfields of C , suppose we have a splitting field extension L/K, L = K(x) (x ∈ C ), with Φ(x)[= 0] the mimimal polynomial of x over K, with roots {x = x_1}, x_2, . . . , x_n. Sending w → x gives an isomorphism K[w] /(Φ(w))^{∼=}−→ L, and so we may write F, G ∈ L as f(x), g(x), where deg(f(w)), deg(g(w)) < n. (F = f(x) and G = g(x) are numbers, f(w) and g(w) are polynomials.) Define N_{L/K}{F, G} := n∏ i=1 {f(x_i), g(x_i)}. Notice that, while the extension L/K has degree n, (K[w]/(f(w))) /K = K(σ)/K and (K[w]/(g(w))) /K = K(τ)/K are lower-degree extensions not contained in L and with degrees not necessarily dividing n. (Here σ and τ are complex numbers satisfying f(σ) = 0 and g(τ) = 0 – that is, g(w) and f(w) are their minimal polynomials – with conjugates σ_j and τ_k.) So, if we could somehow exchange the role of Φ with that of f and/or g, we could pass from terms ∈ K_2(L) to terms ∈ K_2(lower degree extensions) (or so I claim). We’ll work this out completely in the function field case below.

Passing back to function fields, the roots x_i get replaced with the branches x_i of x over the z-sphere, which are no longer ∈ L = C (X) (that’s the only real difference). [Likewise for σ and τ.] So the computations which follow are not really in K_2(C (X)); they merely constitute an algorithm. However, they are “correct” locally and pointwise (almost everywhere), enough to preserve (commute with) the regulator and K_2(C )-evaluation at z, in a sense to be described later.

The norm algorithm. This is based on an idea in [GG3]. Let f(z, w) = ℓ (<n)∏

j=1 (w − σ_j(z)), g(z, w) = m (<n) ∏ k=1 (w − τ_k(z)) be general (monic, for simplicity) elements ∈ C (z)[x] /(Φ(z, x)) , and of course Φ(z, w) = n∏ i=1 (w − x_i(z)).

II. NORM 235

(The “functions” σ_j , τ_k, x_i all have branch cuts and so are not meromorphic over the z-sphere.) It’s important in what follows that ℓ, m < n. Omitting the z-variable^{20} we write “ ~N_Φ{f, g}”^{21}:= ∏ i{f(x_i), g(x_i)} = ∏ i ∏ j (x_i − σ_j), ∏ k (x_i − τ_k)

[now use the Lemma from I] = ∏ i,j,k {x_i − σ_j, σ_j − τ_k}{τ_k − σ_j , x_i − τ_k}

= ∏ j { ∏ i (x_i − σ_j), ∏ k (σ_j − τ_k) } × ∏ k ∏ j (τ_k − σ_j ), ∏ i (x_i − τ_k)

= ∏ j {(−1)^nΦ(σ_j ), g(σ_j )} × ∏ k {f(τ_k), (−1)^nΦ(τ_k)}

[now we reduce, e.g. in the first factor, (−1)^nΦ(w) and g(w) modulo f(w) to get, respectively, Φ̄(w) and ḡ(w), both of degrees < ℓ. Since f(σ_j ) = 0, Φ̄(σ_j ) = Φ̄(σ_j ) + ϕ(σ_j )f(σ_j) = (−1)nΦ(σ_j ). Similarly ḡ(σ_j ) = g(σ_j ).] = ∏ j {Φ̄(σ_j ), ḡ(σ_j )} × ∏ k {f̄(τ_k), ~Φ̄(τ_k)}

= ~N_f {Φ̄, ḡ} × ~N_g{f̄, ~Φ̄}. These should be thought of as norms on K_2(C (X_f )) and K_2(C (X_g )) relative to the extensions C (X_f )/C (P^1_z ) and C (X_g )/C (P^1_z ) (rather than C (X =

X_Φ)/C (P^1_z )), where e.g. X_f = {(z, w)| f(z, w) = 0}^{(x,σ)}−−−→ P^1 × P^1.^{22} Continuing this process, we reach degree 0 (in w, corresponding to a degree 1 [trivial] field extension of C (P_z )) so that everything is rational functions of z. Thus we land in K_2(C (P)), and define by abuse of notation

