\
Matlh WO Leckwre 4o Cf\/QCO/%C)

o (%LQ\N& C/ko&ii' ) T \CL out ‘PQ/\/\(A( UVV\C‘:\ DC&{‘M i
/R Cam |
G\/V\A ’(’Yk{ ’]’D So U ’H/UL gi“t)\ GU\J\W} (Pq%%\ <0~Q§0 dscm’s}

W otlgys !
COW\ M(OM ”B\QCQ '”/LQ mm\o,e./{g
/\ &%O\AQ) o A & dets
Hod MSWW‘ C&om? socl
U?* e Horen crchas 'S e summe |

o oy was e there fo g 1"
Thoory v% class - \V\’r\f'o&md'\uwi

o 4, agh b baow tach s
*  Nawg_ |
¥ e Bam
X Moxj‘o\( W ey
* W\“ﬂ *r&\uﬂ% s class

F TFua @Qor

(10 M‘G\MSLK SU(\\CAOU\S_ / BAIAY WAGUS 6n “Pia 324

o ccMlabgvatvon

C(Ut% 5(\01!\‘5? ° homgwove }\DPQWU}
| \“\LM&Shnv}




| |
‘ | |
| YoV \(LL&S J%ﬁ\( @X atl ()um"é"‘ ATY sl @

L, Sk{ wauth\’l

iiéwﬁ ZE e //\\
Sk(m\/v\.ﬁ.,\wa&g @ )YY‘M'\OJLQJ’
D\‘ W?LS S(o(UL SUAWN

b =15

Noo A+ =
(omellast . L+ |+ = 9 > L)
5 o&%b\om ; bt =S

o arbrdrerk =16 = 7
S8 Kf SWCQW“‘S CON_ oAl Up warLL Ty
4 ,Q_Ct Watowns T vaaables
V\\Lj:& %UOL 0@ *{"ﬂiml SN(;T o oLlivial JU)(@M\S o L»(SC

?Wh(/\)&f/vf P\f(}bh]\/ﬂs \V\S\‘(M(j Wwe, Wt Jﬂ] %{{ B OQ.U/\
03% Unod il e M;\()med/\ o v Wiakhamodicad t{‘wmﬁw



&)

Ta b +2c+d v osd= 3%
= 6+or0 4+ A =28
We alse know Se% 9,10, 1, [.,2_'1%

-ch:&' ‘Lgf—q - OL"&'\Q YCF 9\“7 __1 l "':-""FG
-=-.=-':7 N y \0\ C GO \ \1‘ ,S
(& ./\701& )(\/UL ov &_,Q/q‘ TATAN “hﬂr’u f])

Nfwens.

b
P |
$=9 S=i1g
4 3 &

- ?o\m*' ok c&m&lﬂl w\/\,\( dg&g \ ww\cj‘




©
o : DS . (COUV\ WA \‘Q/
K ! Mmﬁ& h\ - M s Siomt )

L U UL SRV SV w (C‘[QU!SS

e )

__% )O\B valﬂ' oWNSs (K)\((I\O\JLW\ &3

Solw ons usma '
% Soluhyowns U\S\wc}'% , 711 |

On&of\ Co
£ \ Lo, \
Su\o\'mv#‘ b
U6 Ly

¥ r?\f\mu (’\)m\o\LW\ %)

&\V\'S\f\o(\i“f\al. Lpwblum ©)
F o Sywanehngg o@ OLMMDX\L




©

TPogk— chanss -

S pant S e . o Vyblowmm 1
SO (9.0 0% A Chwdgants
— Lol ok panity
— balama \cwcész,/ conald ?
T Yovobe | Q\\‘P (we Yolled about
S IMWALAYALS GS; g mw\%\@




@

0 Chafe. St with buvhoy P(Amdxoxw. cf/?_%/\@

C_/\I\CA/PWS A ond A J\Qo& \,\J\%S(A, f o

meo\mmw-c&g ., Naod oty Yovmnology
nokadion | oxC - |

Numwibar gy geowns-

I

1

Nl wambens N = % 2,3 ’E
s 3,

\‘\(\’ro_%a,\fs Y/ % T A B I S
\ "2ahlen" 0 33
yabloval umbes =53 %
@7 a-—g— \ 0ed | bel \O%o%
Cef wotanow “ 1
cwch that"

(@ Pw ctmo’n'flm%’\)

YQ,(&\ V\\AVV\\')QJVS : |
= Y\Z &wul%‘mcé OV +\/x\§ Ao’y
)

<& e
-4+ 0 A 7

LYQ/W\ g N\I\MQ, \S @ i -‘r’\m& Vt-mm%@r \wuﬂ}



SO §et vickadiown ; @

e ~ 1 ( an JLMW+OD N .
’i?é N ) net- ot elument

1eR. |

N

NERN HARD L Nor proved unh 7005
D0LS UNYONL  eviow Ay b s ek v § 7

Jooe®  [2¢@
wuich Qasier (but sall weeds wor V)

Subset: -
o Nel | Zeh, QQeRr
ACT  wneons: TO  Connne

\ \Q X%A -\’\/\Jw\ e % b Sowaone Ad\%}
?(\0\‘1 G ﬁ&W\QL
N xe A "—"7? xe & Lnakt page)
mples www\r\% Q‘ff Sanag
Suason . g Naw! People's d\ﬁ% of
ACHY ‘S"V\GV“‘

5 dopn U M

A | -,
Unphy - R



Il B \‘
i i

CO\/\S’W\MW\% O‘H/\QV §OS
et A and B e &b

wwion . Au%”:gx \ ek or xe(%?(
intacedhion.  ANR = % Y \ xe A and xe%’f |

AnG
T

SSOU G vy
LAV TRTIVATY
(Ankiy

(Av®Byol = (AnC)u(Rac)

o skl B roperty!
Lo e L\a,ppms - You ¢wittlh U/ﬂ v

“Yoolean qlq@\am )

e e,
e — ———
— ~

Rocodl e 3

° T (,0)
CarHsmn, T
P\MV\Q, —r C Lo)Z)




Cavrasian pra&\md’ -,

Rx%ﬁ.% (‘WQ\ neA ond \oepﬂ\ - S

_/;/,;/-
, B _ ‘f/;

LCB. Q&W\ — Chyreion ?\G\M. 2
0 |

] c RxR

° ° what s 147

Funchions p( A — &

\\FF < a Qwv\d‘\ov\ gmm At R

mws‘mﬂow
A N\ R_ v m

2.



_—
¥ |
L 0‘ Rurcron

o SLYUIMNUS U‘Q Anmlaars are banchons |
N A T S

debwe P N —>R :

fy=) f@=1 fm=1 we |

s odditen 8 a Qw_c.;h“o N, Hﬁmﬁ.

m\(ﬂ«wfaug
| (‘§ : 33 ' &.mg‘cﬂ. —— 8
ENAN —— N

Z ¥(g,%) = % ¢
s Tethw oy
bR x R — R ¢ dt%ﬁwﬁﬁ

adds'h'oln 1S N ! N \$ dOSQA \wx&ﬁw
Gy \()\vw\.vul op a s difion”
N 'S



cafled [
73 \‘SA&, \amwxf of - on § Q

{55
(LO\SJ( hW 'Dgé 5‘ (Y MWALAVLS (&j M }fviﬂ.mg\LY(
DanD, —= Dy )

)
/

bin Op oW \R Hraot's wnor  ow h\]’_? (W'ﬂmﬁﬁ)
oon 21 ( Liviivon)

- ) 1 L@X\)om&m’r\‘q{n‘on )

oV AWST &LQ\WL gg\mi&/\m% ﬁ\\\% K73
L R ——R »
qﬁtx,»(\ii; |

V\U\SS%\\ ks pav ado) - v C\/\,\’m%(g Wq e Y WP%
ot ()Qﬂ?‘*”é”.
© paople who shove taamehves
@ pwp\ whho den't
Russell 5 o bavber w U who  Shaves
DN | o ept st whe  Shawe Fapmsewes.

G Bors Rusell chaye g ? -




WMQ/% O(/@U/\(o ®

Warw-wip g bl 5 _
Longvdar tlg Q‘U\\GW\V\i quasnon (B o wock S‘AT)
ler A bt op Bubwd by '
6+ b = (h-a-%).  Fud
E A C TN

(a) What'e Yae amgwer T ?‘l‘&%?ﬁ) AT = 36
.

D0 K b R b et are i

&O\N\G\\V\ va\c}x s o\,\f\ag(&,j

) 1S K commubahve | aggouihie

Romork © wo Svich Q\w\(\'o»&uw Q}w‘ kﬂm‘g duﬂg,
Lt e lenow \Q‘ W'*@fﬁ SﬁW‘QfY\/\&V\QA \(w‘é il
e wver ' (alses anallator )

K (s m?wv\éﬂ\'ov\

- (A, %) — E —~
N -

i




U We can wiite- Li«? PS S —> @
KRR — R noep e S

¢ |
. ),l

——

Wi newy

Badk v wmove Q«)\m\\qr/\opmﬁom .
+: R« R —=R
N =N —— N
t L7 —— 2
PG ——> QL (§e5)= e

S

W\QSU“ Pl\ iCﬁcﬁ"‘.’Qv\w} g W \0’%\((1(/;?'\{)\(\#?‘ ci \ V\‘S \on j )

A N © S ot closed wader  subtrachon !

W .
Subbrachiont § wev a %\h@mg upf—'émﬁm oV !N /

=

Now  we'll ool ok o GQ thase 0p §
oVt Legg SFO\VW\{HM a4y SL‘SHJW\S - (workshat)

—

\,M\‘A-Q_ oY ramn S 'QYUVV\ Jr’Q/)(‘Hooc\c on qu,r& .




Lectwre & -
f \/\)OU(W\ z_,LlP PV’U\O\@W\ . C,U/\/\ \,[Q\A So\\ﬂ& @ar
X " “V[/\Q, Qu\(c.;w\\/\céq

(a) A+y =& (h) Six=172
(¢) Z2.xy=1 (&) 3ey=7%

Which  elomants o@ T have oddihue

e s
h G \ 2% 4 5 ¢ 7 Ff 9 |
) —X (qdd\ ) O A y 7 6 § 4 3 9 |
u)\/\oér‘ Voo ut- mu&‘i Cpaverses ! ]
X 6o VT % 4 T 7 ¢ 9
)(’l LW\ULH W\\I\ ¢ \ e 7 . . . 2 . ?

\»J\/\CAJV' (S SPQ/(,!:QQ_ aloou t {] Y _{] 9 7

————
——

DiConge A\——/lv“g ML — Mék) D
Covivaug.  wHin wockshand %mm T ch oy




duwe & o /5 (6 @

P
)

Wi gwppom S ¢ o $eY
Wit « lv;)\;vx&rxl opmro\’ﬁov\ + which

Soév\‘grg',@g OO g A\ — A‘k‘ . SmppoSQ

Gy o, C €y oand arc=bic.  Con
Yo prove et a=bT ¢ there
WA ko™ you didn'+ need W e Pm@ 1

SOL% :S \S oo \\O\\D \an %rouPH

wam\m LA Coonce\aon Louw %)\r a&&.xhoh\_

FAS,+ sansdy {11 |
G, b, CceS <
U +C= b+

TJ\/»U\: o=\

Voot vk cavmenmber wok we ded
O\ MOV\Q\CM.(\.

ot the §
nd, AQ—AL




LH%’&ES oL woy ()%- Pwmw&hva &\x pmﬁg 'ﬁf\i
JDGO\L Mmﬁ &mﬁm‘r V\( Mw\’m\\’\‘w\.\ | |

O+ C=%a+c C‘Q{DW\ \(\\WQD %\,wq)
(04 ) +(0) = (bro) +(=0) (\o»é Ad ¢ has

o Gddd (e muue,\/ge) |

&+ (CrED) = bt (CHO) Qa% AL ussoec,)
o +0 = b +0 (by A4
G = (g AR)

fin

Rem: e never wsed AL (comm) "ond o proo ¢

LS wwh suh‘skeg Ad—A4  we Sy
S i@ “uamwp.”

