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T CHAPTER 16 VECTOR GALCULUS

TRUE-FALSE 0UK

. True. (See Definition 16.5.1.)

. False; div F is a scalar field.

. True, by Theorem 16.5.3 and the fact that div 0 = (JI.

. True, by Theorem 16.3.2,

. False. See Exercise 16.3.35. (But the assertion is true if D is simply-connected; sée Theorem 16.3.6.5
. False. See the discussion accompanying Figure § on page 1092 [ET 10681

. False. For example, div{y i) = 0 = div(z j) but y i # 2.

. True. Lime integrals of conservative vecior fields are independent of path, and by Theorem 16.3.3, work = Jo Fode=0for

any closed path .

8. True. See Exercise 16.5.24.
1%, False. ¥ . (3 is a seaiar field, so curl{F - &} has no meaning.
1. True. Apply the Divergence Theorem and use the fact that div ¥ = 0.
12. Faise by Theorem 16.5.11, because if it were true, then divcurl F = 2 # 0.
EXERCISES
1. {a) Vectors starting on pbint in roughly the direction opposite to 7, 50 the tangential component F - 1 is negative.
Thus flc Fodr = Jo F - T ds is negative,
{5) The vectors that end near P are shorter than the veetors that start near £, so the.m:t flow is outward near P and
div (P} is positive.
2. We can parametrize C by ¢ = 2, y =z 0<g < 130
Jowds= [ o /T T2 dg = S(1+ 4m2)3/2]: = (55— 1).
3 [ yzcoszds == Jo (Beost) (3sint)cost /(117 + (—3sint)? + (Beos)? dt = [ (B eos® ¢ sin s}y THdt
= 910 (~3cos1)]7 = ~34/T0(=2) = 6 /10
4 r=3cost = dr= —3sintdf, y = 2sint = iy = 2costdl, 0 <t < 2, 50

Jovde +{z+y*) dy = [J7 [(2sint)(~3sint) + (3cost + 4sin® £)(2cost)] dt

= fF (6t + Geos” 1+ 8sin’ & cost) df = o [6{cos” t —sin® ¢} + 8sin® 4 cost] di

it

‘OQW (Beos 2t + 8sin £ cost)dt = 3sin 2t + 5sin’¢] ;ﬁ = )

Or: Motice that *9;; W=1=Z (z4y%),0F (zy) = {y,x +y*) is aconservative vector field. Since (' is a closed

curve, [, F-dr = fovdr+ (z+yHdy =0
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eyt de oty = {1y () 0= PPy = [T (—y' -2t + Ldy

R a8, 1k _ 12 i @ _ 4
R Ui AR/ it Bl S B A

[ v/myde + eV dy + pzdz = IS (\/:’,‘1 a4t 31:2) dt= [ + 2’ 4 3% dt

11
- &

IRV s ._3_ 1
__![Tﬁ +e 4 ( Jl 70

=l = de=2dly=4 = dy = Adt,z=~1+3 = dz = 3dt,0<f <1

[oaoyde -+ Wdy+yzdz = fg (1 -+ 203(43(2) + (48)%(4) + (4t)(~1 + 3E)(3) de

= e -ty di = (MO - 2] = M8 -2 = 0

5

F(r{t)) = (sin (1 + 1)1+ {sin” 2435 v’ (8) = costi 4§ and
JoFodr = I ((1+1}bixxtc<)st+mn Fpyde = [T ({14 t)sindt +sin®t) di

= [3 (1 +t) {4 cos 2t) + 3 sin 2t} + 51— Lsin2j; = %
Flr(t)) = e b 2 (=t} 3 4 (£ + Byl v/ (t) = 261+ 3t j — kand

-~
f
!

[oFodr= {(}l (2te™" — 3t° — (#* +Yydt = [—20e™ — 27"~ %t(j - %z‘,a %;f:éjl =44

(@) Oz =3 -3y =5, 2=3,0=t < 1, Then

W= [, F-de= [y [3i1+ (3~ 3814 -Etk] (-8t i+ 3kld = [0t 2ldt = (37 —9).
O W = [ Fodr= [/ (3sinti+3cost)+th) (-3 sinfi -+ 3costk)dt
= [')”/7'{79 sin? t - 3cost -+ 3t cost) di = {f%(i —gintcost) + Isind -+ 3(tsint + cast}}:;’[z
S - R 3= —
dy L i1 4 oy)e®¥] = 2xe” Rypet = "f;f + x%e™] and the domain of F 1s B2, so F is conservative. Thus there

exists a function f such that ¥ = V1, Then fy(z, y) = e¥ -+ 2’ implies flx,y) = ¢ -+ e 4 g(z) and then
Folm,y) = aye™ + e 4 ¢'(x) = (1+ wy)e™ + ¢ (@), But fo{z,y) = (1 +xy)e™, 5o gle) =0 = glwi=K

Thus flao,y) = ¥ + e + K s a potential function for ¥.

