CHAPTER 15 REVEW O 83
g (aym= [[],plz,p,z3dV

() Mye = [f1 w00, y.2) AV, Moz = [[fpyele,y.2)dV, May = [Jfp 2oty z)dV.

. - _ M
{¢) The center of mass 1s (£,7,%) where T = ~——, ¥ =~ and T = —2.
T O m

() I = fff0" 4 25 hole,y, 2y dV, Iy = [[ple® + 2% pleyp, 2y dV, L= (12 + ol p, 2) dV.
g, (a) See Formula 15.8.4 and the accompanying discussion.
(1) See Formula 15.9.3 and the accompanying discussion.

{c) We may want to change from rectangular o cylindrical or spherical coordinates in a triple iniegral if the region Eof
integration is more easily described in cylindrical or spherical coordinates oF if the triple integral is easier i evaluate using

cylindrical or spherical coordinates,

B /Ou O /c%% Gz dy f{f;f)?/
’\

Hu o Ovdu

10, (@) Jiz,y) !
' & (1, v) !dy/du byfow

(b See (9) and the accompanying discussion in Section 15.10.

ey

L

See (13) and the accompanying discussion in Section: 15.1C,

{e)

TRUE-FALSE QU

4. This is true by Fubini’s Theorem.

.

2 False. f o I o \/1 T ¥ dy dw describes the region of integration as a Type i region, Fo reverse the order of integration, we

must consider the region as a Type I region: j; [; VAt dody.
5 True by Equation 15.2.5.

Ll e Loa o gy dady = (fnl 3 d:r\} [1] ¥ giny dy } (f; e dz) (0 = @, since ¥ iny is an'cdd function.

Therefore the statement is true.

§. True. By Equation 15.2.5 we can write {0 ;d f{'r} Fly)dydx = fu f(:c) dic fo (v) dy. But f('y} dy = fol Flx)d so

this pecomes fol _ ‘\"a} dx {(Jl flayde = U“,) flz)d 1\

§, This statement 15 true because in the given region, {‘x + /¥ ysin{z Zy?y < (14 2{1) = 3. 50

f’ljo‘ (2 4+ JUY sin(z?y”) dady < I fﬁ 3dA = 3A(D) =3{3) =

r e T T
7 Truer o ffp A -at oy dA = the volume under the surface 2% 42 + 27 = 4 and above the zy-plane
(Z;)i e jG

1l

tafs

1 {the volume of the sphere 2% +y* + ::2 =4) =
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§04 CHAPTER 15 MULTIPLE INTEGRALS

8. True. The moment of inertia about the z-axis of a solid B with constant density % is
P (] (@ +yDelmy, ) dV = [[f, (kr¥)rdzdrdf = []fg fer™ dz dr df,
8. The volume enciosed by the cane z = /22 -+ 42 and the plane z = 2is. in cylindrical coordinates,

V= f;“io }i rdz dr df #£ fo " }U"f dz dr d@, so the assertion is false

EXERCISES

1._As shown in the contour map, we divide IR into 9 equally sized subsquares, cach with area AA =1, Then we approximate

I 7 Hz,y) dA by a Riemann sum withm = »n = Jand the sampie points the upper right corners of each square. 50

[Ir FlayydAss E_, T Floi,y) AA

r=1j=1
= AAFL D+ FOL2) + FOLBY -+ A2, 1)+ f(2,2) ¢ F(2,3) 4 f(3,3) - £{3.2) + £(3,3)]
Using the contour lines o estimate the function vaiues, we have

[l Fmy)dA = 127 + 47 + 8.0+ 4.7 £ 6.7 + 10.0 6.7 + 8.6+ 11.9] = 64.0

2. As in Exercise 1, we have m = n = 3 and A4 = 1. Using the contour map o estimate the value of f at the center of each
—

subsquare, we have

3
T fmeydAs 33 f(ELT;) AA
s IR Lt Lt 7

= ly=1
— AAF(0.5,0.5) + (0.5,1.5) + (0.5,2.5) + (1.5,0.5) + /(1.5,1.5)
b L5, 2.5) + (25,0.5) + f(2.5,1.5) + F{2.5,2.5)]