20writing, for instance, f(xi) for f(z, xi(z)) 21(really a placeholder, since what follows is not, strictly speaking, a quantity) 22X_f and Xg are not intermediate in the covering X → P^1_z. Rather all three are intermediate in some covering Y → P^1_z. The “dictionary” of meromorphic functions on these Riemann surfaces is: X = XΦ ↔ (z = h, f, g, w = x) X_f ↔ (z = h_f , g = ḡ, Φ = Φ̄, w = σ) Xg ↔ (z = hg , f = f̄, Φ = ~Φ̄, w = τ ) Y ↔ (z = hY , w, σ, τ, x);σ, τ, x, together with z, give maps from Y to (the embedded images in P^1 × P^1 of) X_f , Xg , X, respectively. The σj , τ_k, xi are just the branches of w on X_f ,Xg , X over P^1_z, respectively. On Y one may write the branches of σ as σ_{ijk} (z) (resp. τ as τ_{ijk}(z), x as x_{ijk} (z)), where changing i or k (resp. i or j, j or k) has no effect.

II. NORM 236

“N_h{f, g}”:= N_Φ{f, g} :=the element so obtained. So in retrospect, this can formally be seen as a recursive definition of an element in K_2(C (P)).

Behavior with respect to evaluation and regulator maps. For any Riemann surface Y one may verify^{23} that pointwise evaluation Θ_Y {f, g}(p) :=

23To show this is well defined one needs to prove the following fact: ∏ {Ai, Bi}^{mi} = ∏ {^′Aj ,^′Bj }^{′ mj} in K2(C (Y )) and Ai, Bi,^′Aj ,^′Bj all ≠ 0, ∞ at p =⇒ ∏ {Ai(p), Bi(p)}^{mi} = ∏ {^′Aj ,^′Bj }^{′ mj} in K2(C ). The nontrivial thing to show here is that it doesn’t matter if the Steinberg relation by which the K2(C (Y )) equivalence is accomplished, contains terms with zeroes or poles at p.

Rewrite the hypothesis in Z[P^1_{C(Y )} \ {0, ∞}] as a term-for-term equality (#) ∑ miAi ⊗ Bi − ∑_′ mj^′Aj ⊗^′Bj = ∑ ∗ (ω∗ ⊗ ξ∗η∗ − ω∗ ⊗ ξ∗ − ω∗ ⊗ η∗)

+ ∑ ∗ (_′ ω∗ ⊗^′ξ∗ +^′ξ∗ ⊗^′ω∗ ) + ∑ ∗ ′η∗ ⊗ (1 −^′η∗). Fix a function ϵ with a first order zero at p; if Y = P^1 then it could be (z − p). For α ∈ C (Y ) we will write α = ϵ^aα̃ where α̃(p) ≠ 0, ∞. Some terminology: if a = 0 then α is “reduced”; if both α and β are reduced then α ⊗ β is; and if all (1, 2, or 3) terms in a Steinberg are reduced then that Steinberg is. Furthermore, for any α ⊗ β = ϵ^aα̃ ⊗ ϵ^bβ̃ there is a fixed algorithm to produce a (very lengthy) sum of Steinbergs S(α ⊗ β) such that (term-for-term) (##) α ⊗ β = S(α ⊗ β) + α̃ ⊗ β̃ + ϵ ⊗ (−1)^{ab} α̃^b β̃a . If α ⊗ β is already reduced then S(α ⊗ β) = 0.

Now develop the r.h.s. of (#) as follows:

(i) set aside the Steinbergs that are reduced to begin with, and apply the fixed algorithm (##) to every term of each remaining Steinberg (the reduced terms among these will be unaffected).

(ii) The resulting (nonzero) S’s are in 1-1 correspondence with all unreduced terms from the original r.h.s. of (#). Since these terms had to cancel to give the (entirely reduced) terms of the l.h.s., by the same cancellation scheme the S-terms all cancel (oddly enough some of these will be reduced).

(iii) Since the only remaining terms containing ϵ are now of type ϵ ⊗ (· · · ), and (obviously) none of these are reduced, they also neatly cancel out.

