N DECEMBER 11, 2018
MATH 19620/20 Flnal exam ALAN CHANG

Please present your solutions clearly and in an organized way.
Answer the questions in the space provided on the question sheets.
If you run out of room for an answer, continue on the back of the
page. Please note that the use of a calculator is not allowed.

Good luck!! <
Full Name: SDWV\P\Q solutions
Question | Points | Score
1 39
2 10
3 16
4 16
5 15
6 25
7 43
8 25
9 15
10 4
Total: 208

This exam has 10 questions, for a total of 208 points. The maximum possible score
for each problem is given on the right side of the problem.

Please do not open this exam packet unless you are instructed to do so.
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Here are some formulas:
1 — -
[ d —b ] .,  ATAY=ATp, QQT,  A(ATAYIAT, A=sBS™!
ad—bcl|l—¢ a

1. Consider the matrix

4 11 7 6 T 00 2 0
312 6 5 o lo10 =20
A= 219 11 10| which satisfies rref(A) = 001 1 0
132 -2 0 0 00 0 1
Let d,,d,, dy, d,, d; be the columns of A (in that order).
Let by, _1;2, 733, _54, b be the columns of rref(A) (in that order).
(a) Using rref(A) to help you, find a basis for ker(A).
+ =0
X ) (qu ?(\ ’ZXL}
)(‘L‘"(L}(q,t'o =y 7 - x’l_ ’L)(Uf
X N ){ :O X XZJ e — )(%
4
) Xq N 4
Y5 =0 Xg 0
-1
—> ker(A)= span( | 2
!
0
(b) Using rref(A) to help you, find a basis for im(A).

reet (A haas pwots wo Gluwmns 1,13, €

7 wn(M)= spw (@, & 6 a7 )

Question continued on next page.
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(c) Fili in the four blanks. (You do not need to justify.)

® The kernel of Aisa -dimensional subspace of R?, where p = 5- .
¢ The image of Ais a ﬂ -dimensional subspace of RY, where q = éLL .

(d) Instead of writing im(A) as the span of some vectors, what is an easier way to describe

im(A)? Please explain briefly. Hint: Use part (c).

T\/\Q, ov\\kj L’(”A\M@V\S\OV\C{\ Su\f)Spmce. o(l R%

s RY el —s im(A)= R4

(e) Find a nontrivial relation among _51,52, _53, 54, _55. {You do not need to justify.)

“2by 4Ly - Ez +§: =0

(f) Find a nontrivial relation among @, d,, d,, @4, ds. (You do not need to justify.)

-

— D Yoy - iy Yl =0

2. Let

A=

(S5 eI o)
[ R %

- 1
and b= [4].
Fill in the following blanks. (You do not need to justify.)

(a) The equation AX = bisa system of 3 eguations in D\ variables.

(b) The normal equation of AX = b is a systern of '9\ equations in ?\ variables,
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3. LetA= [32] and b = [g].

(a) Find the least-squares solution of the system A% = b.

AA =1 1] H] = §

ATAT = ATL
g = -f

(b) Let ¥ be the solution to part (2). Draw a sketch showing the vector b, the subspace im(A), @
and the vector Ay. Please label each one.

im(m

Y
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4, Let

(a) Verify that these three vectors are orthogonal to each other. Please show your calculations.

Welp= L nri=0

1 1
i;z2 ‘Tj:‘-*]
1 1: 2 1!

(b) Are these vectors orthonormal? Please explain.

NO.

1
{©) LetX = |:0]
0

-— —

-\/\‘V‘:\'\".L\"\"’\:(O

e

Dor borh svdes w
— — - — -
7?°\lj\ = {, Vj\'Vt Y LNy e
/_L: @C(

\/L) — C\

Vo= 0.
Pl

= Y, 5 wnot a

wnit ye kv

. Suppose ¥ = ¢; ¥, + ¢V, + ¢3¥;. Find ¢,. Hint: Use part (a).

wh v

) e

V¥ LNy oV

(6]
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5. Consider the matrix

09 0
A:[o LJ
(a) Find an eigenbasis for A. (You do not need to Jjustify.)
- -~y
- .
h':? ‘Q N Q.'L 1S G
Aer = l1e |
,Q_\o&su/\\o asis qQ;r A
(b) Sketch a phase portrait for A.

