08 T CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

1, If an equatien of the plane is known, it can be writter as.az + by + cz +d = (. Anormal vector, which is perpendicular to.the
plane, is (a, , ¢} (or any scalar multipie of (a, . e}). I an equation is not known, we can use poins on the plane to find twe

non-parailel vectors which lie in the plane. The cross product of these vectors is a vector perpendicular to the plane:

12, The angle berween two intersecting planes is defined as the acute angle between their normal vectors. We can find this angle

using Coroilary 12.3.6.
13. See (1), (2}, and {3} in Section 12.5.
14, See (5, (6), and (7) in Section 12.5.
14, (a) Two (nenzero) vectors are parailel if and only if one is a scalar muitipie of the other, I addition, two nonzero vectors are
parallel if and only i their cross product is 0.
(b) Two vectors are perpendicular if and oniy if their det product is 0.

(¢) Two planes are parailel if and only if their normai vectors are parallel.

— — '
8. (a) Determine the vectors PQ) = (a1, ag, a3) and PR = {b1,ba, ba). If there is a scalar ¢ such that
fa1, a2, a3) = t {b1, b2, ba}, then the vectors are parallel and the points must all lie on the same line.
’ —_ ey —
Alternatively, if PQ) x PR = @, then P%) and PR are parallel, so P, J, and R are collinear,
- Thirdly, an algebraic method is 1o determine an equation of the line joining two of the points, and then check whether or

a0t the third point satisfies this equation.

ey _—

{b) Find the vectors 5(3 =a, PHw=b, PS = ¢ a x b is normal to the plane formed by P, and R, and so S lies on thig
plane if a < b and ¢ are orthogonal, that is, if (a % b) - ¢ = 0. (Or use the reasoning in Example 5 in Section 12.4) ‘
Alternatively, find an equation for the plane determined by three of the points and check whether or not the fourth point
satisfies this equation.

17. (a) See Exercise 12.4.45.

(b) See Example & in Section 12.5.

{£) See Example 10 in Section 12.5.

18. The traces of a surface are the curves of intersection 61‘ the surface with planes parallel to the coordinate planes. We can find

the frace in the plane z = k& (parallel to the yz-plz{ne) oy setting © = K and determining the curve represented by the resulting

equation. Traces in the planes i = k (paraile! to the mzﬂane) and z == & (parallel to the :zy—piané) are found similariy.

19. See Table 1.in Section 12.6.

TRUE-FALSE QUiZ

1. This is {alse, as the dot product of two vectors is a scalar, not a vactor,

2. Faise. For example, if u = iand v = ~i then ju + v{ = [0] = 0 but [u] + W =1+1=2
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False. For example, if u = i and v = Jthen ju. vl = 10l = ¢ but livl=1.1=1 I fécl, by Theorem 12.3.3,

- False. For example, Ji x i} = 0] = 0 (see Example P242ybutfiflil =11 =1 In fact, by Thereom 12.4.9,

iux v} = juljvising.
True, by Theorem 1233, property 2.
False. Property 1 of Theorem 12.4.11 saysthat u X v = —v x u.

True. If § is the angle between u and v, then by Theorem 17.4.9, la = vl = |ujiv|sing = vilalsing = v x 1/,

(Or, by Theorem 12,4,11, (1 x V= [—v xu| = 1w ol = v x uj.)

8. This is true by Theorem 12.3.2, properiy 4,

. Theorem 12.4.11, property 2 tells us that this is e,

This is true by Theorem 12.4.1 1, property 4.

. This is frue by Theorem 12.4.11, property 5.

- In general, this assertion is faise; a counterexample isi x (1 x j) o {ix1) x i (Seethe paragraph preceding Theorem
12.4.11) '

This is true because w » v is orthogonal to w {(see Theorem 12.4.8), and the dot produci of two orthogonal vectors ig (1.
Audv) x v UXV4v v [by Theorem 12.4.11, property 4]

=uxv4g [by Example 12.4.7]

= 2 X v, 50 this is true.

This s false. A normal vector (o the planeis » = {8, -2, 4. Because {3,~1,2) = n, the vector is paratlel to 1 and hence
-perpendicular to the plane. .

~This is faise, because according to Equation 12.5.8, az + by + ¢z 4 d = 0 is the general equation of a plane.