The upshot is that we have rewritten the r.h.s. of (#) (after some pair creation/annihilation) ∑ ∗ ( ω̃∗ ⊗ ξ̃∗η̃∗ − ω̃∗ ⊗ ξ̃∗ − ω̃∗ ⊗ η̃∗ ) + ∑ ∗ (_′ ω̃∗ ⊗^′ξ̃∗ +^′ξ̃∗ ⊗^′ω̃∗ ) + ∑ ∗ ′η̃∗ ⊗ ( ~ 1 −^′η∗). The first two sums are of reduced Steinbergs and therefore evaluate to Steinbergs at p. On the other hand,^′η̃∗ ⊗ ( ~1 −^′η∗) may not be a Steinberg. For example, if a > 0 and α = ϵ^aα̃ then α̃ ⊗ ~ 1 − α = α̃ ⊗ (1 − ϵ^aα̃)

is not a Steinberg, while if instead α = ϵ^{−a}α̃ then α̃ ⊗ ~ 1 − α = α̃ ⊗ (ϵ^a − α̃)

II. NORM 237

{f(p), g(p)} induces a well-defined map

Θ_Y : K_2(C (Y )) −→ {η_Y → K_2(C )}.

Somewhat more exotically, we would like to be able to hit Ñ_Φ and N_Φ (the beginning and end of the norm algorithm) both with Θ to obtain (∗) ∏ p_i∈h^{−1}(z) {f(p_i), g(p_i)} = [Θ_P1(N_h{f, g})] (z) where the p_i are counted with multiplicity if z is a branch point. Unfortunately this is true only almost everywhere: while the norm algorithm commutes with evaluation (in the sense that the same manipulations would be correct in K_2(C ) over a fixed z_0), the introduction of σ_j − τ_k in the norm algorithm (via the Lemma from I) produces zeroes (and poles) where there weren’t any.

On the other hand, if we knew a posteriori that N_h{f, g} were of the form K_2(C ) ⊆ K_2(P^1), then we would know that these zeroes (and poles) had been removed either (i) in the remainder of the norm algorithm, or (ii) in the use of the Steinberg relations in ⊗^2Z[P^1_{C(P1)} \ {0, ∞}] to reach ⊗^2Z[P^1_C \ {0, ∞}]. In either case (∗) holds for all z ∈ P^1 for which the right hand term makes sense – that is, for which h^{−1}(z)∩(|(f)|∪|(g)|) = ∅. To see this one can simply repeat the algorithm of the well-definedness argument (extended to include fractional powers of ϵ) locally on P^1.

So towards this objective we show that the norm algorithm commutes with something which (a) yields local information and (b) doesn’t flinch at the sight of zeroes: the regulator (whose paths may avoid going through any specified number of points, because of the direct limit). We claim that (∗∗) [R_P1(N_h{f, g})] (γ) = (R_X {f, g}) (h^{−1}γ), where h^{−1}γ is a path in X with (possibly non-closed) branches γ_i over the z-sphere. There is absolutely no problem with the meaning of the left-hand side, because N_h{f, g} is an element of K_2(C (P^1 )).

In what follows we rewrite the regulator in an equivalent form, which results from changing − ∫ γ log g(p_0)dlogf to 2πi ∑ q∈γ∩T_f ± log g(q). Here T_f = f^{−1}(R^− ) is shorthand for the branch cuts of log f on X (unlike x_i or f_i, this has nothing to do with the branches of X over P^1), and the sign is positive for a jump (along γ) from 0 to 2πi and negative for the opposite. Now, writing f_i = f(z, x_i(z)) and g_i = g(z, x_i(z)) for branches of f and g

isn’t either! However, evaluating them at p (since ϵ(p) = 0) yields respectively α̃(p) ⊗ 1 and α̃(p) ⊗ −α̃(p) which are Steinberg relations in Z[P^1_C \ {0, ∞}]. Therefore we have expressed ∑ miAi(p) ⊗ Bi(p) − ∑_′ mj^′Aj (p) ⊗^′Bj (p) as a sum of Steinbergs, the corresponding element of K2(C ) is zero, and we are done.