12425 4+8.0+32445+ 71452465+ 0.0 =442

ES ff‘ Jf“') {y + 2ze¥) dody = f2 |z

1‘ {2y + 1e¥ydy = ‘1} + 1()”’]

=ddde? -1 e =4 —de+ 3

i_jol Jai ye™ dr dy = jnl IE’“’ ;—1 dy = fl(eu — 1\,5{1‘. l' AU}U = — 2

o - Y 4“&“_‘. .2\1739'
5 Jo Jo e 2 dy dx = jﬁ Leos{z ] 0 T dr = fO zcos(x?)dz = &sin{e™)], = 5sin]

- |
ooplope® g2 P ly=e ol B ft\ [ DT S N W+ rL..mt \iﬂwgl'uieb)’vms
E’..:M.fo jg: Szy” dy do = ju l”l' |,J_mr i = J(u e dx = 3£€ 1o jD sedr — g, i;mhe fiest term |

U TR TR i Wy S A I
=€ T FY lp TF T LY T as
~ 1o i—y® - F . . emiaf L—i®
[ A W Cysimodadydr = [ [y 1y sinz)z| " ;/ T dydz = j“ Yy \/i -9 sin g dy da
= fy [‘“‘"Ll y* 3% sin ] v da = fw Lsingdr = —Lcosz]” =2
] e ™ 03 + 30087y~ 3
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CHAPTER 15 REVIEW O

lrol JFDW fml Hrzyz dz dedy

il

fo 5o 13 rye® z-; dr dy = fol' 2 Bey 3a%y) de dy

"1 : - 3,5 _rB, 4 .
Jro LQw U*_g U\x—-o dy = Ju iz —ny}) dy = ['&%y ""'El'iy l‘u'“’"

il

Py

9. The region B is more easily described by polar coordinates: Fo= {(r, 812 <7 <4,0<6 < w} Thus
(1 FlayydA = [ [ Flrcosé, reind)rdrdo.
10, The region I is a type 1 region that can be described as the region enclosed by the Hites y = 4 — 2, y = 4 + =,
and the z-axis. So using rectangular coordinates, we can say K = {f{zy) iy —4 Crp<d4-yb<y <4}

and [f,, Flz yidA = ij_'yfwy)drdy

20
=029 dr 46 is

2
The region whose area is given by | r ! ]

1.

[r@) |0<F< 057 Ssin 26", which is the region contained in the

joop in the first quadrant of the four-leaved rose r = sin 26.

12 Thesolidis {(p, 6,4} | L2 p 2,020 <

2.0 9% %} which is the region in the first octant on of between the two
spheres p = 1 and p = 2.
13 ¥ fo _{1 cos(y?) dy dz = fo [ cosly 2y der dy
e L)
‘ = j cos(u b Kmé dy ::-f(;ycﬁs{yz)dy
= [4 sm(y )J =Zsinl
4 x
14. ¥ . 2 2 2 2
Bl 1ol 6:: 1 i " 1:0 16:(. .
.T ] / £ T da diy :/ / LK:‘; dy dz ‘_““"/ Py [%y,?};‘m: dr
d o Sz ¥ g Jo T s T v=
1
o2 211 <
= [ gwe” dr = e = (e~ 1)
40 lo
T

15 ffve™ dA =[] [ ye™ dody = [ ]2 Py = 2 - Lydy = [} —y] = et 8- g = g€

It

16 [, opdd = [} 5P aydedy = ) 9[3”1700 dv =3 f v+ 27—y dy

S
it

i

A 2 By 3oy s i 1
LR e -y = S T - e
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808 0 CHAPTER1S MULTIPLE INTEGRALS