T is defined on all of R®, its components have continuous partial derivatives, and

crl B ={0—0}i— {0~ 0)j + (cosy — cos y) k = 0, 30 F' is conservative by Theorem 16.5.4. Thus there exists a funcuon
§ such that ¥ f = ¥. Then fol,u, z) = siny implies fle,y,2) = wsiny + gly, z} and then

£ 7) = 005y + gy (g 2 But Fylayy. 2) = woosy,s0 gyl z) = 0 = g{y,2) = hiz). Then

f{z,y,z) = Tsiny + A{z) inplies folm,y, z) = R (). But fo(z, v, z) = —sinz, so h(z) = cosz + J¢. Thus a potential

function for F is f(z,v.2) = wainy +cosz + K.
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18, Since ~‘} - (42°y® = 2oy == 8oty — Bay? = 2 {22y ~ 32757 + 4°) and the domain of T is B%, F is conservative,

Furthermore f(x,y) = =*y* — 2%® = y* is a potential function for F. t =0 corresponds 1o the point (0, 1) and t =

cotresponas 0 (1, 1hso {, ¥ dr = f(1,1) - (0,1} =1—1=0.

4. Here curl F = 9, the domair of F' is B, and the components of ¥ have continuous parzial derivatives, so F is conservative.
Furthermore f{x,y, z) = xe¥ - ye* is a potential function for ¥. Then f( Fodr == fl4,0,8) ~ f(0,2,0) =4 -2=2
1. Cor{t) =i 2], 1< < 1, y

18.

20.

3 2 I 20
e yu’r_LJ n‘z,:ﬁ ” {g“/ zy }—(g; {x )|
2

Corr(t) = —ti-j, —1 <1< 1. H,u\. - (3]
Then ' \ o /

. / C,
Jouwy® iy — iy dy = fi { ~ 2%} it ‘ffl tdt \“-~0 :
X
e g8l gl
=g 3], =0
Using Green’s Theorem, we have
/ oy da - J)g ey == /[ L [ Y wy” A = / (—2zy — 22y)dA = / / —dzy dy dz
Ja / » dl JD —1
=J- ng’é’ﬂizmz dr = f ) (22° — 22) d = ’%Tf 733231_1 =0

Jo Vst da + 2y dy = H}) |5 2.1 90y) — 5 L (VT8 )1 dAd = ‘];)1 Vft}}w'iﬁu — Oy dyde = f; 927 de = iro]é =3

1
I
|

2

+

dd = j[ (= — 2 dA = — ‘fOZW] Sdrdf = —8x
2ih

< 4 <4

curl B = (0 — e cosz)i— (e cose — 0} + (00— e cosylk =~ Yeoszi—e™® cosz]— e Teosyk,

L

AivE = - siny ~ e Vsing — e Fsing

. If we assums there is such a vector fieid G, then div(curl G) = 2+ 3z — 2z2. But div(enrt F) = 0 for all vector fields F.

Thus such a & cannot exist.

E =i+ G+ Mikand G = Poi+ Qs+ Rk be vector felds whose first partials exist and are continuous. Then

i G~ Gdiv F — ap; 3Gy - Ry ; din N Ole R\ ! gire L 0@ RN ]
FivG - Gdiv \ (da Yy Bz 2 By + r)v)‘]’ Oz - dy i 5‘7)1?
(0P 00 R (9P 00 omY
LI da‘ T oy | 7 )t e dr Ay dz)

, a5 a0 Gy :
q_Rz(J;L - gy dz)k}
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and

! . OF - N 3 ) A
(G V)F—(F-ViG= KI ir— PP L Ji+ (7 221 1 %h | g (}(>
| by )T e 2 Bs

O O e, i 1z
(m LTI R Y
G oy iz 1
'i_\}‘ . + Ry ,. i+ | A a.-p -G Ty R
(8 e )
oz ;01
Hence
v - GdivF +{G-VIF -~ (F- NG
3 .F( P AP\ _ [ p 091 o, P
m—‘!k\ Yoy T s Thy T by
[, 8R , 5 2B\ [ p 8 aryT .
A i g SR (P s &
Ve PR T e I“ou '
- K@ 2 | g w——df‘h) - (Qz 8% ”99)
oz oz Oz (654
09: . o OR8¢ mm,
b P e e I PR
( o + Q2 ) (f A s E?:n,j'}
e F“,F’z A oy ;pj _#dr‘)i 4 Ra en
’Lk o Yan ) dx H
i COTR ( Al FETa
(2! o § 5‘?}) j .Q“! y hy )jk
ro
:1'5;( ()2_]25)”,__“"(} R?" R,A)J
N (GuRs — OaR O PG - P
i bl — 5y P )»

r A
-+ imi._(b o By — PyRa) — ?;“ Qi Rg — C\ngm)J
= ourl {F % G)
21. For any piecew%sewsmooth simple closed plane curve ¢ hounding a region I, we-can apply Green’s Theorem 0

s

Wix,y = flo)i+ glytjroget [ flotde+ glyydy = [1, IL??_ aly) — & [l )| da = f[,0dA =10

o
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e a2 gy T TGE
2 7af .a}q\ a faf A o [aF Gy
= 7‘ o g L ) Fs P .
Jx (dz gt 33:/ Ay (()_; -/ Sy) Gz (()z g f dz {Produet Rule]
il dfdg &g B 5 af dg
R ol R R SO et A A
Jz? Oz dx ruﬂ e "Gy Sy
&* &f {3y i &g
! I ¢ - ..._ﬁ___V. - <
+ 'rdy F 5 g+ 2 52 B f== 5o {Product Rulej

