MATH 11200/20

Midterm

NOVEMBER 2, 2016
ALAN CHANG

Good luck!! <=

Please present your solutions clearly and in an organized way.
Answer the questions in the space provided on the question sheets.
If you run out of room for an answer, continue on the back of the
page. Please note that use of a calculator is not allowed.

Full Name: SO\W] p\Q SD\MT\‘C)V\S

Question | Points | Score

1 20
2 30
3 10
4 10
5 20
6 10

Total: 100

This exam has 6 questions, for a total of 100 points. The maximum possible score
for each problem is given on the right side of the problem.

Please do not open this exam packet unless you are instructed to do so.
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1. Recall the following axioms:

A3. (Additive identity) There is a unique element 0 such that for any element a of the set,
O+ag=canda+0=a.

A4. (Additive inverse) If a is any element of the set, then there is a unique corresponding element
—a such that a + (—a) =0 and (—a)+ a =0.

M3. (Multiplicative identity) There is a unique element 1 # O such that for any element a of the
set, l-a=aganda-1=a.

M4. (Multiplicative inverse) If a is any nonzero element of the set, then there is a unique
corresponding element ! such thata-a'=1anda!-a=1.

Which of the following sets satisfy which axioms? For each box in the following table, place a x
if the set satisfies the particular axiom. (You do not need to justify.)

A3 (add. id.) | A4 (add. inv.) | M3 (mult, id.) | M4 (mult. inv.)

N={1,2,3,4,...} X
X

Z=1{..,—2,—1,0,1,2,...}

2Z={...,—4,—2,0,2,4,...}

Q={3la,beZb#0}

% | [ %
| [ | ¥

X A
X

2y
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2. {a) Using the Euclidean algorithm, find the GCD of 89 and 100. &%

(b) Using the extended Euclidean algorithm, find a solution to 89x + 100y =1, with x, y € Z.

(c) Solve for win Zq,:
B9-w+97=27

For parts (a) and (b), you do not need to justify, but please show your calculations.
(a) 100 = 4 -89 +\)
ga= € 1 L] ——3|The GCD s 4)
W= -4 +0
by 1= %9-g-11
= ¥ — g- (100-1-99)
= %9 — ¥ 100 + % Y

= 94.94 —§., 100 —> |*=1
4=-8

(c) 39w + 97 =27
(8%-w +97)¥3 = Q7 +3
g9 w= 30

qa gqew — CIO%O — '\ZYOW\(,b))
1-w= 70 e tnow

(=] B7=8 Lo,
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3. Find all the fourth roots of 1 in Zs.
We, wont +o ¢olve x*'—:’.L i 7Z.g.
Letle ¥ry ol possible yalues.
0% =0
1% =1
Wr=2222A= 4.4 =1
%= 3.2.3.3=4.4 =4
4%= 4.qq4=1) =1
6 the 44 rots o 4 are \71)9\3'%,4——\

4. Use the definition of “a | b” to show the following. !
(a) 12| (~36).

) 0]o. .

“alb" weans there eusts o kel such thetr k=1,

(). V2-(-2>=26. (l&r ¥x=-3D
(D) 0-0=0 (lr v=0.)
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If a statement is true, give a proof. If it is false, give a counterexample. (Here, a, b,c,d € Z.)

(a) Ifa|bandc|d, then ac| bd. |
(b) Ifa|bc,thena|boralc.
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5. Determine if the following statements are true or false.

() TRUE:  Suppose alb and cld.

Then there sy k| Vel suy Jr\/\OHL
a-k=b% and CQ d.

Mulriply these togerther o ger
(o) (L) = bd.
Stnce Kle L, aclvd
(m FMSE Lot =4, b=, =X
Thew  albe  bur a)(\o ond  GrC .
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6. LetH = {4k+1[k>0,keZ}={1,5,9,13,17,...}.

Recall that an element h € H is called a Hilbert prime if h > 1 and the only way it can be written
as a product of two integers in H is h+ 1 or 1+ h. (For example, 21 is not an ordinary prime, since
27 = 3.7, but it is a Hilbert prime since 3 and 7 are not in H.)

Show that every element of H greater than 1 can be factored into Hilbert primes. (In other words,
show that every element of H greater than 1 can be written as a product p; -py*---+ P., where
n > 1 and each p; is a Hilbert prime.)

I'll start you off: Let
S={heH|h>1 and k cannot be factored into Hilbert primes}.

Suppose for contradiction that S is not empty.

By the well-ovdering prinviple, S hae o smollest
gament. Lt wll

Smee ¥ connor e fockored wiu Hilbert primes it
'S ono¥ a0 Wilbert peime iFwi
o thery ore a,bert <uch that( keob

1 za<k
1 <bvak

swmee ks the smodest elemenit of  § and o<l
we kwow o can e factored  wite Witberf jprimes

Swilary, o tan be facrpradd wato Hilbert primes
o Gevo can e foactoren ifo Hilbevi primies,
(Tusr wliply  the fwo products  togeraer.)
Thug, €S, Contradickion! —= «—

We tntlude thar S g empry . 1]