~This s false. In R?, 2% 42 = 1 represents  circle, but {(z, i, ) | 2% -+ y? = 1} represents a three-dimensional surface,

namely, a cireutar cylinder with axis the Z-axis,

- This is falsein B the graphof y = z% jg 2 parabolic cylinder (see Example 12.6.1}. A paraboloid has an eguation such as

. False. For example, 1§ = 0 buti £ 0 and j#G.
- This i faise, By Corollary 12.4.10, u x v = @ for amy nonzero parailel vectors v, v. For instance, i x § — ¢,

+ This s true. If w and v are boih nonzero, then by {7) in Section 123, w-v = ( implies that w and v are orthogonal. But
R implies that v and v are paralie] (see Corollary 12,4, 0}, Twe nonzero vectors can’t be both parailel and

orthogonal, so at least one of u, v must be 0.
- This is true. We inow u - v = il vl cos 8 whers luf =0, |v] > 6, and leos 8] < 1,50 ju - vi=luf |v! jcost] < i v,
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30 O CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

EXERCISES

1. {a) The radius of the sphere is the distance between the points {—1, 2, 1} and (6. -2, 3}, namely,

VB = (=2 +(~2-2)2 + (3107 = 69. By the formula tor an equation of a sphere (see page §13 [ET 7897,
an equation of the sphere with center (-1, 2, 1) and radivs /85 is (2 + 1)% + (3 — 2)* + (z — 1)° = @9

(b} The intersection of this sphere with the yz-plane is the set of points on the sphere whose z-coordinate is . Putting = =
into the equation, we have (y — 2)° + (z — 1)° = 68, z = () which represents a circle in the yz-plane with center (0, 2, 1)
and radins /63,

(¢} Completing squares gives (% — 4)* +{y + 1 +{243)° = ~1 + 16 + 1 + 8 = 25 Thus the sphere is centered at

{4, —1. =2} and has radius 5.

3o (@ : (b)
Tﬁ
\/

(@ (d)
\
\
b
ou-v = ufjvicosds® = (2)(3) 4 = 3v3 Juxvi= u visinds® = (2)(3)L =33

By the right-hand rule, u > v is directed o of the page.

4 {@2atldb=21+2—4k+9i—6j+3k=11i-4]—-k
by bl = +4+1=V14d
()b = (1)(3) + (1)(~2) + (~2)(1) = ~1

i ik

axb=|1 1 2= -di-(14+6)j+{-2~3k=-3i-7;—5k
3 -2 1
i ik

@bxe=|3 -2 11=0i+15j+3k |bxc=3/FTHTT=3/5
b 1 -5
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I W . ‘ ‘
| -2o1l s o1 (3 -2
fa-(bxe)=|3 -2 1|= P— Lo— 2 =3+15-8=18
| L1-sl jo-s! Tlooa
0 1 -5 i i i |
{g) ¢ x c=0forany c.
(h) From part (e},
EREIEY
ax (bxc)=ax(@i+i5j+8k)=|1 1 -2
s 15 31

= (3+30)i~(3+18)j+ (15— 9 k=331~21j+6k

(i) The scalar projection 1s comp, b = [blcosf = a - b/jal = wt/l?
: 1 a
i) The vector projection is b= — = —X(i4+j-2k).
) proj Proj, 7 (im) s(i+] )

a .b -1

. -1
a6l VB4 2vat

(k) cosé =
(k) Wosl

and(;’:cos_]( —! )mQS"X
v

. For the two vectors fo be orthogonal, we need (3,2,2) - (2r,4,2) =0 & (3)(Cx) + {2)(4) + (z}z) =0 <

bzt E=0 & (2+2(z+4) =0 & z=-2orz=-4

. W know that the cross product of two vectors is orthogonal to both. Sc we calculate

(JH2K) X (i—2j+3K) =3~ (i~ (0 =Dj+(0-Dk=Ti+2j~k

7i+2j—k 1
et = e (T 2] — K,
Nk ey EooE (7i4+2) - k)

Then two unit vectors orthogonal to both given vectors are

3 Ty 2.4 1 7 23 1
thal]s,m!ﬂ‘mj*"m Gk and _—Sﬁlhm‘]—'—mk

@ {exv)w=u-(vxw) =2
o (wxvi=u [—(vxw)=—-u-{vxw =2
ey vefuxwi={vxul-w=—(uxv) w= -2

[£2]

Dlexvi - v=u-lvxvi=u-0=20

axb) [brelxiexa)l=(axb) {{{(bxc) alc—{bxc) cia)

[by Property 6 of Theorem 12.4.1 1]
={axb) [[(bxec) ajle=la-(bxc)laxb) c

=[a- (b x )] fa- (b x e)) = [a- (b x <)

+For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals

jeining the points (0,0, 0) to (1,1, 1} and {1,0,0) to (0, 1,1} are (1, 1.1} and (—1,1,1}, Let 6 be the angle between these
two vectors. {1,1,1)} (=1L, 1, )= —14+14+1=1=}L1,131{(-1,1,1}cosf == Bcosd = cosl = % =

b= cos™ (3} = 710
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el
AB = (1,0, - 1), AC = (~2,1,3) and AID = (—1,3,1). By Equation 12.4.13,

S B N e ‘
e s 13 b2 37 12 1]
AB - (AC x AD) = -2 1 8 =] — 3 - = -8-3+5= 6
| Cols | =1 1) | -1 3
-1 3 1 ‘ i '
g sy
The volume is [ A5 - (J Cx A ))I = § cubic units.
— S— .
AB = {1,0,-1), AC = {0,4,3), s0
{a} a vector perpendicular to the plane is AB x AC = B4, —(34+0),4—0) = {4, —3,4).