Py Fo  PaN (OFFr 8N Jop of ap\ Jap by 9y
7 +- 4--9( 7z )t {7

= [V 4 gV 1 2vs vy
Another method: Using the rules in Bxercises 14.6.37(b) and 16.5.25, we have
VHfgy =V V(jg) =V GVFf+ V) =Yg Vf4yv vf+ VIi-Vg+ V. Ty
=gV + f Vv vy

#r

B
2BV = 0 means tmt j S O Nowif F = fi— foiand s any closed path in 22, then applying Green's
Y

Theorem, we got

Jo B de= [ fode = ey = Jf, (& (~f) - 2.

= - Up{fm F Syl dA = - ][;) DdA =0

FON { dA

Therefore the line integral is independent of path, by Theorem 16.3.3.

‘ . 5 . Tk
M {a) 2” = ¥ = cost 4 ogind g = 1, 50 C lies on the circular cylinder o* + 9,2 = 1, f
(A Y
Bui slso y = 2, so (' lies on the plane y = 2. Thus C'is the intersection of the i
plane y = z and the cylinder 22 + y? = |, =
(b) Apply Stokes’ Theorem, Jo Fode = s curlF . 48
[ i B
H i
curl B = ; &/0x 8/ &y d/O; } = (—2yosc? 2 — (—2ycac? 2),0, dwe™ dre™) =
| 22y Y . Qeotz  —y”eac i
Therefore [ F-dr = [f 0. 48 = ¢
8oz flroy) =t g Zywith0 <2< 1,0 Sy =< 27 Thus
. = ST [ e "1, = . . it i /e -
Ay = o VIT BT Tddd = [ BT Tm gy dy - Jo 2 VET IR do = 135 . 439‘3)3/2J0 =5{27 - 5B}
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CHAPTER 16 REVIEW [2 7%
Lty

% (@) vy = —vi+ 2uk, ve = 2vi- uiand {b) T
£ % vy = 2% 1+ duw § -+ 20” k. Since the point (4, —2, 13 .
corresponds o v = 1, v = 2{oru = -1, v = —Zbul vy ¥ Ew
is the same for both), a normal vector to the surface at (4, ~2, 1}

is2i+ Sj 4+ 8¥% and an equation of the tangent plane 18

{cj By Definition 16.6.6, the area of S is given by

A(SY = (S [2 ) A (duw)? + (20f)? dodu = 2 fo [0 VUt + dufe? 4 vt dodu

{d) By Equation 16.7.9, the surface integral is

[ (u®) (v {(—uv)? 3 :
F-dS: : L LY (9t A, 207 dud
/1. » \1 A TR T (e R e
/o ouf 4ur® outet
= / / st P gy 1524.0190
o I+ut  14ue 1wl
oz floyy = ¥+ with 0 < 7yt 4 0 1y X ry == —2ri — 2y - k (using upward orientation). Then

fl,zds= f]

(Substitate 16 = 1 -+ 4r* and use tables.)

2 < dsor, wry = —i—}+k Then

2% z=f(g,y) =4+x+ywith0<a® +y

[l +y*ads =[] ( by A p ) V3 dA

x + F[‘)

[U j%ﬁr3(é~ roos b4 rein @) df dr = | m 28 /3% dr = 32m Vi

29, Since the sphere bounds a simple solid region, the Divergence Theorem applies and

(1B dS = f[]pdivEdV = [[f e =D dV = [[] 2V — 2[f paV

=S

(1

i

dl

-9 al odd function in @ W _9. V{E) — 3. %7;(2}3 _

FR— . H
Fand £ is symmetric |
L

Alternate solution: Flr(¢,8)) = 4sind cosé cosgl— dsing sinfj + Gsin cos f k.
re X vp = Adsin” & cosfi + 4 sin® ¢ sin#§ -+ 4sin g cos Pk, and
F (% rg) = 16sin” ¢ cos” 4 cos g — 16 sin® & sin® § + 2 sin” ¢ cos ¢ cosé, Then
[l B dS== 2T (16 sin” ¢ cos g cos? 8 — 16sin® ¢ sin® 6 + 24sin® ¢ cos ¢ cesB) df dp

)W $(~— 16sin? @) de = — &~
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