N Xy “r\/\\v\o25 to ¢how! |
(\J\JLUXQ& \n Zj O had no V‘f\b&]l(, W

\V\—ZKO)O'"’““""
s PN tywe %@Mra&j




©

HO\/\) /\,\)\/\LV\ Covt W g\/\ow \"\ML Qd\owwxar)_

\(FO\( Qm QGS) QOO:O.\\
Tame. O s cedd ihve rdaniirg

W need o ¢ S?./\CL-\‘ B S mq&’h P\f@:&r\‘ov\
Somabow:  We wust use |
(HO Wt coval Wit g pro o717 )

Thaocemn A
B %gj+)° Suh's% T n |

O S
oddrhve \.'C)\.Q:WH'\"\T

e 200"
P ook 00 =o(or0) (AR
O-0= @ 0+a.0 (>)
6% G 0= -0 1g.0 (A3)
0= o0 (Thn 2.1)

i
\/\)'\AQ‘J( @’%\OQS W\ m A2 D

AQ— A4 (from fhna )




(%)

Note, Do NoT MEMoR\zE THES
THEGREMS oR PRooFs !

- R I R £ AT A T e g

- QO\{Y\W\W\&*\“Q‘ \r\V\CAB

0 \/\0\& Ny \/\nud’r\ p\\Q&h\lQ VNS

Theorem 9.6 - Qe

(E_Q_'- §uppow Q{)f C_Qﬂ%ruét'&h’ow |
ot i dees. Celll wWe wwverse 2z

WV\ O-»=4. L= —ﬁ/\iomm (;l,"l)
O.n=p So O=4. But
\Dvé Agiom M OFd . Se we :
\/\u\;Q o c{o\{\{“f‘a\&ic;"r\"ovx \ / —> & / % l':]



o chwre G | 76 ()

C) |
Ve (e 4 beZ (e o

\\(A C&\\\/k‘cj'\_ﬁ,(é 'S IDF *\J\/\Q/\{QN‘Q/}(I‘STSQ kt:z_
§md« %’{A&JV a-k=b

7 ‘\’Q/VW\W\O\OCZ\\{ /v\o{“o\‘h‘o\,\ !
W ‘ @c\(,{—or) |
° o L aQ CAUTSGr 0“"9 by

§ NS dv \“s{\:\i LQ\Z\ o !
" aly

BBSW\IQ L ﬂ/UL (ELQ/E\V\C’){-\OV\ Q% 4 G, C&-‘Ni‘é’\ﬂ‘s [3!?
dots wnot @»(/hfk&%«vi‘ use day(sten —\{M‘S alllows
TR nedce &’%@ Cawg. '&L%m‘hdv\ A

Awm o £ $kems wWhore we comt dinde (@cj_zm\)
Warmup = s QQ N Q@\\ow\% Cr s |
() 4|2 (LD 4= |
(¢) 4 ('L-r;) () (—~4§\ 12
Co) 4l ma (B) 4,
(3\) O] 4 Yy ole.




W OY\CS\/\QJ@}V

T\/\Qommn; et o bce {Q alb  then

{?YOGQ“ ‘. SMPPOSR a\b. Thm &"(A.aftzh' NS \cf“z

gULQ/\’\ thad 0{\« =o. \ \N\MQ';{%‘P\W locs'\"'(»f\
7 'WWC@G%OLQM%L

o (W2 —@DV\«V\A N \\ARC&/@F QGZ St
O\Q—;\QQ) V\O\W\J&v’v’\ Q=

Tb\mg | o\\bc‘ W
Q,\mm— ) P\m}\: b nieger L .t C\Q:kc_.\A

\VHLme}ro\lr\w ; b 'C./@d\C\‘Q& G ?R%P\—Q_
FLYaN Pufo\/\ %);&-3 k |

Nog \Q‘ \WM LA CA 20 SR "(‘Q«n ’% «P @G\c«ﬂ L\g §
]CJ\C/{/W OQ C N ’t”Q/\(QA/\ M\W‘g,ﬂ"V\Q YOV %U'S \c C
©oolie gl
(QO%& S AV \m’rwp (Uhadin mﬂ,(,ua nsov S
Y w b0




(30) 3)
TK/\_O\O(QJW\”; et a be 7 O

!

e
\"Q‘ Q\\o \*— oovne bSO (
e
+lren  q &b “dew - Lor e

4 e {"11 v it

O (o) 650D \s s fa 7

l—-—""‘-‘_.

/P(?_i(\} ) ( Note. M JV)QO\C* %\\JQ.B o, é\ig\"@«%f‘-‘éw’\f"i“
?roowQﬁ
UC\Q{A: (\HD\\J\'O\W\ OO ovxkur ma\c_@._ “\“'&/\Mﬁ‘g |
el lour whed aco { )
lex a,be Z. Suppese alb and b>0
Case A - o <0

SN e <0 T \Q‘>Q>
W2 hevk b T A Dong

ngg‘%‘: a7 0.

e alb, | e o e/ st alk=h

5\‘"%6;?21 LWt bwew k24

w ( | - i 0
( e s %\- o W ko T\V' \S \VLQCIu,c&a %“‘L‘E \}




=z 4
G >0

b =z
 Dene

T




Lechwre f 1o/1e [\6 @

S

\/\}(ﬁ\{ﬂ"%”i{v’{} Pif"ﬂ)%ikiﬁd\"ﬁ ; Y\ zl@ %O i

Can Laoux chﬁ O\B\o swch Aot
Q’L\\O’L (wn \Zlbw uwnd Qj(b (1w zle\)’?\
(Rt el Hhaat QU@M&. auwber divides O)

Sebubion -~ KW =4 S =0
W Zt(a.

0= 8. wulips B ¥ o ‘{gj({{
So %)(%. Rut g/zp}
(S\vxct Tc=4"=0.)
This ummv{)\m fhows ot
R o'l han alb” s ﬁ»_ﬁ_@ A

N
Ahis stokemunk (g um@&é trug m L
0f we ll see loder!

) Me,mﬂrwwmmos. we can onclde thet we

Wanerprove, (€ ol thun alb” wat
JuE AL—AL M= D alone !




€)
@LJ(\AVV\ o G% mf{'x UQ* ?r“rc&@u{['ﬁ

o\ shaay
Thek A e o = aeh

NU(JV ﬁP\(’ " GW»LM"LS\“ Comwnon d\.u\'gw‘,
f?_%& (Av \$ W Common Cii.Ul‘S,fJ'Y" a“Q 0 anch b

\Ji oL\Q and Ak

F‘D“{l:%_ Hoé_m_o&gwg*r COMNMON diusol a£ G and b )
1S Al oh(iz,mm’r cmmon Aser ((C)

Netation : w donoks e GCD o 0 and b

WAV« §ame otahan o sk puir |

Exampls - ™06 )=\
tavnpls . (s e

(VS dsy=18 b (oY=t they
(2,20 =4 7w oy o and
| Vs o rAGhY Q,\w( |

’\)V\WUL” |




Thugoram @)

o s I avo, b0 and alb
T (q h)=0

b

TR (w0 prve @ st GEDTY
wed S\AUW e “\(X(I\,W\_%()A

() & s o common dunisov 0”@ wond b,

@ \Q’ d ¢ o comwon c&w\'so\( OQ G ond. 13)

 Ahaen dgol
To .s\naw_ OX 0\!0\ / o\ﬂ\o % Wwen v
s g-l=a .

T S\r\ObQ@ ; gw«mooS!L A\& and o\\\o
Ty Aa s det (g thaem 3
" " A ).

E | ‘




it

m_/ ™
L Urre, j M\Am@:@ﬂ) o/ /1 @

Ww%\em; Let's 1y ov&ivm%t‘_
e elowpnts OP; To Yy

044 ¢« <« <4< <y
reh Q fhe P\vwmf} ove  tvue !

A, W g<b then aic <brc CAXlom

A, W0 o4b  ond >0, o
them 6c < be . @4)

* /7
{mmf\c \(()\((M/\( (‘MH’OW\S.” SQQ Sec @gl %}f"mommpﬂ,
Theown - T 5 o way B oorder Z,

Moo way N 1Y mh’scﬁ@s A ordec axpms

L(\D_ﬂf_‘_’ﬂ%«: See Sechon 4.3, page 5%,
(CDon't  wyed \cnow "i'\mi,\)

\ﬂ% ") \o Cel\o

L

L.

Reellls 0 72 u[\g PGS AL 2 [T
A [5—62 such ﬁ)\u%" (j,\-k“:"[o-

(Hank of it a5 & 15 an inkger ")




©

Lor's WU[ o prove gumm‘vwvxob ol ving
(Y AL -

Q\Al)
]Q C\\\o\) w\/\u\’" Con we gw.i o oot

S\ mﬁd)dm& oty 09 o and o/

TWONNEW?;(O SV N h e/
oalb omd b>0) then  azb

lo
doegm Y ooem vntke w:;jé. ?f'-\}

S0 moun - we'll need wove than A4-Ad M3
/_\/ﬂ\\mw_, e Dn

Cve \pﬂw@ Browg \0/7/\(0 Leckure nokes

\A YlU\ lYVUC‘

Noke- “\/\/\(S (rafonwan ; QM




A thnre 9 o4l C

o m-ug @‘fﬂ%@ﬂﬁm o Fd tae wmmen dweso c@
e {lultowmak PaS o nuwbers

() (3,064 (g) 2400,2410
(b)Y 1234 ,1A35 Doy ition.

(©) 1000, 160 \ *
(d) A%, 100\ t (6,)= 1 , we

(e) 2400, F405 CSay Maamd b ek
() 28,2405 ealinhvely peume

o \ (‘V‘(Q(M (?roit"l\ﬁ,ﬁfﬁ. “, ’% \}
) Thagem \F o omd boave posihie ke

ond gl then @b)=a

?J.C_ : ( Nots ?ra\m Lectuwre 77 | [W

465 -1400
Obggwﬂ Qvnm Y- wp: /

(2400, Q408 =G (400, 5) = S

(2345 940s) =S (235, 10y = €
/4

2408 -39S




Thasem Uk 6 b e 7. Then
L(MIO\)":— (“'\"\’3)5\3'

r_?fr_‘ o We wll show Haek

d \$ o comwon c,\w\‘go( :\ 'S U Comvaown

——————y

of o and b dwicer of gil and |
50 we verd 4o Show A Hnmqﬁ- ?
@ \Dr A \$ o Common GLASTY 0“?? A, L
| on 4 i a Common digisor 09.-.01%«-\,3 Uy
\Q d - - - — . ath R s )
4\/],\91“ d - - - — - - 4 L)

\ |
|

T0 show Q) - SwwosQ d s @ common divisor ch ab
Then dlo and 4|
Then  d} (asb)
T\m}\&) d 1S o common divisoy a‘%—- Ol b /

1o S\/\Gw @ Swppqg()_ d 10 % (uMmen Aoy c(l ELRN
Then  dlar) and d\b. .
an A\ oy - ) 2 Loy Tovem 3 2)

o dla

NG T -
D(\% arem %'})



=) |

o d (s g common  dvior 09 Qib. / O

Thaem 37() © L b, ceZ.
Then  (atcb,b)=(a,b)

/PVOOQ ._ (’W\{ R (,\U\A\(SQ\(T\’\'. M&u onal

c/\/\ow\cjﬁfs A %M ¢ m’i’ﬁ% we wﬁ‘f did ). A

Lov )'M* apply s Ko e %{W““ﬁ@
W\ow\u\ Al k"\"‘(\&tk(i\o\f\”)

£
L)




e chave (O (AN NATE @

wwm% :

ORI WA B S

W s IS W W e 26

2 WL A 0 %‘-gcl%

WV e wambers 4 —320 . Do “’r\f\x%\\wmi\ |
() woss owtr &

CJ\Y(,\JL J{'\l‘J g\iﬁﬁﬁ&hﬁ V\UW]L)Q“( H/\O\‘Y\S V\UJF QVOSW_CL
out  gv civched (L_{Qi‘"). Cyouss out CJ&

\/V\U&UO"'QULS 0-%- LS numbey
@ \(&Upiﬂ:ﬁ“' @ OVer Gind  ovey qmc&\ oY,

k/\)\/\(‘ﬁr C\O L{g\)& cz}z—»{;ql

\
x g\'Q/\)Q O“?‘ Evitocrhenes !