: p——

§—F ]
(b} 11ADB x AC| = VIGF O+ 16 = 43
I

De=di+3j+6k, W=F D=12+15+60=87]

- Let /% be the magnitude of the force directed 20° away from the direction of shore, and let s be the magniiude of the other

force. Separating these forces into components paralle! to the direction of the resuitant force and perpendicular (o it gives

gin 30°

FLoos 207 - Fheos30° = 255 (1), and F) sin20° — Fsin20® =0 = FYy ow= By - -
sin 20°

{2}, Substinting {2)

mto (1) gives 5 (sin 30° cot 26° + cos30°) = 255 = Fy =2 114 N. Substiluting this into (2 gives 1 =2 166 N,
g J 2

{r| = | [Flsin @ = (0.40)(50) sin(90° — 50°) 2 17.3 Nem.

The line has direction v = {—3,2,5). Letting & = (4, —1, 2}, parametric equations are

rwmd =3, Yy =L 428, 2= 2+ AL

A direction vector for the Ime is v = {3, 2, 1), so parametric equations for the line are 2 = 1 + 3,y =2f 2= 1414,
A direction vector for the line is a normal vector for the piane, a = (2, -1, B}, and parametric equations for the line are

Ry T TR B

» Since ihe two planes are parallel, they will have the same normal vectors. Then we can take 1 5= {1,4, —3) and an equation of

the plane is Hz ~ 2} +4(y — 1)~ 3z -0} = Oorz 4 4y — 32 = 6.

Herethe vectorsa = (4 =30 —{-1} 2 — ) = {1, 1, D and b = B — 3,3 (=151~ 1= {(3,4,0) lis in the plane,

$0 7L == A X b {4, 3, 1) is a normal vector to the plane and an equation of the plane is

. I we fivst find two nonparallel vectors in the plane, their cross product will be 2 normal vector 1o the piane. Since the given

fine lies in the plane, its direction vector a = (2, ~ 1, 3) is one vector in the plane. We can verify that the given point {1.2. ~2)
does not lie on this line. The point {0, 3, 1} is on the line (obtained by puiting ¢ = 0) and hence in the plane, 50 the vector
= e L3 =20~ (-2)) = {—1,1,3) lies in the plane, and a normal vector 5 == a x b = {8, —9, 1}, Thus an

squation of the plane is —6(z - 1) — 9(y — 2) 4 (2 + 2) = Dor 6z + Oy — 2 = 26.
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Substitution of the parametric equations into the equation of the plane gives 22 — y 4+ 2 = 2(2 — 1) — (L + &)+ 4t =2 =
—t+3=2 = {1 Whent =1, the parametric equations give 2 == 2 — 1 == 1,y = 1 + 3 = 4 and z = 4. Therefore,
ihe point of intersection is (1,4, 4).

Use the formula proven in Exercise [2.4.45(a). In the notation used in that exercise, a is just the direction of the fine: that is,
a={l,~1,2). A pointon the Hne is (1,2, —1) (senting { = 0}, and therefore b = {1 — 0,2 — 0, —1 — 0) = {1,2,~1}.

la X by
Hence d = - -

[ =1,2) x (1,2, 13 ]{-3,3,3)1 27 3

‘ . = e
2] N NG Ve A
Since the direction vectors (2,3, 4) and (G, —1, 2) aren’t parallel, neither ave the lines. For the lines to interseot, the three
equations 1 -+ 2 = —1 + 85, 2+ 3t =3 ~ 5, 3+ 4 = —8 + s must be satisfied simultanecusly, Solving the first two
equations gives t = % & = % and checking we see these values don’t satisfy the third equation. Thus the lines aren’ paratlel

and they don’t intersect, so they must be skew,

{a) The normal vectors are (1,1, —1} and (2, —38, 4}. Since these vectors aren’t parallel, neither are the planss paralict,
. . ] { f p P

