Section 5.5 Inverse Trigonometric Functions and Their
Graphs

DEFINITION: The inverse sine function, denoted by sin™' z (or arcsinz), is defined to be
the inverse of the restricted sine function
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DEFINITION: The inverse cosine function, denoted by cos™' x (or arccosz), is defined to
be the inverse of the restricted cosine function
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DEFINITION: The inverse tangent function, denoted by tan™'z (or arctanz), is defined
to be the inverse of the restricted tangent function
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DEFINITION: The inverse cotangent function, denoted by cot™ z (or arccot z), is defined
to be the inverse of the restricted cotangent function
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DEFINITION: The inverse secant function, denoted by sec™ z (or arcsec z), is defined to
be the inverse of the restricted secant function

sec T, € [0,7/2)U[r,37/2) [orz € [0,7/2) U (/2,7] in some other textbooks]
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DEFINITION: The inverse cosecant function, denoted by csc™?

to be the inverse of the restricted cosecant function

cscx, z € (0,7/2]U(m,3m/2] [or € [-m/2,0)U (0,7/2] in some other textbooks]
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IMPORTANT: Do not confuse
sin ™! T, cos™? T, tan ™ T, cot L sec! T, csctx
with
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sinz’ cosxz’ tanx’ cotx’ secx’ cscw
FUNCTION DOMAIN RANGE
sin~' x [—1,1] [—7/2,7/2]
cos tx [—1,1] 0, 7]
tan~'x (—00, +0) (—m/2,7/2)
cot™tx (—00, +00) (0, 7)
sec”!x (—o0, =1 U [1,4+00) | [0,7/2) U [r,37/2)
csc ' (—o0, =1 U [1,400) | (0,7/2] U (7, 37/2]

x (or arccsc x), is defined




FUNCTION DOMAIN RANGE 1 sin ¢ cos ! tant csel sect cott
sin_ ¢ L] STERTEI s e BV VIS B RSN
cos !tz [—1,1] [0, 7] A S | 5 2 R
tan~!x (—00, +00) (—m/2,7/2) R | Vi va 1
cot~ Lz (—00, +00) (0, ) S \ ~ o ) v
sec tx (—oo, =1 U [1,4+00) | [0,7/2) U [m,37/2) | > | > 2 ‘ 3 ’ 3
csclz | (oo, —1U[L,+00) | (0,7/2]U(m3e/2] | 5| * | © | — | | = | ¢

EXAMPLES: "
(a) sin"'1= g, since sing =1 and g € [—g, g}
Sine All
(b) sin™'(—1) = —g, since sin (—g) = —1 and —g € [—g, g] -
(c) sin"'0 =0, since sin0 =0 and 0 € [—g, g} Tangent Cosine
1 1

(d) sin™! 5= %, since sin% =3 and % € [—g, g]

3 3
(e) sin™! g = %, since sing = \/7_ and % € [—g, g}

2 2
(f) sin™! g = %, since sin% = g and % S [—g, g]
EXAMPLES:

1 3 2
cos™r0 = g, cos '1=0, cos '(—1)=m, cos* i %, cos™! g = g, cos™ g = %
tan~'1 =~ tan "' (—1) = T a3 =" tan! L tan~! Yo7
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EXAMPLES: Find sec™' 1, sec™'(—1), and sec™(—2).




FUNCTION DOMAIN RANGE 1 sin 1 cos ! tan 1 csel sect cott
sin~ 'z [—1,1] [—7/2,7/2] i L . - . -
™ 1 V3 V3 /3
cos !tz [—1,1] [0, 7] s | 2 2 | 3 2 R
tan~!x (—00, +00) (—m/2,7/2) R | Vi va 1
cot™ 'tz (—00, +00) (0,m) | » \ | = %
sec !z (—oo, —1]U[1,4+00) | [0,7/2) U [m,37/2) | > | > : - : :
csc Tz | (—oo,—1J UL, 400) | (0,7/2]U (m,3x/2] | = | N ! - 0
EXAMPLES: Find sec™! 1, sec™!(—1), and sec™!(—2). YA
Solution: We have 1 _
sec'1 =0, sec !(—1) =, sec !(—2) = ?ﬁ Sine All
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EXAMPLES: Find
2
tan"' 0 cot™1 0 cot™ 1 sec” ' V/2 csc!2 [
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FUNCTION DOMAIN RANGE T [ e [ [ e [ er [
sin~'x [—1,1] [—7/2,7/2] o L \0[ — - —
cos 'z [—1,1] 0, 7] o A e ’ B
tan~'x (—00, +00) (—7/2,m/2) m | ¥ v | va vz i
cot'x (—OO, +OO) (07 7T) ™ V3 ! ~ V3 V3
sec 'z | (—oo,—1JU[L,400) | [0,7/2)U[m,3x/2) | > = [ = | Y™ | 5 | * | &
csc (—o0, —1JU[L,400) | (0,7/2]U (m,37/2] | = | 0 - : - 0

EXAMPLES: We have

2
tan10=0, cot™'0= g, cot™'1= %, sec V2 = %, csc 12 = %, cse ! % = g
EXAMPLES: Evaluate
. LT . . . LT

(a) sin (arcsm —> ,arcsin (sm —) , and arcsin | sin — | .

6 6 6
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(b) sin (arcsm —) ,arcsin <sm —) , and arcsin | sin — | .

7 7 7

2 2m 97
(c) cos | arccos —5 ) ) yarceos {cos — |, and arccos | cos =)
Solution: Since arcsin z is the inverse of the restricted sine function, we have
sin(arcsinz) = x if x € [—1,1] and arcsin(sinz) = z if z € [-7/2,7/2]
y

Therefore
(a) sin (arcsin E) = arcsin (sin E) = Z, but Sine Al
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arcsin | sin — | = arcsin ( —= | = ——
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arcsin | sin F — arcsin (SlIl <7T + 6)) — arcsin (— Sin g) — — arcsin (SlIl E) = ——

(b) sin (arcsin g) = arcsin (sin g) = g,

n (sin 7 ) = acsin (sin (T + ) ) = aresin (~sin 7 i (sin ) = —2
arcsin | sin — = arcsin { sin ( — = arcsin { — sin — = — arcsin ({ sin — = — =
7 77 7 7 7

(c) Similarly, since arccos x is the inverse of the restricted cosine function, we have

but

cos(arccosx) = x if z € [—1,1] and arccos(cosx) = x if z € [0, 7]
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Theref —— = —— — | = —
erefore cos (arccos ( 5)) 5 and arccos (cos 3 ) 5
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arccos | cos — | = arccos (COS <27r — —)) = arccos (cos —> = —
( 5 ) 5 5 5
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