_w VE
Jy=n

dar

r 1 . el
18./ zfm:/ /
..jpl"“i” Jo Jx 1

Lodyde= [y
T W T A

18. Iy vda = }{; ‘ 52__1_;4%”; dy
= fy ulw ii'” dy = [Fy(8—y* — Py -
= [ (8y — 2y = Ty - Lyt =8
= // iA /zfy iz d /'2 ( L)x
yoan = pardy = [ yly-—- = ldy
. =DJ 1 ./1/_1, J1 \ i
=707 - Dy =[5 — ]
S -Gon=t
%L 2

Coa . wmaa /"”'3 Py
(,II 4y dA = ] (_I’ ) rdr df
PN ’ A0 Jo

i "3 g )
_ e T 178 71, 57
aff)/ v dr P }0 57 1,

Jo o

w3 &l

35 5

2 xdd= ]M"z [1 (rcosd}rdrdd = fﬁ/zwstidﬁf dr = ‘smf}f’f“

i
H

1@ - = Lo

23 i, eyaV ]; S fE gy dr dy dir = J

Y iy dip e J‘u% I8 zyle + ) dy da

= 3 I (2Py + 2y dy da = J2 g

pen

fS et = 500 = 8 =405
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If

2. [ff, zpdV fuug ‘QIHB‘T 0 Y o d dy da = 1/3 010 8 py(l — 3z — y) dy dz
= folfj I Iy - ety — wyt) dy dz

War1l, o2 3,29 1, 3)W=iedn g
IPRRRE T L A o ML

i

Jo
1L 3.2
f 5%1——3:6] ~ 2221 ~ 3x)° wut(l—.iv)]d
flfz (3 A‘%xz-{-%ma»—%m;‘) dz
1 ] 11/8 1
= o’ ~ 32+ g2t - ) = mw

R . . TRt g 2R I, )
2. fipfh ¥t dV = j’El .Jr_,\l/fi:fj .f{:— ! y*2" dedzdy = f 1 ! \;3 Jyr pi(l -yt~ zg)dz(ﬂy
f f 2 cos® 6)(r? sin® 6)(1 - r®) rdr dff = ?’T fa Len? 20(r® — ' jdrdf
_[ r]g 1—(‘0848)[ 73_?311:2] dG:—;—glﬁf-qth@JO =2 =5
% [ff,zdV = f o 1 [,; Yrdedzdy = fo‘j{u\“ ut (5 —y)zdedy = [, $(2— U}(l —y*ydy

=iy -wt iy =5

il

7. fffuzdV {E I s [Yyzdrdyds = 12 Y [\/4' Lytdyde = [ F” Lr¥(sin® 6) r dr d6

18 T gl = L 1T 6e
= [ sin Gdf = | C0=349—1—3(30q Gm_ o

28,

oo

frr. 2t eyt R AV = ][?T "f”f (0% cos® ) p(p” sin @) dp dop df

7 e fﬂ/gcoc Hsin ¢ dg [ﬁ p® dp = 2m [~ cos® dﬂwz(ﬁ) e

BV = = [ [H {2 + 4y dyde = [i Py + 4 :;“U” da = [ (3% + 84} dr = 176

Eﬁ- Vo= jO f;"m"f“u 2y dzdzdy = fa [-i ),yT ydydy
= [ $l4 -2y — v+ 1Dyl dy
X — At by — Ly T dy =3+ iR D) = R
3,

Vo RIS dedmdy = [y (1 - 3y} dedy

ol

= j(;z (’::';‘ - 51,13) dy =

V= [ BT En g drdd = 7 (% (87 —r*sin) dr df = J2 6 — S sing] df = 66]7" + 0 = 127

Jo Ja le
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508 1 CHAPTER S MULTIPLE INTEGRALS

33, Using the wedge above the plane z = 0 and beiow the plane z = mz and noting that we have the same voiume for m < 0 as
form > 0 {so use m > ), we have
raf3 pa/ et —0ys a/3 1 2 ga 2 q,,374/3 1.3 1.3 2,003
Vo2 [0 ] mazdrdy =2 [ smia —Qy')dy:m[a“yWSylG :mwa*A;;a)zgmrz.