Alse (1,1, 1) - {2, -3,4) = 2 -3 — 4 = =5 + (50 the normal veciors, and thus the planes, are not perpendicular,
. (L1, =15 - (2, 3.4} 5 . ; .
b cogfl = el b e and = 08T — ’) 72 122°  [or we can say == 58°].
® V3V & (= [ ¥l

-z =landy + 2z = 3. The direction of this fine is vy == 1 > ;e = {1, -2, 1}, A second vector paralie] o the desired
plene is vy = {1, 1, —2), since it is perpendicular to 2z + y — 2z = 1. Therefore, the normai of the plane in question is
ma=vy Xve= ({4~ 1,1 +2,1+2) =31, 1,1} Taking (xo,vo,z0) = {1,3,0), the equation we are looking for is
-4 y-3)+2=0 & ziytrs=41d

(d) The vectors AL = (—1 =2, -1 = 1,10 = 1) = (—3, ~2.9) and AC = {1~ 2,3 — 1, 4 1) = (=1,2, ~5) lic in the

the plane. The point A(2, 1,1} Hes on the plane so an equation of the plane is 1{z — 2) +3(y - 1)+ 1(z— 1) = Oor
T dy 4z =6,
(b} The iine is perpendicular to the plane so it is parallel to a normal vector for the plane, namely (1,3, 1), if the ine passes

; _ - or g 4 1 = mm;% oz — 1L

r—(=1) y—i{-1) - 10 ¥+

through B{—1, —1, 10} then svmmetric equations are -

{e) Normal vectors for the two planes are i = (1,3, 1) and no = (2, —4, ~3). The angle @ between the planes is given by

cosl n; - g (L3, 1) {2, —4, -3 2—-12-3 13
:)ﬁ i T ; T = - = = = == - - = —
o) el TIPSR (LAY 4 (—a)r VITVAS /316

) 7= 1377 or 180° - 137°% = 43°,

Vv ale

NN
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() Fram part (c), the point {2, 0, 4) lies on the second plane, but notice that the point aiso satisfies the equation of the first
plane, so the point lies on the line of intersection ol the planes. A vecior v in the direction of this intersecting fine is
perpendicular to the normal vectors of both planes, so take v = 1) ¥ ny = (1,3.1) % {2, -4, =3} = (=55 -1 or
aquivalently we can ke v = 11 -1, 2). Parametric equations for the line are 22 =

2Hd oy = g4 Ly
o -2 — (—2a)] 2
27, By Exercise 12575, 1 = WW%MH:—-_J—% T e
\/32 + 12 (-—*—1}‘2 V26

28. The equation z = 2 represents a plane parailel to the 28, The equation x = represents a plane perpendicular o
yz-plane and 3 units in front of i, ihe wz-plane and intersecting the wz-plane in the line

=z =0

e y

o]

30. The equation y = =7 represents a parabolic cylinder 31

- The equation 2% = 5% 4 42¢ represents a (right cllipticaly

cone with vertex at the arigin and axis the -

whose trace in the sz-plane is the x-axis and which opens

axis.
to the right.

.
!

| ﬂ —

i

T
- . L s
Bodr —y 4+ 22 = 4is a plane with intercepis 4
Y P

33 A equivalent equation is —2° 4 »/L— —zt=1,a
(1,0,0), (0, ~4,0), and (.0, 2).

fryperboioid of two sheets with axis the y-axis. For

fwl > 2, races paralle! to the €wz-plane are cireles
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34, An equivalent equation is —z2 4+ 4 + 2% = 1,
g g

& hyperboloid of one sheet with axis the z-axis,

36. Completmg the square in ¢ and z gives

38, Completing the square in y gives
% z e {y - 1‘)2 + (# — 2%, a cireular paraboloid with

477 b Ay~ 1) 2 =dora? + (y -1+ S =1,
4 vertex {0, 1,2} and axis the horizontal finey = 1, z = 2,

an ellipsoid centered at (‘O,. 1,0

Z
052

{11, 0)~ 4 ©,2,0)

z 2 a2 2
Todrt 4yt =16 & —Z— + ?;—6 = 1. The equation of the ellipsoid is % + ?—6 + % = 1, since the horizent.al trace in the

plane z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained

z z Lz

by rotation about the z-axis. Therefore, ¢ = 16 and the equation of the ellipsoid is % + e A = 1 &

4 4 y* + 2% = 16,

38, The distance from a point P (&, y, 2} o the plane y = 1 is |y — 1], so the given condition becomes
i () \ g

2 VE PTG TIP T (207 = W-U=2V@ TG LI T2 =

ly—1i= ,
{y— 1 =42 + 4y + 1% +427 & ~3=42" + (37 +10y) +42° =
16:43:2—»—3(@;—’—%)2#4::2 = L Sy D32
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