II. NORM 238

and working on the right-hand side of (∗∗), we have: (R_X {f, g})(h^{−1}γ) = exp[( 1 2π √ −1 ∫ h^{−1}γ log fdlogg) + ∑ q∈γ∩T_f log g(q)]

= ∏ i exp[( 1 2π √ −1 ∫ γ_i log f_idlogg_i) + ∑ q∈γ∩T_{fi} log g_i(q)]

=: ~R_P1 ( ∏ i {f_i, g_i} ) (γ) = ~R_P1 ( ~N_h{f, g} ) (γ). Again, R̃ is just a placeholder rather than an actual regulator, although we do have a well-defined quantity here. Our claim is that the norm algorithm, applied to the expression ∏ i{f_i, g_i} in parentheses (to obtain N_h{f, g}), preserves the value of this quantity while gradually turning it into an expression which is a regulator of something (on P^1). We outline how to see this. If one backtracks through the proof of our algebraic Lemma, one finds that the Steinberg relations forgotten in the stage of the norm algorithm which we have written out are ∏ i,j,k ({ x_i − σ_j x_i − τ_k , 1 − x_i − σ_j x_i − τ_k } × {−(x_i − τ_k), x_i − τ_k} ) . We want to show that [R̃_P(.)](γ) applied to this gives 1. Referring to the footnote on p. 8 for the discussion of Y , this is (a power of) [ R_Y ({ x − σ x − τ , 1 − x − σ x − τ } × {−(x − τ), x − τ} )] (h^{−1}_Y γ), which clearly is 1. So the right-hand side of (∗∗) becomes R̃_P ( Ñ_f {Φ̄, ḡ} × Ñ_g{f̄, ~Φ̄} ) = [R_{Xf} {Φ̄, ḡ}](h^{−1}_f γ) × [R_{Xg} {f̄, ~Φ̄](h^{−1}_g γ) by essentially the same computation as above in reverse. In this way we gradually “descend to P” and the left-hand side of (∗∗).

The Proof of Suslin. This is now slick: suppose h = 1 on |(f)| ∪ |(g)|. Then (R_X {f, g})(h^{−1}γ) = 1 for all γ on P^1 avoiding 1 (simply slide γ to {0} on P^1 \ {1}). By (∗∗), N_h{f, g} ∈ ker R_P1, which by our work in part I is K_2(C ). So N_h{f, g} consists of constants, and^{ΘP1(Nh{f,g})(0)}_{ΘP1(Nh{f,g})(∞)} = 1. Moreover, since N_h{f, g} ∈ K_2(C ) and only h^{−1}(1[= z]) intersects |(f)| and |(g)|, it follows from the discussion following (∗) that we may use (∗) at z = 0, ∞. That is, 1 = Θ_P1(N_h{f, g})(0) Θ_P1(N_h{f, g})(∞) = ∏ p∈h^{−1}(0){f(p), g(p)} ∏ q∈h^{−1}(∞){f(q), g(q)} = ∏ p∈|(h)| {f(p), g(p)}^{vp (h)}, Q.E.D.

Bibliography

[BT] H. Bass and J. Tate, The Milnor ring of a global field. Algebraic K-theory II, Lecture Notes in Math. 342 (1973), Springer, Berlin, pp. 349-446.

[Be] A. Beilinson, Higher regulators and values of L-functions, J. Soviet Math. 30 (1985), pp. 2036-2070.

[B1] S. Bloch, “Lectures on algebraic cycles”, Duke Math Series IV, 1980. [B2] ——, “Higher regulators, algebraic K-theory, and Zeta functions of elliptic curves”, CRM Monograph Series 11 (2000).

[B3] ——, Algebraic cycles and higher K-theory , Adv. Math. 61 (1986), 267-304. [B4] ——, The moving lemma for higher Chow groups, J. Algebraic Geom. 3 (1994), no. 3, pp. 537-568.

[B5] ——, Some elementary theorems about algebraic cycles on Abelian varieties, Invent.Math. 37 (1976), no. 3, pp. 215-228.

[BoT] R. Bott and L. Tu, Differential Forms in Algebraic Topology, Springer GTM Vol 82, New York, 1982.