T

Y

What c\,o LiUU\ \('sz,ar\f\w%e,v caa,%«rmwk" Pv':\m@gj
o Al e by anly 4 wnd dwib
WA padt No Wy 1)




T Wy nkimber cn be Qamm@\ Wt
prvas . wiguely |

° thae  gve \V\%\M\fﬁ,\k{ MUy prmes

CPOWG aYe Wy ward  we don ¥
KWnow wmawny Jﬁ/\m%g o bont MW\(

"D_%_% : P \S q pYinL A ey *Q

>\ wnd the anly  posihve VL S0 S o@ o
e L &ﬂé\ P

Dox - A s Compeiie A L A

P

w7 | ﬂm& Voo vt Pyl .

(Q\UY\W\LI A V\MM-‘( PrivaL wov (,OW\.T)GM\”Q.

\Wo(s collad "'!‘-'u\«vuk”\)
L' show SGWLUT\(\W\% hat's  “obuious”
WOWM 5.9 g E\Hbq comgmwﬁ WA 1§

P

dwisble oy sove prinag




w\/\m\r W \%\/\ t 90 wmv\%fzu @

Maghe  Hhr'c o ampoiie aumlpr v

whidh 5 i le %0\{ (jV\\bk {W@E\\—Q nube s |

(P)\M’m\/\ M C,o\N\?og\\& Vooniners W\t%\'\"\“
\()JL dmf;\b\& \0\1 SOvwng \{‘“iWM, }‘

a

\\@ ”M f“W@MH

— <Rl qM c:wv\\%&k&
/ \ : CON MENLL %/Q:ﬁr G pvwal

but a¢ yun qo Jown ths e, e aumbecs
o5 sedlac. s camnot g o Looyer

roo? g J{\/\ﬁﬁ’!“ﬂf 3. q\ 'L’UF n be g tomgm_gm \Mm\aw‘

ittt Lt MY

b S bty ser 0% Al polinve  diisers
D’Q’ 1A GW' ~\’\/\o\m A wnd o

N UtW\f\OOS\Pﬁ ey g ¢ not Qmﬁ?}%



@)

S o nonLmipty SRY S hag a
. ‘ -
UJ% ' PGS\\E’W‘Q (N &&U& LN Swacilp st eloment |
K
\ WQJ\\‘“GV(/\LW; mg% ()\f WAA (}‘L& t
Now \QES — 2.
Clavm Y s pvivaL .
’\i{_: @m—ppow g\ln‘r' (,OV\WMS\{H\@V\ thod ko
"-.Q»WWMH - mm ’\)\/\u@s 6 cuch
Hoot 144 <k and 4l
A and  Yn =7 diw )
ser Aol L dln —=  deS
50 des Cew\\(a&{c,hom\, ’

d <k e
\4 \ < J(\ML smmuimir Ql\i’,wzvﬁ“ f&? S N




leckure ohele QO

\Nﬂ_‘(m--wtﬁ S AU wel| mw&mm% (?(MQ(()U\

Yoo 7,1 Fec Q7 Q
@Q(’C&Q - T M“OV&MWWH wmupi& i ya

vl

saugs ot MUY noumphy - subset ok
POStve wnkegers WS o gmalfyst Jeoment)

g e, e wsed g wﬁg&—ov&uwxﬂ,

T oo 7w shew that
NV ‘a{ c,ovv\/\pos\#--& A her VS davsible
\0\1 SYW_ @X”{W, .

MM (st b€ o). oo 47

EUML\ yos\\h\& \\/\,*rﬁoyu WL=Q con e
WY\*\/WV\ 8 N \()(Odv%(/‘% (}“9 1() ViV
awbars . (azpypye py )

VRN 260=3 L L3



[Noke . we'ce pok gy ow\,ﬂ—&uwi oot
\OUV\% TVYCTYS ) |
Whak'c e de! ey a2,

\& o PYime Yo dong

oo ie compoti

x
Can QN Lwke "‘i&‘MS \ \;\
fackoy tvan

e b ok fag | gtom %\UQ,M

\o\f WAL Qavrovitw/%um OQ o

e \OQ«%‘(‘% we want o Show . 4ve
AOLE ok do on %-T-m\eﬂf, o led's use

WAl -oyde - princ P\ . (\&ﬁ“ Toke, Abe gmadlost
Y o& s’&?— Ma‘vm .

2t S=3keZ| ¥=2 ond ke gunnet be

ot doetn'+ wor'@

@

wvitton a§ o t{)v'o&w_;%“ o? \()\(WV\E,SK

WL watt 4o chow 1S @ntply

SMP‘WOW ok T (s not .




.
(\.

)

Thee by thy \U@\\*wdﬂjvmﬂh prinaiple, S

Wos o smollest olpwurd o

Cne pre numbers are not m S

we lnow g 5 wet primad
S u?f&) LooVS compos\\ﬁj e
e efict bieeMN ! sudh that

O=v-C ond  V<b<g
\<c<a

Vb <a
b
0 S SVM“QS{I Qi@k% v a? N { 7 ¢ S

G b an he Wy thon 05 @ pmé\u,a%: ﬁg\ﬁ “@l}*f ALY,
0 Thue st promaS Py oy P
Sb\C,\/\ 1)‘*"\0&% b ?\ Pl e F>r\ :
Sumidar | %x e QLS p(ww&g (@\}. ”)<%¢m
S“L\W {’L\Oﬁ' C:%\m C{/? R "'C‘Jﬂ )
Then o= C ::—((;\ P e ( 9 %\)
0 O @A b wyiten G vy W@c}hmw" ot prveg
% agS. Contadicnian! —e—

Hene, S=0p. (R




@)

T\/\u\r@\m 340 - mﬁfﬁ 341 W‘\&“\mwﬁﬂu‘ NGy prims

Y
I

LEudd . 0ngof the mast Qaw\ou\s pmo@& etk ) |
\Q\;& | \Q J(\/\jl,\( ¢ Wy OV\&% V‘W\;ﬁ‘ﬂi«% ' G V‘"‘é,..

PYWAWIS - W o con Syt o wiw ong
Dyl - |
\;29_% S\U()POSQ ?w cow\'va&\‘chw\ TQAM” JV"\/&MQ

s o\(\\t& 0. Q\m‘re, numbee of primes

WH LSt 4&?\@-%“%& AR i}‘ 5 Proy m Pa
L/‘Q,‘\' N:; _(_)\-P.Q.o e P:ﬂ -+ ﬂ_ .
< N {)\(\W\i’z. No) s e 0\’\&‘3 PowALy

G Pr 5~ P avd N g \3\%%@{ %Q/\cw\

go N \§ (,owxpos\’rt- {BU}S )f\/\i_ﬂve,-mlﬁg-oi>
Wl enow N ts diutsible \D\K CorvaL Pl

go M{'m 'S \égg\s"&),..)ﬂﬁ gug\/\_T\/\q\— P\LlN-

%U\,Jr \P( md\u(c&sz M \oub '9@} T\ki, Wuvv\c,xm(}&r
N i s 50 \€\L){\\\ | (s V\HCLC&\(Q%'TQV\Il o & -

P\W\&n Ty vt Xv&xm{ﬁw amem% pvimas i



)

Letrare W lO/';\/ \G @

WO\\(V\A—M—\PI (@ Can u(]uu\ Q\\AJ Q V\UtW\\/)QJT W

S&AO\A ﬁ’Q/Lu!\““ tQ ({(xu C&W\&-Q» 7 %\1 Q,%1C’-
_'W \(Q\/\/‘\(Mm.ou\r (s &&wm\s "L(?,

() Same queshon  but wdh 23,4 ¢
() Seww - - - - 23099 g

> Yy 00&% f’\f\td"" ‘("&AMQ qre iif‘x(\\wmgj mam«d\
primes (Wed's Lec nos)

| \MULM S W You do mo\}- \o\a Q,CW\J(Y'M&{[Q%IQM:
NoNe o—:? d ffements oside e e

(e mcqssw{hﬁ rug
Q‘%. ?‘ - ?1 S PK ¥ i (s wnal ML@S‘SQE{"(‘{.L( prwvn

{.03 A5 S TN 3x4=300%0 = §9. 6 g
The are prme and (arger
than 1\



.
N UK {*UY)\L" Divison C\ou\\* Si‘u_u("mca W Z) Q

qq =7 1
2% =7 49 =7.2¢ + 3
71\ Vs R

':_-\-i C{Wh@wﬂ— e V\A‘L{"‘ ,
59

.l OL':—\@«:C?7+F‘{

5

Wmpovtant. 2 <7 |
Ln CﬁQMmL ;o v<b N

Now W e remamnder s HNG, o ’bica_ o
T\/\Qom‘m A (Dwviswn A\cﬁﬂﬁ’&mﬁ

() Foy Ny Two  pofiive QM‘%@H a, b,
\J\/Ub\(& Lyist \V\%%QMS a5 F such Haat

| &_,_%\orcl)%r oand Occ<h
('&3 w W\\—'Q%‘U’S G0 ave wnigug

\CKC(-:,7{ P *é wWhad 19' we %Qﬁr s |
/ W Coan c&ic,ﬂwn{

4= 1T o \O \0\8 moumo‘\ a

T over




ldeet & % consdor oM PQSS\:MQ

\Iod%g C)Q o — \0\4 _ Tf/ua &m Ohw&iﬁjﬁ‘ V\OWM%{ .

ong should e ¢

NG
/ProoQ“/\: Rt G, b be posive \\/\HC}M‘S,

Lr S:%ov——\ok \ \<e'z avich a-\o\c?_oli |

e eSS g fonemphy

Swna g \§ @ _\/\OV\%mp‘r«% Subger Opr
V\QV\M.C(B‘ mé&%ﬁ,(“g : ey \r\us o g‘mc,knwszﬁ"%‘
domernt . oty o &

W know ©20, and

Swa el \)/kﬂ\/wm LS o cbfz Cuch Hhak
\F—;q—«\oc(> |
Now we sk wied o show <l
SUPPOse %)\r conbradichn far c2 b Thaw
—b =0
<\ (b = a—lg -l = a-b(gr 1),

— —bheS  Bur ¢ g the sms\%&,ﬁ'\
dement ¢b S D £




Thug

TN




Lecture 1% ol 9a | \p @

Warw-up

() Fnd (13,0) uang e Euclidean c&ﬁ.

() Frad o solution 4o \%><+\Og= (v3,10)
(&) Fnd (78,30) wang the Euclidoan o&%
(d) Fnd o sluhon 15 Ty +30y= (7%,30)

1§y 30y =

osE vl e had e dwns on a,(;cj_ orrey =1
%-; C(MOHQ.-V\{‘
(= vemauvader 00 <

o= chl-’\-f(’

From last wedk's  howmewovic ?
(o, V)= (bg+c ) = (b,
| m(mm’[\%j Ny
l\"s"—l\o; 3= 110 + % o (1310 =(16,3)
0+%. 10=%2% + | so (10,2 = (3,1
B34 B=3.4+400 o (3,0)= (v,0) = 4L

., o e o i__,_, "T\/\\‘S ; T\/\Q
‘ ( > / E\/\Q\ifh(‘;\y\ Q&j

e



Now 1o solve,  \Bxrtoy=1. (D
Method A just hings . _h

6, 20,3040 4o —39 =1
'S, 26, (?9 /57

50 \%°("%3+|O°/Jf':i

MQ’H“UC}‘ & “Q/XW/V\CUX)\ E\A(,\\'CJ\ML\/\ C&%OVK‘\"&AM.

