2 zyz

10. f(z,y,2) =y’e
(a) Vf(I7 y7z) = (fZ(I,yaZ),fy(I, Y, Z), fz(z, Y, Z)) = <y261y2(yz)7 y2 : ea:yZ(zz) + ezyz : 2:’/’ yZEIyZ(Iy)>
= <y3ze1yz, (zy®z + 2y)e”z,zy3e"y2>

(b) Vf(0,1,-1) = (—1,2,0)

15. f(z,y,2) = 2’y +y’2 = Vf(z,y,2) = 2wy, 2° +2yz,9%), Vf(1,2,3) = (4,13,4), and a unit
vector in the direction of v isu = \/ﬁ(l -1,2) = %(2, —1,2), s0
Dy f(1,2,3) =V f(1,2,3)-u=(4,13,4)- 3(2,-1,2) =1 (8 - 13+8) =2 = 1.

’ 2

N fay) =dy/T = Vi@y) = (4372 4V7) = (2y/VE 4V7).
Vf(4,1) = (1, 8) is the direction of maximum rate of change, and the maximum rate is |V f(4,1)| = /1 + 64 = V65.
2. f(s,t) =te* = Vf(s,t) = (te’'(t), te* (s) + e* (1)) = (t?e**, (st + 1)e*").

V(0,2) = (4,1) is the direction of maximum rate of change, and the maximum rate is |V (0, 2)| = /16 + 1 = V/17.

29. The direction of fastest change is V f(z,y) = (2o — 2)i + (2y — 4) j, so we need to find all points (z, y) where V f(z,y) is
paralleltoi+j < (2z-2)i+Q2y—-4)j=k(i+j) & k=2r—-2andk=2y—4. Then2z-2=2y—-4 =

y = x + 1, so the direction of fastest change is i + j at all points on the liney = = + 1.

42. Let F(z,y,2) =y*+ 22 —x. Thenz = 3> + 2> +1 < y? + 2% —x = —1is alevel surface of F.
F(z,y,2)=—-1 = F(3,1,-1)=-1, Fy(z,y,2) =2y = F,(3,1,-1)=2, and F.(z,y,2) =2z =
F.(3,1,-1) = —2.

(a) By Equation 19, an equation of the tangent plane at (3,1, —1) is (—1)(z — 3) + 2(y — 1) + (=2)[z — (=1)] =0 or
—r+2y—2z=1 or x—2y+2z=-1.

(b) By Equation 20, the normal line has symmetric equations z-3 _y-l_z- (=1) or equivalently
m
y—1 z+1 . .
r—3= == and parametric equationsz =3 —t,y = 1 4+ 2t, z = —1 — 2¢.

43. Let F(z,y, 2) = 2y°2°. Then 2”2 = 8 is a level surface of I and VF(z,y, z) = (y*2%, 2zy2%, 3zy°2?).
(a) VF(2,2,1) = (4, 8, 24) is a normal vector for the tangent plane at (2, 2, 1), so an equation of the tangent plane is
4(x—2)+8(y—2)+24(z2—1) =0 or 4z + 8y + 24z =48 orequivalently z + 2y + 6z = 12.
(b) The normal line has direction VF(2,2,1) = (4,8, 24) or equivalently (1,2, 6), so parametric equations are = 2 + ¢,

y =2+ 2t, z =1+ 6t, and symmetric equations are z — 2 = y2;2 =z g 1.

44, Let F(z,y,z) = vy + yz + zz. Then zy + yz + zx = 5 is a level surface of F and VF(z,y,2) = (y + z,z + 2,z + y).

(a) VF(1,2,1) = (3,2, 3) is a normal vector for the tangent plane at (1, 2, 1), so an equation of the tangent plane
is3(x—1)+2(y—2)+3(z—1)=0 or 3z+2y+3z=10.
(b) The normal line has direction (3, 2, 3), so parametric equations are z = 1 + 3t, y = 2+ 2t, z = 1 + 3t, and symmetric

z—1 y—2 z-1
1 3

equations are




54. Let F(z,y, z) = x> + 3 + 22%; then the ellipsoid 2* 4+ y* + 22% = 1is a level surface of F. VF(x,y,z) = (2z,2y,4z) is
a normal vector to the surface at (z, y, z) and so it is a normal vector for the tangent plane there. The tangent plane is parallel
to the plane = + 2y + z = 1 when the normal vectors of the planes are parallel, so we need a point (zo, Yo, zo) on the ellipsoid
where (2zo, 2y0,420) = k (1,2,1) for some k # 0. Comparing components we have 2z0 = k = z0 = k/2,

2y =2k = wyo=k, 420=k = z0=k/4 (z0,y0,20) = (k/2,k,k/4) lies on the ellipsoid, so

(k/2)? + k* +2(k/4)* =1 = %kz =1 = k*= £ = k=42,/3. Thus the tangent planes at the points

( %,2,/%, %,/12—1) and (—,/%, —2,/%, —%,/%) are parallel to the given plane.

57. Let (2o, %o, 20) be a point on the cone [other than (0,0, 0)]. The cone is a level surface of F(z,v, z) = z* + y*> — 2% and

VF(z,y,z) = (2z,2y,—2z), so VF(zo, Yo, z0) = (20, 2y0, —220) is a normal vector to the cone at this point and an

equation of the tangent plane there is 2z (z — o) + 2yo (y — yo) — 220 (2 — 20) = 0 or
ToT + Yoy — 20z = g + Yg — 2. But 23 + vy = 23 so the tangent plane is given by 2oz + Yoy — 20z = 0, a plane which

always contains the origin.

58. Let (o, Yo, 20) be a point on the sphere. Then the normal line is given by T-T0 _ Y90 _ 2720 ko the center
2z0 2yo 2z
0,0,0) to be on the line, we need T _ W2 equivalently 1 = 1 = 1, which is true.
2 2 2
Zo Yo 20

60. The ellipsoid is a level surface of F(z,y, z) = 42 + y* + 42% and VF (2, y, z) = (8z,2y, 82),s0 VF(1,2,1) = (8,4, 8)
or equivalently (2, 1, 2) is a normal vector to the surface. Thus the normal line to the ellipsoid at (1,2,1) is given
byz =1+42t,y =2 +1t, z =1+ 2t. Substitution into the equation of the sphere gives
(1+2t)2+2+t)>+(1+2t)2 =102 < 6+12t+92 =102 < 92+12t—-96=0 < 3(t+4)(3t—8) =0.
Thus the line intersects the sphere when ¢ = —4, corresponding to the point (—7, —2, —7), and when ¢t = g, corresponding to

1_9HQ).

the point (3, 57, 3