|
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6. Suppose we want to perform Gram-Schmidt.
We start with two linearly independent vectors ¥, ¥, and end with two orthonormal vectors

i,u,.
(a) Here are the calculations we need for Gram-Schmidt. Please fill in the one for i,.
o 1 . P ol = ol o l L
U = mvla Vz =(U_1 'Vz)u], 2 = 2"“‘1}2, u?.: e an \I'l_
! | vl

{(b) Suppose ¥, V, are as in the diagram below. The unit circle x2+ y2 =1 is also displayed on
the diagram.

>

<

N
N

Please draw the following vectors. They do not need to be precise, but should be fairly
accurate. (The arrows should all begin at the origin.)

=l

Draw i, : Draw ¥,:
4
o l_).Z
A
51 ’ff;
4 4
¢ X ¢ >z
w -
Draw ¥;-: Draw i,:
Y Y
- - N —
Vg U2
- .4

A

e




=

E

j— .

\/ﬂr5

7. Consider the following state diagram:
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Oﬁﬁ do &,

50%

25%
(a) Write down the transition matrix for this Markov chain. Call your matrix A.
A= )/ ‘l’
! /1, ’5/4
(b) Find the eigenvalues of A. (It may be easier to calculate with fractions instead of decimals.)

| - - Ty 2 ) 3 i
dar(A-AT) = &QHUA yf_’;l = @) (2-0) -2
2_54,3 Lo\ oSl 20 1) (A2
= A -'-;Jr')\"'-—-— = N - Aty Q- -3)

—) Q,\‘%Q,V\\/alues are A und V4

{c) Find a basis of each eigenspace of A.

vor (A-T) = kor Wf v\ﬂ _ sw(m\
ber (A-3T) \4@(\\\/,5\{ \\//:‘\ = Spun (I_‘\‘D = Xl{]

Question continued on next page.
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(d) Find matrices S and B such that B is dizgonal and A = SBS™L.
{(Just write down the matrices. You do not need to justify.)

1 "‘\ 57 X ‘/‘i
(e) Let % =[g]. Find §71%,.
- _ ! - - _l___ \ \
S = -I-’LI— I\J 3 —I‘J
,\ i 3
S Po = 2] &1/3

(f) Find a closed formula for A'%,.

X = SREST L -\] io m] [Vﬂ
\ -X V7 ‘\
X'L A i% (vt

t
SRR TN
)
= -5 (%)
(g) Find tI_lgio AtX,.
Q ' T &lm t \/3_}
w e e AT AR |

J[,‘:’(JQ 'L ncdr ’L/g
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8. Comnsider the matrix

1 -2 0
A=|-1 2 =2
0 0 1

(a) Find the eigenvalues of A.
\\H
l-)\l
S -1
0 o =X

der (A-)T) = (-0 -MD 0= = (-D (M ED
= (=N AN -0y ]
= 0= (N =22 +2-2)
= (=3 (OF-2)
== (N A-3)

=2 oigqenvalues are 0, 1,3
(b) Is Ainvertible? Please explain.

O s o aiqmmm\m > JdA=0
=2 A 5 wet wver T bl e

(c) Leth = [—11} Compute Ah.
\ ..fL C) | & 1
(d) Compute AR,

. - 0 - VG0
Aﬁ:%ﬁ = A\OO \(\7 =2 o= ég‘w

o
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9. In R’ consider the subspace V spanned by ¥ = [ 2 |

(a) Find the matrix of the orthogonal projection onto V.
- A V _ \ "{7
U= TS EY
Wl are
T \ \ \ \ 1 -1
Go =g lzilie 2] =<2 2 4 4
"t -7 -4 4
(b) Let¥ = [ } Find the orthogonal projection of ¥ onto V
T — _ \ -
& G{ N = Cl ~ 4
4
10. (a} Of all the material that we covered in this class, what was your favorite?

The wysre and voadrwaner  dynamicol  syshem
(b) Least favorite?

Now guys suid my Q\U(} Hovks Ve o Poy .

Thot wande e cad AS kidc\\"nfj. )