5= 1.0+ 2= \3 -1 10
T
g =22 +4 1= l10-2:%
: /
A =(6-2%

= 10-%3 (V54 10)
= o= %1% +310
= (=23 * 4 1o

0 T
X




o

oL [\’M (78/ )'7;03 ‘ @

15=3

=20+ \¥ =TT 130
%071'\%*’“\’2 \(L:P%O“i‘lg
L= 176 6 = l¥-V "\
\2=2L 6 +0O i

(79 20) = (30,1%) = (\¢,1D)
= (12,6) =(6,0)=C

(s

So (o= \g-\ V'L
=g -1 (30-11%)
= g+ ()30 + 4L F
= ()30 4 ANY
= (=) 20+ A (7F-226)
= (D)% & LT84 ()
= L7+ (-9Y30
P f
X e



This letls us solve  aX +hy=(ab) - )
what about oy vby=C e 04 < (o) 7 &
No‘. 8¢ Ho»( IS Q Mn&ﬁ'ph oaP—- (o, b)) !

0 ¢ wmust be alse!
Thaorem  ( Bezout's lemma | Exerose 4.9 YAt).

LRy q)\o be pOS\h\!Q Wl‘*ﬂfjf&rs, U
Ay W pzce< (0, b)), Yhave are no inkeger

soluhons 1y axdby=C
(2 T ¢ om (ARG coubhon o S
Gy +oy=1la,b)
,_E_Qg @'P" UD '- SMPPO% &)Ur\oxf =C. C>0
IS S CRA ) (6,0 | b,
we oo (0\‘\3\\ (W)
R0 [a,) | ©
S0 Loy £ O .

OwHing OQ prﬂoQ' oF (2 - oo, b

o

Lot S= %O\Y%—\D\{\ X,yel N C{}{%\oxt *;»O?




S XN V\UV\Q""‘"P{”% Sw\osa’r‘ 0@ Fos, m‘rﬁ%,ﬂg
Se 1 \/m o sm&ﬁoﬁr Q_SLQ.,VV\.Q;V”ET.

Do me worle Yo o w T\/\LSW’\!‘*} boas CQ,}S). i

e S

AP\’\(C&\"'OV\ o Rozourls (ewmma

Thooem 6.6 - ek mz9. WE Oztiam

__—-_‘—._—————_

Than o s an wwese w2,
‘PF"___Q_,VLO\ OV\\L}_\'PV (O\SVY\\';/—L.

(\DrOOQf we weed o Show 2 *"\A\V\j&

O € o has an wwrse 1
v (awm) =4

N CNER N
-’\/\/\ﬂ.ﬂ:lq‘ O \/\qs O WAV (R §A _Zm
To show(@) . Swppose ax =1 w T
T\/\w\ i 23 QX = 1_-\-\(\(1‘1 PUV“ Sonag, 162

So 0\.-\(“\!\/\-&131.
50 (o, m)=A by Beyout \/




o Show x Swpposg (q}m}-:/l_

Than e are A el aat
X + m\iti_
S axzi;ﬁm,ﬁ_&{\‘ w7

SO &Y ::i W\ ‘Z‘m' D




l
Lectuve V4 lo/726 / 16 Q

WW - RU&M PYGW\ Ohf &M Sd/\oo\
hat qot con  Sowlhwls  yoduc gr’adﬂbmf
Mty oty [f\m_.uhws- For Mm;m p\ﬁ_

L[?_ - —_fgl__‘ anavals 7
\S 2. AV AAVAR?

1

W]A&V\ Cavt o %Q_ﬁh‘cn -%- be (! Qddﬁ@&j

—”-_M"""“"-n_.__

G T GOD fells g how wudh o can
(e thy oy and betlon

by

Lask e )‘wﬂ ISV %Q,%O\k’fls lemmiey 3

e,

(,er Q )\o e ?os\’n\m m%‘“‘uaﬁ,(% .
Than |
O 0<c<lab), +Hun e i

no o selwhon. ko 0\}(%‘\0\1?(2
) @ Thr G o soluhon &}(%\O\{-:f 1




b?f@\lﬂ ‘YP/ULO(@W'\ . (/o\smj"-';/& &7 O \/1&3 m\&"u’", AV,

ok v

®

(V\O{’LS ?ﬁﬂw\, lo g% \Qoh/ut)‘

So we've bveow ablg o show sevm\kmm}ﬂ "{/ACLJ\_
G m{%\r\f‘ nave pean womkwm?)\

Yoavut's lemma 15 alse wgelull Pov otner fw;‘}s.

Q- \'Q OL\ be | dogs Q\k of c\lc,r?.

Teus @__ a (s pramel Let's prove somfz,%'ma
YNGY Q. Cﬁﬁ/%wjﬁ-. Qws T

U} a\ odnc\ ’_ﬁ:'_’] J\’\«\ 2w\ Q‘C
“T\/\m\c

\¢ GZ and /ﬂ then %GZ

\/Y"

Pﬁ% (S an \V\‘l‘(ﬁﬁ&‘ﬁ but “b dees noy MP

Lt mm\mm}_ (s un mm&w !

Thwe condihon Wt wont (s (aw)=4

b s in lowest Yorm

a (reduieed) .




3
movem b5 HL Q\b(‘, and (&,i&)‘-‘;i) O
) Han  alc.
?ﬁ: U’\OW SOV RTINS (_Q‘M":/Lq,
g oo ﬂio\waxv\mﬂ- short \Noog-\ .

g @94 e are Xy €L sudh
’ﬁ/\(ﬂ, O X '\“\Ol,‘—:«'j—— | |

\ Vou ide ]
oy dag:
o (Ow¥byde=c vy ida ‘
o s +
) G@X‘Jﬂoc@% C bR

O\lu ond o |be

S0 0 (aexrbey)

SO Q\ C . ]j
TMA( - (Buchid's Yemnma |

¥ p s e and olab,
) Tl ?\a oY \;\‘h_




&)
M: WY o bt primg and P\C‘b -

Two RS,

90 \m1 Thaovem &5 F\\Q, Dong, " 1

Thagem 45 10 \ 7 proouct ol 0
- P Q\ G,r" ” Q\B""EO‘F"'
(7%\ “H/\Q,\j\ \/\/\MQ (S SOyl 3 3\}\.(»%/\ Hhot .P \ qj |

M : \Q' ?\ (u\qifr'-ac-—D'Gr o

elar o ploogan
A
i
b tic Yagpoms Hn pla,, or pl(aapn)

ok e L]

Y \ |
b{\ How Lo we  wik J&/\9/ \?WZ/U!()\AS &mﬂ(ﬂ(@M,
0 thows g1



Now we have ol bools we wued o
PYOVE unique prime Puomi‘:whovx
260 = L0 ¢
momm 67 (e Fundamontal. Tatovem ¢

Ladr w2 b an wm%m; W

une 18 G wvm‘ctuﬁ, woY o WV

n = ¥ " P2 °?\4
WA 2aok 0y \S primd

nd U7
and 17

260=9 92335
= AN 3L 5

DEPL & 2P

(EE ) \We Ot\\(%é\% S\AGW@\ LS(UU QJV(J\ Lectinyes
OL%U\ “HAO\'\’ wl (WA Wit S & \(NO &m-ﬁ" ﬂg
\nym.ﬁ ‘ L?\(LW\Q.W\‘O Q,ﬂ W U\Sﬂé\ W‘QﬂfW(%\Q,UM%\



| ¢
To show ¥ uv\l‘g(uaf Q

Su,-()POSQ, = P P“L = ((, CZ.Q

")\(\W\,Q
/ o ‘Zl FHW\L
_/"

l/;)\f\\ S\Aow Tl/du{ (¢ g(m&ﬂh{ M SQM (“gﬁg?iw%uﬁ %\>
ldea- Py appears  Somitmhore f\s‘zqux

R A Ty
So (P‘\o[,i po( fome 1 -

\7\')%:!, 0re ?(“m‘ﬂ"‘ SO Can CCM\LQS( Jfg\f\ﬂ,m cut .

A o S U |
(

Vv

now Yepod Al souma wocﬁ,&w{' ¢

(P‘f MPQ’MS NWWWQ” WA %\ )"')CZ';‘«»)C(R;H,“'Z,Q

o) thew out aguin

E\/P/V\’Ww&gtd\ QNW\\W&/\WWB m,mﬁ&s WX @V\& e \ |
W A=A )




Lectuve 1S 0/2% /16 @

Warmup

W7 ad T ] ke Seg
e
\/\J\/\‘ﬁ coudet cgc) hWave o MQ&(_,Q, ﬂf&/\\'s fﬁrv&q.

©oddat Wi noks gwn etk Lecrne | Poat o)
e &U\QS)?\M\- ¢ VT A, SR\ T rue \pr_ we e 4 ckpmvwz:\, N

APQ\%&-‘(\_UV\S O’Q FTA (W’“C(Wl ‘P\(\W\ﬂ- (;“'(-R'Ur&_cli‘mﬂyl

()

o nghv\o& Qﬂ Q\\\;\'g\“m‘\\“m\ / ?\m\\\/\% dwisors

Lo\ - Whak omﬂc&w dvisors JQ— T
LS U WA W ey
| d\'7{9\ Yaon Ms alee T qudn thek
=72 '

S0 w\/\sw\ \TOU\ COVV\\D\V\!L T‘VUL(P\{ WAl Q«me%&i‘uﬂ/\_&
crg d  ond \c> OU WAASE kb 3%

.;;lb 5 '21 2

ERE Y e A

et

2t Q%6772




O

°

d

NU\IJ JVQ/\L«)( W \é'kud \/\Ow .l va\& ch’\U\‘SOV“S

@

UE o Awmber \ASW\% AN ?mbm\(\’%mhm

W com yse J(L\\“& Yo %\,\33 GCD.

0 360 = %11@
1500 = @ @ 5
WY wank o el the ok “opres” WQ
0ok PV WR

(60,1500)= A2 5 = o
| LM
Y krm‘r\‘o\f\f&w




Ledtuwve b \0/21 /16

; Warmup: Suppose P ond Tof Qe orR

PY\WS OW\C& \()l %1%1 %\5_ W\/\C&J( cawn
WL tonclude

———

SJVO&Q FT/\ S %\\ﬂl J(\/UL Proo@
(SQQ' p\(wmm_s Lo hiaes VoS )

9

App\\'COLhOV\S (c\\V\'SO\(S/QC/D/ \AH}

e Tocem \@ AW wen alb. (w2
Rocoll | Ais was wer true w Ly,

Voot Suppose a=plpf pe
\0"?\\9 ‘02 Lo \;’-3\(_
’[___ (QQ‘ 20\1 1(1\4,
O =0y P v
T_ 1, W Ty,
b - P\ 1 R P\Ct

Q)






Lethure \Y | (\7:—'— W\\'c\\”Qrm\ H/4”/\6)
SRS LN

\/\JWW‘U‘P: C’\\VW\ O wm b n,

WL n writre 5 Prume Qo\a‘mn‘:gq,h'w\
- Q, | C‘Z C{\c

A NP P B

Wi re Pry oy Pr VR dshinet PY LS.

\’\ow Con  we  toll Qmm ‘1“‘\/\.0;. "(Drwmk.
f?aurof\'%q‘r\‘ovx w\/\iz:\’\wr G mwm\aar 'Y o

’PCL ( ,P PR ﬂlu_&.. ¢ f?_,q. (K?.Q.- . gﬁmu‘w Qw&o-’&-j

s
e

et .
s
i,

o back to (ethave (S,

s
o Thoorem ©  Jau | not rationod

AN

/P_T_.O__WOQ " S“*\?P“" %V wntyadyotion
et [Se @

Then  thae efist o be 7 such Hoat
O B, end (et



“©L
Then = "(t??,

Su A = a’

T o r
0, b both  have an uen number 0\} LS
W ’r\/_uu‘r pyime ‘}Qq/\my{ﬁ&_h‘fj\f\%.

7
Bur o =2 =0 % s A more N
hen \31. —=r &

R EQ.

Y

I

!
\_/



N
/

Leckuve (4

&Q,\/\_/\M&Mﬂ {)\roju/{' (&&wm& .

\\/7/% @

osthue
\)\)Q____j[)\(\/‘!\-w - Hue ave Jf&/\g/\c{\\.vxﬁovs G? T~ aqaiu:
(72= 2%:3%) -
22 o' v n
EREEY e 4 | 5
20 3 6 |14
51’ k| \ \Y 26 | 72 |

) COV\ &jov\ %\w\c\ O quuc,\é u)c»\a Yo Suvn

U.p A 1L wumbers

1

(\’\\V\'\‘ L USSR

f\r\/\a A \ g% 1 buhve ? \(‘c?Q,('"\’\( }

c s preok of oM = alke (mowe t Pw)
" Vvove thak R \\(m‘r\'ov\c&.