[Ca] J. Carlson, Extenions of mixed Hodge structures, Journées de Géométrie Algébrique d’Angers 1979, Sijthof and Nordhof (1980), pp. 107-127.

[C1] A. Collino, Griffiths’ infinitesimal invariant and higher K-theory on hyperelliptic Jacobians, J. Algebraic Geom. 6 (1997), pp. 393-415.

[C2] ——, Notes from the Grenoble summer school, June 2000.

[AM] P. del Angel and S. Müller-Stach, The transcendental part of the regulator map for K1 on a mirror family of K3 surfaces, Duke Math. J. 112 (2002), no. 3, pp. 581-598.

[DG] R. Donagi and M. Green, A new proof of the symmetrizer lemma and a stronger weak Torelli theorem for projective hypersurfaces, J. Differential Geom. 20 (1984), no. 2, pp. 459-461.

[Es] H. Esnault, Une remarque sur cohomologie du faisceau de Zariski de la K-théory Milnor sur une variété lisse complexe, Math Z. 205 (1990), no. 3, pp. 373-378.

[EP] H. Esnault and K. Paranjape, Remarks on absolute de Rham and absolute Hodge cycles, C. R. Acad. Sci. Paris Ser. I Math. 319 (1994), no. 1, pp. 67-72.

[EV] H. Esnault and E. Viehweg, Deligne-Beilinson cohomology, Beilinson’s Conjectures on Special Values of L-functions, Academic Press, Boston, 1988, pp. 43-92.

[F] A. Fujiki, Duality of mixed Hodge structures of algebraic varieties, Publ. Res. Inst.

Math. Sci. 16 (1980), no. 3, pp. 635-667.

[Fu] W. Fulton, “Introduction to toric varieties,” Annals of Math. Studies 131, Princeton, 1993.

[Ga] P. Gajer, Geometry of higher connections, J. Reine. Agnew. Math. 522 (2000), pp.

143-159.

[GM] H. Gangl and S. Müller-Stach, Polylogarithmic identities in cubical higher Chow groups, Algebraic K-theory (Seattle, WA, 1997), Proc. Sympos. Pure Math 67, Amer. Math. Soc., Providence, 1999, pp. 25-40.

[Go1] A. Goncharov, Chow polylogarithms and regulators, Math. Res. Lett. 2 (1995), pp.

95-112.

BIBLIOGRAPHY 240

[Go2] ——, Geometry of configurations, polylogarithms, and motivic cohomology, Adv.

Math. 114 (1995), no. 2, pp. 197-318.

[Go3] ——, Explicit regulator maps on polylogarithmic motivic complexes, to appear in Proceedings of Irvine conference on regulators.

[GZ] A. Goncharov and J. Zhao, Grassmanian trilogarithms, Compositio Math. 127 (2001), no. 1, pp. 83-108.

[GL] B. Gordon and J. Lewis, Indecomposable higher Chow cycles, The arithmetic and geometry of algebraic cycles (Banff, AB, 1997), NATO Sci. Ser. C Math. Phys. Sci. 548, Kluwer, Dordrecht, 2000, pp. 193-224.

[Gr1] M. Green, Higher Abel-Jacobi maps, Proceedings of the ICM (Berlin, 1998), Doc.

Math. 1998, Extra Vol. II, pp. 267-276.

[Gr2] ——, The period map for hypersurface sections of high degree of an arbitrary variety, Compositio Math. 55 (1985), no. 2, pp. 135-156.

[Gr3] ——, Infinitesimal methods in Hodge theory, Algebraic cycles and Hodge theory (Torino, 1993), Lecture Notes in Math. 159, Springer, 1994, pp. 1-92.

[Gr4] ——, Notes from the Banff conference, June 1998.

[GG1] M. Green and P. Griffiths, The regulator map for a general curve, preprint, 2000. [GG2] ——, On the tangent space to the space of algebraic cycles on a smooth projective variety, preprint, 2001.

[GG3] ——, private communication, 1999. [GG4] ——, An interesting 0-cycle, preprint, 2001.

[GG5] ——, Hodge-theoretic invariants for algebraic cycles, preprint, 2002. [G1] P. Griffiths, On the periods of certain rational integrals: I, Ann. of Math. (2) 90 (1969), pp. 460-495.