34 The paraboloid and the half-cone intersect when o° + i = /a? + ¢°, that is when z? +y° =1ord So
o Y ve i Y

Ve I LTI gpdd s (2 rdzdrdd = [T (0 - e dedd = 57

Lo a:~+y 0 J”
24 y¥ gl

B {2y m = f; j;—y_ ydx dy = _fol (v~ dy =3 — =2
"] —y® - . 244
by My = [T zydudy = [ jp(1 -y dy = —5(1 - ¢ =

3.

ol ey . 3 p 2 . e 1
— [ P dedy = [y (0 -yt dy = & Henee (7.9) = (3

o

oeley? s SRV 3\ 2 L
e [UEY S ddy = [ (07 -yt dy = 1,

o
[s)
o
-
|

b ople- ) 2 1 1
Iyzjg.fg yf d’L’d’U-——-{n 31;’(1“11‘ } dg: *“f;}g(]”‘ﬂ)q]nﬂg,

_ 1 o=2 o 1/12 i =1 =2 _ 1/24 1 = 1
IOWIT_L‘.{/‘!I—g,y =Sz T 1 = U*‘ﬁ’md“r’ =471 T % — Lu-ﬁ.

36. (a) m = twia® where K is constant,

My = [finy e KadA =K [T 207 cosdr df = §Ka® [T/ cos§df = 3a7 K, and

My, =K fﬂfz forr®sin O dr d§ = 1a°K  [by symmetry My = Ml

Hence the centroid is {7, T) = {520, 1=a).
bym = [0 fardd = [ sin® 672 (1a%) = 0°
wym = ', cosd sin® 8drd [3sin” 6] (3a") = 0%,

My = [T 0% cos® Gsin B drdf = 10— sinas]y (

1.8y 16
o ‘ﬁa)ﬂ%ﬂa,and

My = ‘}'szr;l % cos 0 sin® 8 dr d6 = ] sin® 8}”/2 (1a%) = 4;a° Hence (%,7) = (7o,

\
0 Y 22 a).

o::u

a7, {a) The equation of the cone with the suggested orientation is (h—z)=2/z?+y> 0Lz <h ThenV = évrazh is the

volume of one frustum of 2 cone; by symmetry My, = M. = 0; end

F !-£1-~{Fa/a]1/a:2+y2 ) 2 pa plhfel{e—r) [ hi? s
My = j’[ zdzdA = f / / rzdzdrdf =w / r— (a7} dr
. JIG 5 Jo Je Jo o7

wd iy Ll

LU ST S S ak® (ot 2% 4 whn
5 {a’r —dar” +y7 ) dr = —5={ & -+ —
a* i 2 3 4

Henge the centroid is (¥, 7,3} = (O, G, %h'}.

271 po plh/eia—r} oot ; , 2 P 5 . 4
by I = / / / r® dzdr df = erf 2 (ar® =) dr = in"l(it - 9.,—) . Tah
0 o :

SO 40
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1< s e 1/a? < 2% 44 <4/a? Let D = = { (2, 9) |

fela,y) = a(@® )72 1 (2, ) = ay(a® + 42)7 2, and

A(S) = /] "” o ray +zcm_:// Va? +1d4 = a7 51 A(D)
JID

J‘C*f’ij‘

2
= /a? -+ 1 [’.’T(EJ — :(l
a

38, Let D represent the given triangle; then D can be described as the area enciosed by the @~ and y-axes and the line ¥=2— 2z

orequivalentty D = {{z,4) |0 < 2 <

= 2% + y that lies over B, so using Equation 15.6.3 we have

O S A A —
A{S}-‘[/D\/lx(am) '\afq dA = /\,‘ (B2 + (1)F dA = //

%’n

. - Ty=2— 3 r1 - 4 I
= [ VI T a2 [u“:uﬂ “dr= (2 - 02) TS it dp = I

/""*‘-“
\/u + 1

ija® < 2? + o2

= 4/@2}. z= flz,y)=a

CHAPTER 15 REVIEW

LO<Cy <2~ 2z}, We want 1o find the surface area of the part of the graph of

/2+4:r, dyd”