(ledwee (g

\V\’r\roduc/e \mﬂdu\uv wﬁj\/\m-e%’\‘c,_



MOX\\ICK,%}O;‘__!\ S/ :%

O\\)Z) BO(}

How  dloes Lo avtamehe worl
Y. s N L
So (3 _7 - i W z\o

N UT=94Y is ne e w L s
¢

W "Zm , we anntt wyrite “’3\1:1‘)“ hut

W& would  \Wes o
So. AW \nﬁ‘o\%ﬂ‘om/fwmm@\acﬁ% |
AL =4 (ned o)

! D\i \S CUV\(ﬁ(U\Q‘V'\JT' 1o ‘1’ m()(,\k}\i\() \Oi{

Dafnrion Loy w22 Lek abe T

W H

O \§ Q,UV\GJT\A-@\A\' 5 v wmodulo m
N mlewy
\/\)Q, wnte M a=b (wod m) "

We 50\‘1



e xamples: /v @
~
Ay = (med 10D nee 10| (a1-1)

| =Q\  (med 10) reHeyve propasiy
\\ :_:_:_()\\ Cv"nuej W)

57234 = 00004 (mod 10) .
OD% 277 (moc& \03

"1 = @ ( wnoc) 19D
> whok aumbers tan go hore !

)-11);1)0\) AN N

O\D_w_\g ' Lk mz X Than ?ur any Q@Z)
have ¢ o WU L€l st Ocham-|
and 0=l (wod =)
CThis s yust e dwison ahkow%vv\‘:\

Now Wi wwn Wl t\/\w\c&s \Wee
27 = 99N =4 (mod 0)
Uv can ! What propeyviy do we

N e 1



&

Trangynvity -
\Drguzb nod o) thon 0zc mod w7
W=C wod )
Theovem 6l Loy M= et ab,ceZ . Then

I, o=0 (wod w)

Vo W 0=b (wed w) then b=a (mod my

208 4=b (med ) and  b=C (moed m)
thon 6=C (mod m)

ot .
4. W“\ (a-a) 15 frwe Swa any AN e -
dwnwades O,

2 W wm \ (a-%)  Thew m (b))
ERE m| @) wnd | (b
Tham vl Lo +0v-0y



Letknce Q0 W D

Tl w2 e aed

OUPPOLR W Lt {l A veZ sudi thed
(D o= Ceod w)
()  ©vL=0
(%) b as small oy possible

How do we Pwd W't

e

AV\S\MQ)(' ! d\\f\‘s 1A% o&cﬁw \j\’Qf\VV’\ \‘

B ((%\1 g wa_\al) wonet \/\CL,PPJQJ‘J\S KQ we (et

"M =17 “Twn MM&(‘\’\(/\\V\?{ \§ com%_u'vx,emd'
o M@v'\»\'\i\'/\m‘g\,)

e

Laty hml e dhowed Covngruemce wod ", e
“'Q\ =V (mod m) ”)

Ve haves o \ot Likr ﬁ..t*{uu&,.lw

Lgulmw\ﬂ}wv\_) m,\’f)(uwk%b{}\ ranpiviy )

{

S
YN anothar w0 wtrprat M a=% fmod )

“T\M's wians o ok \/\O\UQW (NG (@W\QM&QK
WM Yo dwide by w



But  we \/\,QJUSk e CM(’Q./M,. Cow\ Ul @
do g SoOWMQ_ @vemmmi © 'chfr%\ Sichg\

Rugshon . A Mz et o b,ce] |

SUUP POSQ =\ CMOCQ) Y. (/Q\r\\'c,\/]

’i e %\\owaw} 0L J{wwﬂ Nam

(\\ , a+C = b +C Cmo& ™) @ahom e

")
Nt 7 ..

() o~ =bv-c  (moed m)

(_%w OC =\~ .C (wwxo& m\
(4'\ l@ z0 T\’\Q‘f\ QQE \OC' Cmo& ) _ )
() i} 520 twen =k (ened M)

() s ?a\SQL xample PYW'!/\ Your homuwer &

Aty yust 1y angoing

O=10  (wod 10) .
D\G:’_\ D\\Ozlog\d\’
»
o XFA (k)



UseL
Lq.

it abowt e athars” &)

s Mg’\\r\\‘r\‘w\ S

v (D) we d show

o Adwndds (e —(bre)

R ut Q&Q'ﬁoirc_\ = 0\
e Lo \rows e, Se (1) § trug

(1)

(2)

(4

¢ swnilar

0 -be = (@-%)
e ol @) | we o vl (e
S0 () Ve vwa

Wk coma bsade to s (ater

MOY&/\M bt w22 Whab,ce

guuppOSQ a=b  (mocd ) m

L)

(2)
(5

- (\7 m% ;

Wy

0 =bdC Umék )
h-C=b-C  (mod m)
nC=hwC [W\o& "

e i gave iy AR .

Aosn i Q}pprowf\f\ worle for (3\7)



Con we show  a=b (mod w) | @
OLO/ = O .

WC vnow  ca=0 o (moed w D

So \,&Q_S 5 OL(L-'_:?_ \01' (W‘uoé m&) ‘

Move ()A,Q.\/\M(J; :
WYQm b5 Suu() P0se 0=b (mod m)
- Czad (mod m) .
T O+HC = Yorcdh Conadl md

Ge=1d  (modm)
Q— Suw. as above
A+¥C=bv+C Coned )

\'D—\*C& = \o+C Qmuc}j\, W’!%‘B 7

f?

(00"
—

S0 GAVC = b+ C&\ (wao t{t! W\’\ “

Same avawnant %p( O-C=hsed ]

T prove¢ alge aad 0" =% (mok "y -/



6)
u\\/\MQ ave M\_mw&{ u&‘&u& Qj)\r S\W\P\\VT‘(M%'

)

\/:OY M{U\W\P\ﬂ. LA moc& tO -

FRE4SLTEY = §.9 =240 =2 (mod 1)
e ot dont & WAS LY S

————

Rocadl: 273 +59. (-s)=4A
(Ofrwmded  Euchidson C&W e )

0 A SR (-9 (ened 54
=578+ 0-(-5) (mod §9)
=97 % (mod €9

ond A = 270§+ 59 (=) (mod 37)
= 0-F+ 59 (-5) (wned 37)
= SS9 (-0 (madk 37)
= 22- 394 (wod 37Y
TS wales our ks gagsier!

AT we proved Twooms 6.9, 63



&)
(wW%wamﬁg. 9. Find: aiﬂ xei& ﬁ&h&M@n O

506 =5 (med 10)
§0\Ul{’“iov\ ;

D0 NOW Yo can solue Some rnoduder

—7‘(%. Y= "7,§ (,W’\Cl‘c& \Q\,
Q\. N = ’Sg (\N\ot& ﬂC)\

§ (wmed (o)

"

b

0 xe% LIS S, \S“,'LS"),.,TKI

Bur,. . /D\ Y= A\' Qmoc& \Q\‘
Let's \5\)\5\’ Jrn\ gmxrd«wx.ct),

xe% LY T, NI N

o

?QW“/)- & A= A% (\mocx $H

\/\)\/\\1 i¢ s’
et o€l st

Vo= d (med 10 &2 Ax=4 +jck
_\{WQ\SQ\CG’WD,QT

S A+ Sk
= XK=L (wod §)



Lechure A\ O

Warm-up ©
() Fnd ol weZ such that 2% =5 (mod 10)

) Ged ol xeZ suck thak Qx=4 Coned 163
L‘{ou W Stav b\l w\‘o& Wik Q/war,) .

e

M\gww : PG\C&QI @ 0? V(QUL(}MS \e(,m'v*e, nokes§

Now \et's wmove on 1 d\\f\'s(%x\\'m{ eSS

4 w70

Note: — Aln =2 n=0 (mod )

LQI\' V\:" X XW\"\ fof X:LX(;
\/—Y—“—"
d\% s, ol

u&zh ?\\ c_cfr\ovn

= e 107 4 Xt 107 ok X 10 ¥ Y,

tg. BSLAT
:%'\6 —\—5"\0’5-\-6%02-{—:)\,\01'4_7,\0



| ; ed
"‘D\V(Si\oi\i*’j Kmu,! A Q

O ls A7 A dwvisbly \ou( 27

=

A- (m.xm“}g mod @& w\@w@:hﬂm\\_

——

270 = 31054 Tt A0 w4

W enow \O =0 (mod PN , So .

— % | (mucl\._a‘\

"

= 0 (mod LY
¢ Llsz.S\.
G e 37 duisible \oxT 4!

_LAL k LW Anf gy U\IG (ﬁ.w\lt jev giod weeks m_%a\ :
2704 = D60 + A4 =27 106 +%4

" T
Savisib e Aisib e

So 3&8 | by 4 ‘@1 “f .
A ng\mtg ol L\ QO\QUJ&MWOWS\
NUR (\/}’\UC& d(j

0L =0
S0 \()43‘ = O ( vvwcﬁ d()



®

3742310747 16"+ Q10" +4

(e ¢)
=%.0 476 +0 ¢ Conod 4
= 10+ 4 (nod 4)
= 24 (enodh &)
=0 (med &)

Sooyast (g 1 s aygumont as Ghoi )
What abont 59 1%

ST = §')J62 + 9 'Jr€§(+ | .10 +3% (rmsdh &)
O 0

R

6 Vo ~Yne amonnder i o,
Lo Ao AU sl W\Y\//\y 8\[(0) et C
can do the suwe widh €95 28 atc

i Aty

NUEE: Wave you Veaed, e dwicibiie
fessl 2191\



OloSeN Ve -

/)D ‘dC’QS Vot~ o\,w(&o, O“Wz"j ?owﬁ{“ n&. LQ)

S6 Sa g Ua,fV'%UuWM"' &Uﬁﬂml% wo‘“v'k

: 4

But what can we dod

.Q-{ ; (‘/\)\/\ o \S ‘\/\’\9‘ TWCA.kV\_éLﬁ;(' l,,a"j\(\ﬂ,-tf\. -
A de 277 A& \:3\,\ 2

AEERCS Y \0%%—70\07'4’-’)\(\0%4

——

Roced. Woank 4o lake 3794
oo AT d somehow
Oosevve (0= (wod 3\

f‘“)

56 %7%45%&0%%’7-\014*1'\0*4 (med 3)

=245 47,190 g A d
= ST rA A

= 6

= 1

S0 Yhe vawaunder 5 A

\4% Qo\(k' “had o g S\W\()\xg“\,k, f\ms
wWay - \\—\g’i A i (vmodk “%m\) [

o



ol wWha

| otar M

TR e @
DA o= (wdd D
O SLie™ A q '
Dwnsibolivg w & - W
i I CO\S’YW\O& oW wvaes
§27 =19 1 Qs
%%7 = % 'S 4 S0 4T (Mocfl C()
:-—:_, ‘ \7’- -4 (% . ﬁ_ __|,7_ k
. = &r3+T ?
o = \¥ |
= 0 t
Dwisbiliy by 44 0= Cmod
\ T 94— h1

794 = 40" T0" 4R 0T Y (e )

= A () % T4 () 9 1

= A7 -1 |
|

— \3 /\\

= X



©

\\ms‘m% ot nings

g " q
axamp\L - Swppose  \ dud goene C,O&L.(;mk...@&\.ﬂ WS
\ovﬂL heond  onde %OJV |
7254 A99= QA1 <498606
1S theve (,\JGL% Yo datock M \'g%‘m\d&,& ’7,
k?\\f%‘\”'- 7000 3600 = \Oow QO | o
aMSWer 1§ i tal v L%\«\,\" ~f--ﬁ,w6£\ |
kOG\L at \@Q{\;\ 1 ;;B\ 05 Yno «5& ("1 . —\/\/UM.Y \;\j%f(‘ 1y
b A game )

T34 Q9 - 7354 = 74245 +4d (omed 9)
=
UG = A+ ALG= ¢ (e 1)

S0 12540929 = L4 =la ] (aned 9D
]
WNTEAT6C= LS feff e\ (a1

- N,
> ‘H/\JLSQ Uie AIWM{),MM, |
NG e ld&&vxi’r@f woed? o wm t‘s\'m\%\. N
\\ Jv\/w wor A sowe | AWen e g gy oSl thv

ML B howe  wedy o gvastole



T

I
)

[ectuve 9o. . | ATy

L\)&rm-w\p g LIed s e mmc\.mcclu—
WDen x=A34 (47 s  dividwech \a:[
AL 4T <1 7 1 97 7

CAns: 4y 2, %, 90 ¢ 70 g, 7))

A

7
To oer Gy wnole! ? XZ\ Cmod )

e So\lutions are B M IR AN \7),_, |

") ) )

i W
”Mﬂmmwmq
B

Last hme ( (ovgon's VW’GP" Fav Al‘”ﬁ“b“‘w
\o~1 PR TS Y

vt - Aw(si\ai\ﬁﬂ( \9\1 4 ﬁ,xump\i&'.