[G2] ——, “Introduction to algebraic curves”, American Math. Society, Providence, 1989.

[GH] P. Griffiths and J. Harris, “Principles of algebraic geometry”, John Wiley & Sons, Inc., 1978.

[GS] P. Griffiths and W. Schmid, Recent developments in Hodge theory: a discussion of techniques and results, Discrete subgroups of Lie groups and applications to moduli (Bombay 1973), Oxford Univ. Press, 1975, pp. 31-127.

[Ha] R. Hain, Classical polylogarithms, Motives (Seattle, WA, 1991), Proc. Sympos.

Pure Math. 55 (2), Amer. Math Soc., Providence, 1994, pp. 3-42.

[HS] P. Hilton and U. Stammbach, “A course in homological algebra” (2nd ed.), Graduate Texts in Math. 4, Springer, 1997.

[Ja] U. Jannsen, Deligne homology, Hodge D-conjecture, and motives, Beilinson’s conjectures on special values of L-functions, Academic Press, Boston, 1988, pp. 305- 372.

[Ki] J. King, Log complexes of currents and functorial properties of the Abel-Jacobi map, Duke Math. J. 50 (1983), no. 1, pp. 1-53.

[KS] K. Kodaira and D. Spencer, On deformations of complex analytic structures I, II, Ann. of Math 67 (1958), pp. 328-466.

[KZ] M. Kontsevich and D. Zagier, Periods, Mathematics unlimited–2001 and beyond, Springer, 2001, pp. 771-808.

[Le] M. Levine, Bloch’s higher Chow groups revisited, K-theory (Strasbourg, 1992), Astérisque no. 226 (1994), 10, pp. 235-320.

[L1] J. Lewis, “A survey of the Hodge conjecture,” (2nd edition), Amer. Math. Soc., Providence, 1999.

[L2] ——, A filtration on the Chow groups of a complex projective variety, Compositio Math. 128 (2001), no. 3, pp. 299-322.

[L3] ——, Regulators of Chow cycles on Calabi-Yau varieties, preprint, 2002. [L4] ——, Real regulators on Milnor complexes, K-theory 25 (2002), no. 3, pp. 277-298.

BIBLIOGRAPHY 241

[MS1] S. Müller-Stach, Constructing indecomposable motivic cohomology classes on algebraic surfaces, J. Algebraic Geom. 6 (1997), no. 3, pp. 513-543.

[MS2] ——, Algebraic cycle complexes: basic properties, The arithmetic and geometry of algebraic cycles (Banff, AB, 1998), NATO Sci. Ser. C Math. Phys. Sci. 548, Kluwer, Dordrecht, 2000, pp. 285-305.

[Mu] D. Mumford, Rational equivalence of 0-cycles on surfaces, J. Math. Kyoto Univ. 9 (1968), pp. 195-204.

[N] J. Nagel, The Abel-Jacobi map for complete intersections, Indag. Math, 8 (1997), no. 1, pp. 95-113.

[Ra] D. Ramakrishnan, Regulators, algebraic cycles and values of L-functions, Comtemp. Math. 83, (1989), pp. 183-310.

[Ro] A. Roitman, Rational Equivalence of zero-dimensional cycles (Rusian), Mat. Zametki 28(1), (1980), pp. 85-90, 169.

[R] J. Rosenberg, “Algebraic K-theory and its applications,” Graduate Texts in Math.

147, Springer, 1994.

[RS] A. Rosenschon and M. Saito, Cycle map for strictly decomposable cycles, preprint, 2001.

[So] C. Soulé, Opérations en K-théorie algébrique, Canad. J. Math. 37 (1985), pp. 488- 550.

[T] B. Totaro, Milnor K-theory is the simplest part of algebraic K-theory, K-theory 6 (1992), pp. 177-189.

[Za] D. Zagier, The remarkable dilogarithm, J. Math. Phys. Sci. 22 (1988), no. 1, pp.

131-145.

[Zh] J. Zhao, Goncharov’s relations in Bloch’s higher Chow group CH^3(F, 5), Preprint, 2001.