2VEIF T do ~ [ 22 VT T il de

_ Using Formula 21 in the Table of Integrals with o = /2, u = 27, and dy = 2 dx, we have

[2V24 2% de = 5 /5 T dz? 4 (22 + 2+ 427 ). If we substinute 4 = 2 + 4z*
du = 8edrand 22 VI¥ &2¥de = 1 [\ fidu = z-2y87
. g1l

ALS) = }g VI 4 In(te + VI T AT ) - 3(2 4 422)207]
\/M—*-ln().-'—\/—)~-

il

=in{vZ+v3) + L~ 1

4. Using Formula 15.6.3 with bz/br = siny,

82/0y = wcosy, we get

S= [T ]jg VIR + 2% cost y + 1 da dy o 629714,

,....\/Q_..iz

)Jf’z

1.6176

A S e
/ I T N dy do =

|

H

fi

invo -+ ‘f

\“

= 3(2+ 42%)1%/% Thys

I =EyE

o

+x/’ \/'

o,

N "‘
)
“%ﬁiﬁ‘\“\

/3 /\/ﬁ—lyz ( . % und
r{r® 4 Y ax
[ LR SRR c I v ) i

i

J_‘q‘_f,g f; {rcos8)(r®) r dr dg

fr/" cos G df f03 rdr

o2

Tain g17/2
(,f’mgjwﬂ-/z |

entbea

=
U

-2

s
5

(243)

i the second integral, then

i
2

= 888 = 970
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42, The regton of integration is the solid hemisphere 2% 4 4 + 2% < 4, > 0.

fz Vi [VamEiogt
i
—2 -A .]“-\/4ﬁ,;,‘-2,_y: ¢

= }:{32 . j;)“j {psin ¢eing)® (f) P sinddp de dff = jﬂf:i} sin® B edf [ sin® oo fgz 25 dp

FUEE :11129[”: [—4(2+ sin” $) cos |, [50° 612 =(HE+H (R =%

i

22+ y? 4 22 dz do dy

il

43. From the graph, it appears that 1 — 2% = ¢% at ¢ ~ —0.71 and at

z =0, with 1 ~ 27 > ¢” on (~0.71,0}. So the desired integral is

”D yldA fijcml J(al;ﬂ ¥ dy dz

178 f 283 R '
=3 [ _ymll =27y — ¥ dx o 025
= Al ¥ g 2® 271 ,8w30 2 05 ~025

= g -2t 4 s FiL gett ],y = 0.0512

44, Let the tewrahedron be called T. The front face of 7" is given by the plane = + Sy + §2 == 1, or 2 = 3 — 3 - dy,

which intersects the zy~plane in the line y = 2 — ’)m So the total mass is

m= [, o(zydV = [} fr’ 3 }F; R R 4 Z*Ydz dyde = I. The center of mass is

(7,3,2) = (™" [ff papla,y, 2 dV, m ™ [f] pyptey, 2 dVim = ] 2ple, g, =) av) = (4, 2, 8),

45 (a) f{w,y) is a joint density function, se we know that [, / (2, ) dA = 1. Since f{z, 3} = 0 ouside the rectanglo
j J iit {9
i0,3] % [0, 2], we can say
jpr fla,w) afA:ff(:m fix; (z,y) dydz = JO N C{m—i— y) dy da
= O f:m + by NY=R e O 333.1',2 dm:crx?’%2gcg*};:_L5(j
a U 5y G E 1

J gy

Then 158C =1 = (= &

B PX £2,Y 2 1)

Lo P ey dyde = 77 S(eydyde = & [ oy + 127" do

==l

i

=%y (2 d)de = g[ia® + fad = 5

(€) PIX +V <1} = P({X, V) € D) where D is the miangular region shown in
the figure. Thus

PX+Y S = [f, fayydd = [ [77 2o+ y) dy de

)'; Y=l—u
dy==0 a

=i ]U [ (1-a2)4 42 (1*1)”51’

5

Il

i 1
=& Jo [oy + 3y =

. X 52 r 1371
—mo w)de = gle - 2% = 5
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