V373 = \3og 477173
e

Awisible
oy <k

Nouws . A\m‘s\‘\et\xh‘ \o\«I 9 .
V3] 3= 1000+ 200 + 90 + 7

———

= lelogo + 3100 + 750 + 3

=(1-999 429967 D 1437 +3

e——— T
Aursib\e \0\1 9

Q)



rpens nzed mod  votebion . The e s @
C,\.Q/VQ_.T' \ouc“( Qqs\‘l ’\__0 umcl.br"s *-Ouf\ C‘& . Lﬁ(‘)h& C e q
JLK?\O\M AR RN ‘{lm'ﬁ.-vuck \‘

T(/\L Sawn e f\:mog, U\SWUH SOne ?mf&rh'as oﬂ
CONGUURMRS - ik okt 1o =\ Cred 9)
/So ”Pb\’" CLH n'z_,C)J \O‘A ‘_-T;-\“:-.:\ (.'-VV\QORM (?‘\

o 137%= 4 . 167+ %-\01*7,104'4—’3 Coned 1)
= 11% +%.1(L+7./_\_1-\-3 «

~ 4 ra]an C

s ol L“"J"t} \utj Woovest. "Does oL \r:..muwj

T

( See notes %o\m P rev. \e,cj\‘uwe,s_

i T

. COLS’\’W\?) SVCE L"\OH&S ‘Qmm Prav \ecture)

m—,

Next applicatnon: TSBN and UPC  Numbers

1SRN . VO Aa‘gms XX o Xq ¥y
) e T

“a C’\L%L\\’S,



)

The vule: Ko VS gwem oy
B ()k‘) .{OE}(\'FD‘\%Z,‘\' %\(54»- Lok C(XW Cmod \l\)_

uf K= 10 ) Fhan  ure the Ler X)
“thack dw&\’rf' l,\)\m{’. To defect transiriphon
ek, What ave Some commion gyrgre”
> Single g evvy
NTE AN A~ T4
° Transposinon evver
IS 1AL~~~ 579

g clo dgu-
VS coped
Cov r@.q«ht

can thae chade (M%Jr catch these evrore? (Sl&ppoiﬂf&ﬂ
“\”‘W 50%8 4’&/\[3 c(wz,ghovx NN WLQ(AV\W,

- S\V\cﬂ\a c&wa,w QAT
SUppese Y4 hecwe K

old S A= WU B doxg + -+ kg
Wy Jum: %:‘_ yl,\-'(LX.L*'E' k + l{'}(q R +(1X°l

O’washom: e A and ) C.OV\OJ‘YMM\A—”VHOJ« 117.



A’PD'I; %(7(73"\4) @

SM?PUSQ A-3F=0 Comod (1)
Than L) =0 Comed (1)
3“l~3(»<3-\¢)%2”‘~0 |

3"\6 = ¢

>< *,
S @ T MK} ey Fo

\f\owe_ JA\%% CMCWQ \(\

(= (O o
e o S Ci\c(}/k’t‘S _ b\_')\m{7

gw\() pose }(5' X - \ Recuse 41 s )
O suavrcaad vi/\?;w -~/ iﬂi
A Y RiatN '
OQ,OQ SWm A J%J ;o \‘-X\ LN Than -
C e
= A
R Ve \<><)‘- =

¢ A#% - \j(XJ"X\C) +\<(XK'?{5\)
- C\)"’\QS (\{5-—)(\:\)

s s =0 lmad 41)  F wnd ooly

\\\r one 6Q ‘{/\Q e derms 1 =0 (oo 113 \/)



L tuwre 9% WA O

o pHNTBW: THU  EVB  MPNBYL VEA

OVD AV ¥ITYTFWA AOPZ TL22HNL]

| TR¥hoolC . Wode, Tveppe . Lawvence bdo\(\/\zvua\fmﬂ
OV S Wy l___,\\f\’mlfk\f\(/h““ o QJPW%V“’PW witla Codwui ﬂfwﬁivf

I

’V’\““"W’“’{O“Ocd%?o&hijkﬂm
CerTexT | H T T K L M N 0P QRS T
Pt

Vv \Q\V\ 1A O

siu\/wxj%

C\PHER U VW XY ZARCD EFQG
' ) (,\mow(\\oq, o' \.m_ﬁu' YO VONINSE J(\/\L o mudsm\_
@7 How con  we renke Al U\p\r\,o,r'
Q,Jf\' A fPYQ}lU\_QJﬂ.Q,j
'P\TSXV Wovdl (S “wo\,rme” <—7

> |
' LW Chevmons Yot B
Lpoctt
C/\”\é?\’o % *‘“OP\/‘LJ P SQ,«V\C&\V\Q AL S sa%Q.S

SLCAA«FL«L%. | 2-#3 T s wWels

J | 0 \/\f\\f‘b\{,g £ e mun LCalny VI



wiual sekup
r on non |
AL u&m Du{i&‘( ~
o B w
\_ﬁ@ FV\CX \,—D-QC( PJ( {RQ\O
Pam e
@ \Eve, |
Two QJ\/\UY\MV\OV\/ c&-ww\ﬂ\w\ e nods -
O symmernc ey |
e Mice and Bob bortn  lenow e
QMY Yp on \(,%03 o dQ,C,-w?f{)'Z‘“é, On ‘tc,u}
| »

- No ove olge lonows raem
@ fp\)\\a\(c, \(/Q,UA/
K E\M/waom, .\w\ows*r\/\t w\w%%’\w t%
0 C)Nbub @b \mows Fla (‘Mo\rﬂ.«p’rwm ey

-

S\W\p\u*’ J\"QQW ! C_CAQSCN up\n@r
(o \e o “hily up\\w“\).

’ ASS\OA,\!\ ek Lekor Uje a&yhu\oﬂfr' o 4 wumber )

(S ﬂ\’u\\ﬂ\ﬂ%l 0’70) bvoA Q—ﬂ\,,.) ké"'-714')
2 225



)
e the
I}(’Qf’ X+ (mod 26 )
et L
VAN YPN process ,
q 5
W e )
o 1110 )\
plov T 4 1 s .
| oprly
by iy 9y
vV
L s s
C,\p\fwfk/xjr 0 q
| CUVC/YL\(P% . 5 )
‘ " ok
" D=x-7 ( PR
( %(ﬂzx)r\‘i (e
gV (3 ;

)

\V/
L s 3
0
« yeX T M
Cophe \do g L
v |
| o
B S S i A R U
| S
| oo
PIOHV\H’/}(\/
.



{4
W ad UQ &l O

) k?f(; W N \”‘0\\@. LA \’\
) ) a
oany keﬁ({\\iﬂﬁﬁ),,,)ﬁf)z\

=0 s V\UJ( N %Ug(& \&Q,@\
RES W\ﬁ/\ Caesar 5““@%‘ 100 QQM- 2 boveak

UQ" Ué{()v\ \mow Uy Jbvwwua, \§ U\Jmc} qug‘af"
5\(\\{* } -Mﬂ 2 Gy ¢ V\L&» CMQ \CQ\}S s h'u}\ |

How o wvease g A b 0‘()/ \()QSS\%&'\\hﬁSj

botwe cplwr: Atbash »
TR U o b oo d o2t ; W1 3 e oo
U\p\f\ﬂﬁ( ALY 2- \3 fw vuw t s v QL P o W
Q\O\W\M’t’ wooopg s Lt u v w 7‘%_
C}uf\/\ﬁ}\( (12 S P Q \e_ | L h “J, L L oo

plaw o A L L 4 T L T §F % .
Upher 95 94 9% 22 2 10 R N A N

whot 1t J(\\wwmm mwfé PQQ: 1S~ % (med2b)



©
Lok v e wwws&']-
%m:ls———« (mod 26\

e ————

A‘EQ“’L S LT TN lt

Crove.  Adhash (s %=\ @“&423‘"")
€4 x=9 B="a

‘)\ouvx o p 2' o 2
6o & § g 3 4

| wo o Cenonget)

|, orey p

LAV Al Q19
C/tp\/w( C \/ \/ \/\J v \U\

How o fhw\%p{,’z

UA = Q4 +UL Cmodh 96 .
% (\%_,_13 = X (wwc&\ &C”‘B |



TN

(&)
S0 Jﬂov\who\n 'S %(K\ff%x—(g (mod 2¢)

——,

a
(? and. G are “nverse Am&haf/\&f )
Con we chogse vy yolug Fr 3"

TK/HIS \{\OLS O \V\UQ/V'SQJ’ NO \/\,\Ou.%_ T2 cgJ;LCx«J,P‘}“,

o0 we naed LOJQG\CEL(O, A) = 4—(

T\/\MQ o L M \OO\& PD\( Pw\ol\t bﬂ’
(_)(k?f@{)f%‘('&f()\’\% :




.-/""“‘}

S
;

1!

Lettwre Q4 AWALIY: @)

Warmup . Gosert e fulowag.

0'=0 4721, 2%=2. .., 137213, 180214
(oned 1$)

Con§ider e on Cryphm %W\uhm ﬁ(x)= X (el 1)
Whek i Hae &Jl.oww’("iow ]D\/W\Uhﬂmq.

Hmt: ue the ohservahon ahove )

e

£ howy D2 exy phon
Ro.calll - A edf

L u‘p\/\u \‘,
Aliw > Broypt = Deorypt —= Be
flin_

el
“Public \wﬁ W‘Q'P*‘ofgmphv\ '.
0 Evewﬁom, \onews e UMOY yphan be‘ﬂ
(g 15 called the public W& 0
¢ OV\QA} By ymuws T Clllcvw’non \(/Q/L/{
(“pvtvmhﬁ. \car ")

BIG_GUESTION: Vo 15 this ovem posaible 7



‘R g A Q\ CAQ 's \-\"\/\ N

——

Rivest Shawme,  Adlewman {177

Lo Bab chooses A dichnor pY LS
1% oond G DG Computes W= g

Zln %o\o C\/\OOSQS 2, with céco\(e) CP ~0(cL-vt§\:i,

S B pnds 4wt de =1 (med (o)
(Mmﬁé\ é\kbl\'&ﬂM\ L;\i%()‘\(\ﬂnm) Cm (P '3(7 ”)

A(; Sob  wales The TWo P"\LGWW\O} nwimbex
Q\A\o\\‘c,?, (V) wn (P)“%C& oo
@ | \LQ-P*“ SQQrM‘> o
. Th «Qﬂl\ovu“)’nov\ ?mmc/hcm P S

)= m& (aned ) [ oy
d“ud&ww%)

Q;\ ‘ﬁ/\_& C&_D.U(’U\?\{‘\G\/\ QNV\(;“OV\. (S W\‘,“ngq%“
%ch — CC& | (mO& v\\ | \Q:\leY’\/\QAr‘|

— - W ca{ v WA \ A v .‘}L{m
T o qmﬁM‘ R T T
’7
e Wiy 15 et St deceqphon bunctin”

. \/\\\/\ua \ § Mg Rm\(iq,




SQ(MYQ/{, E\/@\r\ﬁ.om \mowss N ond &

Om& Rob  lenows m

\ | 4
\0M+ st POSS‘%& o ]Q'cjuf{@ T"ULSQ oWt
Jme\ W omcl 67,
fes! g Pﬂ(ﬂvs b pog
S0 sW  we \cnow N, we con B\,\,_S“‘

JPO«()WJ\( !

RBudt \/\fug(g ”f\/\sL c,ufrd/\ : (LQQ ﬁ/& ot win

“Q%U“*%‘W‘S P”Y ?ubh‘f Mg numbers ave W/wéf
%\Ub\)],

TRSA Pa(frz)rmcﬁ hallenge"  (\991)

Aol dig 14s
KSA —Fo L L{W 90 Wwo6S
1991 Cactoved 210 Tor D
RSA- o 11T A0 20\G
W 9q3 230
\%0 \ 496 :
‘\470. 1999 ; Q&V\iﬂ'Q
150 1004 | |
60 003 So0 %ﬁ‘f Q&
\70 1009 -
|50 210\

140 90\0



~The et lmow n vv&/&w&% P“w Pautw{vx.% S
st adaaad gumber tluony

* Maybe thuve (s a \?’as‘f U\MM&W o ?O‘\U(U“"*-‘E,
bul e bowen't foond & gt (Gt
Uavmpm.hvwa) s

0, the  QSA o&(ﬁov\’&\m (S Seuwmre
fov now.

Bur ey A G‘(\ML%{' quﬁzShO\n * \/wu.l/ud\lkj

AOQS \v wo\"\c«’f. bhat do we ned 1 Sl/\om 7

g (Femy=wm (el B voury o

o (Ferm= g (me) — e\ o e

By srep B we lnow de=T 4k (pDlg)
Yor some ke

G we ned o show:

A ¥ (p-0( \\ QU( L
A0 c() (vno& DCI) -QU\( Q/\Jw\a \g



Theotem (RS A works ) - S,

R

Lo ? O(_V\Ci 0() he Cil'JJﬂ'MWL‘ Y AL §

T‘MW\ QD{ Ou(“‘?f W) M& ?an % k)
N o
A+ (p-1) (%“13___: I ch,él “F‘%B |

To PYOve wjvus) “well AR SQJ\J%\/"QQ WW\%S

| (,J(&/\CU( (ﬁoU\ howe a,ovvw&&?( (L o Qﬁ&e o
Sy Y wwy h\&m the ot above |

@ v modt [ T{/\MW/-W\ .

Let p \OQ@ e et ael,
g\,\JPE)OgQ_ P}(q T&/\LV\‘.

ot = \ Comed ‘03_

VYO

Lt Lode uk o aimple

T= S . o= 3



O
= opply -
A —>
2 N A
% <o.;‘>(>\~&“ «3 é"’
4 94 LA="2 % N
L

DoV e LAY Y WAWIor
’\Vl Zg BPPRaYS &J}{uw%. oNnw | Sl
Thave (3 am verse 9 -

ol
24D (34 =2 44U (medQ
(123 4)3" =(1-0.34)
gy Q>
\Ouj 4(\/\12, VAV E e %d( = i—
A A AB 4

How  does \jWL ¢ ﬂ)OQ woY Lo %,Q,V\QJ{'U\Q- 7 v
Swce ")fﬂ\f, we Ynow C&,?B"”i o o WnaS an wmverse
Lo Gl b TThan fomany Gned ) o) <box (med ),

(W e pormits:s Witson's  thaeo rem )



Levhwre A8, 21 ()

g

WW : S\/\fp\{)ose we  do RSA (;J\)V\)/\ n=sS e=17
(o) Whod s T WY XG0 metmj
(b)Y  Whedr (¢ g deevypnev Q\wgmmﬂ.
(&) Wt do we wed 1 dhude
ok sure Al cb&,(‘./vw\’\,m P\M/\umm AR uﬁ‘}r

wWovlest

e —

Answer V=5 o‘:\\_ (p-D-D=40
)
TT-2=\ (med 40)  =>  [av Q=7
(o) 5}(0-—'— % (rrod §5)

() 4 (D= x* (modk §5).

()
(O N o chadk (j@m)a——: X (med35)

L

2 w8 =y (ened 5T
nads g Wald AN 0 %

e TP
e BT
p——

) ) |
Baclk 0 f\m%it b UQ PYRVAGWS \Q,tmr'e,



@)

\QQ_LO\M : ’P, 9 Q&(SJ(\N\CJV Pl v Q«Z
We  wont 4 show- a
«Co-V(g-
J;O\F O“M\’“a . CL:L+\ P (‘[ > = g (\mocj “i:sc[\

(_UQ/\’(S SW&“B Qiir\p(()»\“)(?»t\ med ~ con X

W\QA\L. c1 SQVQ{‘G&% ‘
ks Leoe ab med e ek can woe 50“3’7.

Use L s W okas than we com (wp\»}(
Q1+\<(p«s)(q—i): e o Fle i
= 0. (CLP#W\Q((T#D
P(,T\’.( _ \(
S = O - ( ﬁ_} <{q) QW\U& P\)
= O

Case 9, & ?\o\ o Now we, cant wse FLT

But \7\0\ =7 =0 Cmoc‘sk p\

A+ k(p-D (g~
= 07T 20 (med )
=0 ArkGDEd (med o)



R

&

Se welve showwn -

D b dl ae,
OLi+\¢((>~0(q—DE . Coned )
g\\m{\o\r\uha USRS a,
O\i-\*\t(?*’*)(‘l") =0 Cmad c[\ |
Com e conclude whet gfbr,. M Q.
| O\i)r\chDCq-l)aq o "\”ﬁ\ Z

\ | |
Hesh, Whyl Mou looked ot swilar /veloded
ﬁkfkﬂ%h‘ons o\ "(‘\ML hemework .

Chwese remamdar tagovem «

Lot W\}“Z\ \o%, YQ\&*\.\IQW pYime

Than he sysiom %“‘““ (med )7y g
X= b (moél ")

Gk ULV\\O\U\Q Salurhon MOcSk 2l —ﬁ/\k'\“ t'S)
Q’Or‘ Mvé 03\3, J(‘/\LV\Q_ (5 @ U\V\IQU\@ C_€’§O}\),.-,\Mﬂ-ﬂl’i

S fhak . 4EEO NN e et (mod )

\
AN j



@
T+ Follow what You didon e Hw. C‘m

(We npd (mn)=4 0 Y% able +p Ve
WM omed n.) .

Jﬂ/\ﬁ, UM 5 K)O\\(J( 0@ ’f\/\_@; C ‘@ ;T- S
- -1 = e
\/\)\/\O\)f &\\OWS WS ﬁ\,D Mdu% aj,fi‘ k(f’ )C7 ! =@ C d ]o?)

Thus, we have \)V(NQJ{}\ et RSA wovrks !

./



LAty e Q@ Cdurmob Jmhvm@ \\/@(L/\(o @

Wanmup- Wik of g s Do
mphicohions  are g .

(21 oty —> (5 D
LT 3
X= 1 (wmcl 2)

“ﬁ/\g. \ast one (s Q@\g{ CJMV\KN&“(\G\WW)\!L‘- Xx=7.

g Mﬂﬁa_a O O T TR

X = ﬂ, QT‘D&G’X
=) K= A Q‘ﬁuc& Q;)

— K= A o T (moc& \7.)

e

® C,,O\(H“MU\Q, w\’\j(/\ VOV %rmm ?(QUWU\S \Q(,\’V\WQ.



ot s et Buler's taworem @

- )

o O ®) o

R x g -
A el 2 1 2, S
9 4 9 i
’5 O B </
q, V 9. 4’ XS' D\

< 4

S \MQ.NS% o ’

G A D5 (D (TD=E 4 T 345 (mede)

sl .58 = ¢!
Rut CL =0 (moed G ... S
G4 QA
Y

hase nuimbevs shawe kamfs W\’\”\/\ G
Let's g Mere P

55 = 1S
st= \ (o 6

(SQUXO&. CIAYe UQ Eulor’s MOWW\\ b ?fu/\(uo\g

Tuaoem. (Culer's tuorem) . x Pla)= 4 ¢ dowents o .
iO 1> ry M 17\ (Q,\ prive fp o

o \Q/ (U\. )\("ﬂj‘i o T\’UW\ O\d‘)(wﬂ = /\f C\mo& \m) ,



)

R

%JW\UW'\L - FLT 1S O g‘)gg\"a& se
O,Q, culv s Hrgorem

swa - Xpd=p-\ £ e o provaL

%-mo»rk \ Eu&M‘S ‘KJU\W\ 'S o SPQQ\“OQ

COAL o{g L@%@M(DQ[S MOY'Q/W‘ S w\/\\'c,\,\

S o '\’Y/\Q-U‘(”Q«W\ wm %R)w{) Mow
W QJ\P\()\\Q‘;\ o e “Rubaile’s cuhe %rm,ioj"
k,w\%--'mm% 'S Jd/\!w\( AT *raﬂw \ﬁfw\. -"g\/\\% -

Thaorem . LaF X he o sequuna o@ M6URS
N Rw\’){\i|% b 2 Than @ You
apeo Y A%82,00% 114,8%%,350,000 fwnes,

Ghovna, Wi 6 solved Rulevc's Gube
\30\,\'\\ TN wp W\t @ solved  Ruoids whe

e,

Thais ey s AT ad T
'S A wumber of! ?OSSQB\Q, Stodes O'P )
?\U\\O\V,S bhe .



TN CAML M\(Q,\m) SJ(U&](U\ 8\\‘3\I\ﬂ\j dx@%@f’% "\f'{\}:@

Lok X \oQ O seotuwv\m, oR)— wioS o o Rubil's
cbe . Tam e S an m %C(ﬁ,u’ m Z |
Guh  thar X vepeaked w hwes byings
You back @ silvedh Cube . Fuvtharmore
e omallosy m ok works 18 @ dwisor
o 9\'),7 %\L\r Sg 71 \



oot 48 (37= Rubiks uabes, Mo ©
CoWmukatovs )

Wovmup . IS i+ possible o add \v\%m&du‘k

MOy posive awmbers  Yogeiher o o2t
6 Rate sum

One Possible angwe( -

\/2_
I R W - \
I 4 e = g
at g vyt i at ‘/4\\7!]:

n CAQ,V\QNO\Q\ CON VAL S): Q)+ 0y + G+ Qg - -
\

3 CQ% 0n= 7w ahove)
° \SP g S U R (O\,,\\ does not “Cﬁ() Yo 2000
than (= =0,
Q% &ﬁ'i*i*ﬂ_'\»fﬁ' =0 Qdm‘a‘>
L g Er e e b

o b 4l equen@ (6,) ¢ o “cao o 20"
Tan 0 117

rRamave/ \,\m\m{\f\rﬁ . wbwte sums do wee o&wwts
- | Lo
\)*QJ\/\O\VQ -Y\\L WOy wé W\,-\Qd u{ge’(. ﬁ/\.tg VS w\,\‘\(

WO Wl o ‘)W&U;SQ dﬂ}\mhﬂm e S ‘T%
\“?’\V\\’S"L\A\ WY WD That (5 ek (L ombug / ANALYSS




For  eyample:

T VRN L
\ A \ _ o
— A4 — o=t Cr, =
SRR R I A
‘A +,’g+ §¥7 t " (\*L‘FV\MQ

(16l 00
Lex's wnsder g ool Slraclcmfg ?m\o\am .

[ | }’D%\CS " Place N idenin col

:’/L—_—j————j— ko \MS“\ o boeley

Mﬁmw_ Yable on o Fable G_c&%q

U “ Yo mnaimize. fne
ov&r\/\@mcs N

——

& y ((?\m{g\‘(,g\) HU\I\‘ 11 Ao v l‘ﬂe \Q o SX"U\Q«\(; LS S‘\-q\o \€7
A Use waodl Lok ad thae cember 0&3 mass !

Qﬂ-(fkwg :\QMQQ\ ( w Q&n\\owm&k ; e blocks
: o hoattom Lower owe \Moﬁ Sl

_.,_——CI—-———*\ ‘—'\ QW\LK
C’E - ﬂ%\m) »

(/l

QNadle, Stable
E— wnitab -




cemien o? rManss
( | (o} +he Moa\c}
oL 7]
T | L] | 1
AN Crju Ll
N nghdsle

o—

badk £ S‘fﬁb!\btv\(lb,, YookS . Swopolk e bsodes ok

lowada 4
1 baok - \"/——l;j CQ

T

be oeraker thon Y7

(or ed® tha omm frP WLOSS (S
oo J%ur UM’\\ :

‘L oS- Sravt M\/\ the ﬂy;_ bock

T e vevhow rhe
WU '



(Amev 0% s 0"@ % We bookes.

\:(N’ W\ \0@0\{}3,i AN yymwny nghuw% 'S

| \ \
— % — & —
CO S

S .

§ 1o ENA
— \ \ \ \ \
- e - - 00w
A\ i VR A V¢ * N
Tha ‘m%m\c, SWMN 1§ m&hc& M

Wovmony g §evies

_ A L
DGV \-'\v\-—\JraJerr,.- .4-,,‘3;\-'

Does aig Gppia ach sum Lt




(09 duc | (5)

N Hy  plaes)

A n

2 4.5 &W\}_ absenvane V\O.
g 4,82 N

4 2 0% WSl CK’”W
¢ | aas iy slawly

\O .43 ,‘ N

100 g )+ A ‘

oo | .4y 0 Fd30 i Sggrs s
loooe | 4 .79 D +23%0 Wy oo !
lwoooo | oY 2 +230 |

MV&M (O(Q&W\Q_\ \Atin (,@V\m*rp - HL —= o

‘ L)
Prook- -
Gt
A \ \ l
|+ = (3 C&—PG# 4“_7_"’-\'” i
§
- Q ) =Lyl
— \
=\ 4 =+ 2 4 §
& et -+ T '
“ g T \C '},
— 4 L A
T —‘—; al “5\; +
— Q. D



US\V\OS QQ\Q\k\‘uS, O Caw s\/\ow

o & Mo v 05773

©

&

Y Eugr - Mg chavrow  Constoun "

“V\U\\’\ATO& Uﬁoéow '

Nogte Qooa \O e (l 30 T\/\\\S Q,K\()\OLW\S 'fj\/\.ﬂ_,
@rﬁz,p ams We absevved (A tha table

WOLE S

S B \ L
Lay Br\“’ kz“‘"'i‘{-\w e e

A \ Se (b & duc p\o\ms)

\

\
e V15 Dogs
% \ e

S L. 4620

L0 .54 %

\00 | .6350

(000 AN

lovoo | | 448

S\,\-—:) oQ 7



. s
S

-
(
R J WS

L Y A
T A’Qf’ " ‘VL}\P

7 _,\--_\. oy \ 1 | ‘
A T W B S N RN
-l L“f"( 4"‘3 ? (‘éﬁ T '*“%"‘;\}""”

oS ok o We Can Q.O\A.L\LL.&L

H’{V\«

ETRE LS Q\vx\’\‘{? Nm\.

WIS om%. A0e o \ower  hgupnd
mumm o\ a“*‘“”’"*’ \$ fwvx\‘r( W\d é&\
{?mag‘ - \ -
el




_ a)
= \+ & v
At B ""’"3;"-3:'*" g +
— \ \
e WU N N
\ 3 - ) e - A
ZRA
)\\/\RQNW\ @.u\,%r, \"7008\ ‘
\ ( \ 4
Sy == ... =_1
o It 4‘} 6

LWow \0 T PVoVe ‘T\MS) Wi\ oS ox}- adyonced
codloudug

o



Leckwe 99 (Pl Quchuety . Ve O

W armup (Hilbertls Hobel)

(0) Mo yun o okl Nou Wave wgoms |glyeled

L2548 M R cwrfWLta,

OCCU./()\»@_&\. Owe  wmore prASON S'\’l%di wp

What do ﬁjw 050‘7.

(L) What | You howe vooms {abe ld 12,3
(one o ganch notuiak  aumber)’

)u—d

\ A ) 4 S

= . N
NR WD & X‘ \{\ \\é\ \\] (C,\/\cmvanm fQGMS‘)
G .

persot—sy Az 4 &

Wihnat \‘Q’ mQW\\'\'QJ(\}. mouf\\j, f\mop\ﬂ (om PRATN
Por qach \/\uW"c;Q wmm\%-r) show WP,?

| N 3 4 S b

>@§% Bege ot

Ve @ ?MS'OV\ WM oo
(4

N A roovn L
iow vou howe Qmowaif\ Q/vvva roms |



@

vm\n " A Tt \S Couw’m\ok% 'w\‘p\'\m\( (or “anciebl)

§ e can \o\_\a&\iim. ,e,\,eww:x%-swﬁa?-ﬁﬁix,ﬁ
(\,\J\A(A’( are  glamp\es f‘fQ countable Sc’rs?,
— nodural rmbers s (N
lonn ks . \ 2L ENS N
lobelg \ P Y
— \/\ovw\maa}cwe IRTIIE (Z506)
domen ts - cC v T
labtls - O R T S )
W hcae,rs (’Z_>
olumgnts O A - R e N S
[/ | abelg: w708 3 v 2 4
(bounct back  oma Lot )
\ —  rakhanads (_&\ g @H‘g} mw;@:
\ et b ot [ oD -

jédfj_\j L ometiagy ch,%wx’ﬂovx . A S& g U:UJV\'VOM\’)LB “’LQ"’“*"Q

(ﬁ We  Ceun ?\’r g JUQQJ’VW'S wto  Hilhars e -~

Hojrﬁf\ ‘-



Lers  consider just g posthve e ondls
Aest. How can we weke tham ol dewn

L R A T T
s K X £ £z
ST S A
RN EN S

We COLV\{J&" lff\be[ 'H/Ul P\fsjr' rguJ ﬁ\rs’r" pgnowﬁci

\9\3 Csecond oW, eFC T So whed com we

&o 4 m:;\cg SWie  we  ViS\Y /Q,uu?f v\wm\oz,rf)_

©

7



6 we Com  lor\ o Qu\toudﬁ @
7 ST
.q. - 3 %, 3 &
@% ¢ (S \:\'p: +hg
/ —Z V\MW\}OQMS
T4s
2
3

Fhot are
Crossack ow’f")_

S0t Yhy ?Osm“ﬁ- V'Ckhovx.&&s o @ coumim\ou,f
W %Cﬁn S6 are e m*‘n,w\dgl

VD

\S ey m‘l\m%ﬁ R cantnlofe ]
What s angthar W\P\m\ﬁ gfd’fl.
The  realg UP\\

()\JUY\O\Y\LT Whed 15 an W\?\V\\\{. C\QU\M&F\),

- X% X2 Xz X
e e . . . l.,f,
O RN o i o e T et

this i an MG\V\\W sum | (i on

Momd&u,)
We  nQed QO\QC/U\QMS ’h) PWJPM['}/

&‘LQ"V‘Q Tl “!”Qc& o rg!

9



®

(R,(LW\OL\’\C'- OC(C{C{, = %4’“ {j-z%"-?g,;».., — ﬁ(_
| oo T
| use caleulug
) a’/(o 2,1 Same picture o5
. lleVl&m{
Thavem- T8 ot countoble

Tooob. WA ghow  +he ser of ol numbers
bhwan 0 and A 15 not Qou\_w’ra\fJ\Q.

dDuppase ?” antrodychum that it s Thum
Lrs sy Aam gut

G \3
l\ﬁ(—j@ 0‘ )(I\XI'L x\gxn\. oot W\ (
@ pEBAN Contur '
Ox?‘)‘ Xz,)z 7(1)-5 x?,)q dt‘aoaovwﬁi%&hw
@ O. X3, XS)IXS,L{—, e af%wmuq&—"
eo. Q  ofthyoszy ..
@ o, \Eisaa¢ lmm%\oa Mald
@ 0.5 0@0 o 00 \/\C&U“Q Q \omcj,t(
: \wsk o Nogivaie
~ g )

congder L =0.454 .., }
L Ls® ¢ @]



©

How  did )\ com wp Wt %7.

of
/\’i’\i P\vs’( O\L(/\W\O\Q.. 10‘%6, AydUQS vnojt agru -
W e st nwmbe e (ofgiozzg L)

T\NL SQ(HV\& d{l%@r oQ k} dogg Vot a:%m.e.,
w\%\ *t‘\/\k, S cond number .

RAC ...

N¢ Y (s not on the ls¥.  Bur Y 15 o

(2l AWM ey berween U and ig. CUV\W0.0El'Choxf\}. B
D R
/K\/\Q_ (QQ\S are V\Olf CUU\V\{"O\MQ‘f

LU
T\/\MQ Wve  vigre veall Awmbers  +han mmmﬂ aumhere

\P \VlP\N\'Q%. mu_m& PRO‘P\’L S\/'\ON"Q_,(}L W‘P Iy \-\\\\OQ ”’"g;"}
hotel | could «ﬁ%‘a 9\77

e \P there  was OV peron P“AY“ Mwlg Ot 6 wumbey x,m‘.

e " ———

AR 1

P e



<)
R&__Vﬂ ‘- W\ S “\Mcgu”’s\/\(m N . Ave JV&/\WQ §L4S
\ow%fzx o R Yo
W Faur g\ro\r Oy §RE D LR Qmé\ o e
mv(ﬁu o Y (COW\ it Comtor's
A a0 nelli zakon arg TVIT SN

%”_._"“* 5 thue o wr/g\ Whose  §\ze (s s‘rv\u)vj
birween N snd R/

MOWW\ (GGdel \440) Foom g handard
&y J\JL\UJV% WOV (o\.kg. %PQ) , e

¢ W s Wiod
Possy & +o Prove Tha w
U N awisys

T\/_\ggm__ (‘Vw& Colram ¢ 963) Fﬂi\m 2FC WYioms

T impossible 4 prove ot sv\c\/\
SU ) amighs

WhatTT  Thanks oy m\c,w\% fhis class |

H
NS

3
)



0¥ty a -

) \ve s
Aoolicahon - Tbum ($ an wmhom& VAW
")‘}‘L a

/?1@ @ 'S CO\AV\'&:‘.’""C&\O o
- K S uw Loumﬁ«\ol& |

Ap licohon ™ - Tk i a %\ramgcwc,ﬁr@.m—a&i
P lcation ,

AU W |

Y on S
ek A pumber s QQQQJ\OVW‘Q "Q |
Q- 1

0 \ UJ\‘A/\
"\JWL ‘-("00\" O% : T Sovv_ ’? C)\\J( WO ywn c&
- . ‘{' -k".-% »
W ruko.»( C,Q.Q,Qg\um

5

' ' Vool 09 K -G =6
lfj. ,;3- (S QQSQ,\OM\C. \JfS G

j L _
. P X ___:)\ Q
-Q ’? 9\ \\S C‘.Qa QMB\{.OL\ (; | , ’ ’ 7«% ’—& el 6
3 o

=0
= e 0+ S

gl L

Q(%' S\V\"S; .

kel
5 A wumber 1S VNS GO AL

Dot - i =

o Vg vk a&,cs.@.,bm ¢




()

Tfmam( wm T\/\LUQ._ (S qQ MA/\S(;QA/\CD\MMC& \/L&LW\\OQ/\(
(Sketchn)
(\)._____ . T‘MLW& ave OV\JM_. (U&W%’&L) &\]{ me?}'

fkgo\A?{\/\om\'fxng TN w\’m—c}, ur c_oaJFQ{ Uty
— WQ. Gre OVJ% cowmtoly
O\Q.%L\ovcu'c, vxuuwx\s-ef S.

Vud (K \$ \kmtoum“ﬁ"ﬁx\o@" E

-

‘3.. WA G t—é(

e

e et o,

NoR. B B w5 ner countabl ng}
Wiyl be cleaver

b

) maghe

& 5= xe (0,49 e decoml sgpansion o ¢
o ovxl»k. As and Qs {
...

g () G.\hrzizy 2y
@ o v 22017
» ® o, W2y 22

Y L\/\cw\cﬁ& Ay Yo A5 amd v versa



Y



